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RESTRICTED (GRASSMANNIAN

e fix an orthogonal decomposition (called polarization) of the Hilbert
space H

H=H  OH_

onto infinite dimensional Hilbert subspaces H+.
e P, P_: the orthogonal projectors onto Hy and H_

e block decomposition of an operator A acting on H:
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DEFINITION
The restricted Grassmannian Gr, is defined as a set of Hilbert
subspaces W C H such that:

o the orthogonal projection py : W — H is a Fredholm operator;

e the orthogonal projection p_ : W — H_ is a Hilbert—Schmidt
operator.

e identify the Hilbert subspace W with a projector Py, onto this
subspace.

PROPOSITION

W € Grpes <= Py — Py € L?
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e Banach Lie group: unitary restricted group Uyes(H) acting
transitively on Gryes:

Ures(H) := {u € UH) | [u, Py] € L*}
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e Banach Lie group: unitary restricted group Uyes(H) acting
transitively on Gryes:

Ures(H) := {u € UH) | [u, Py] € L*}

e its Banach Lie algebra

Wes(H) :={A cu(H) | [A, P, € L?}

e Gryes can be seen as a smooth homogenous space Uyes(H)/ (Ut x U-)
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BANACH LIE-POISSON SPACE

euw (H):={pel>®H) | p*=—ppy,pr— € L% pyy,p €L} is
a predual space to tpes(H)

(15 A) = Tryes(pA),
where Trp is the restricted trace defined on ul. () by

res

Tryes po:= Tr(pig+ + p—-)
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BANACH LIE-POISSON SPACE

euw (H):={pel>®H) | p*=—ppy,pr— € L% pyy,p €L} is
a predual space to tpes(H)

(15 A) = Tryes(pA),

where Trp is the restricted trace defined on ul. () by

Tryes po:= Tr(pig+ + p—-)

e Trye is defined on a larger domain than L'(#) and it coincides with
the standard trace Tr there.

e It is a Banach Lie—Poisson space with respect to the Poisson bracket
{£,9%0(1,7) = Trues (u[Df (1), Dg(1)])
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CENTRAL EXTENSIONS

e Cocycle — Schwinger term
s(X,Y) =Tr(Xy Yoy Y, X 4)

Xa Y e u—res(/H)

Upes(H) 1= tpes(H) ® iR
[(Xv 7)7 (Y’ 7,)] = ([X7 Y]v *S(Xv Y))

TomAsz GOLINSKI INTEGRABLE SYSTEM RELATED TO Grres - - - 7/24



CENTRAL EXTENSIONS

e Cocycle — Schwinger term
s(X,Y) =Tr(Xy Yoy Y, X 4)
X, Y e ures(/H)

Upes(H) 1= tpes(H) ® iR
[(Xv 7)7 (Y’ 7,)] = ([X7 Y]v *S(Xv Y))

e predual of es(H)

(1, 7) 5 (X,79)) o = Trpes(uX) + YA,
pE U (H), X € wes(H), 7, X € iR
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PENCIL OF POISSON BRACKETS

e Poisson bracket on !, ()
{F, G v) = ((1,7) 5 [DF(,7), DG(p,Y)]) . =

= Tiyes ([D1F (11, 7), D1G(11,7)]) = vs(D1F (1, 7), D1G(p, 7)),
where D is the derivation with respect to the first argument of

functions F, G € C*® (Ul (H)).

e The extension is central, there is no derivative with respect to v in
this Poisson bracket. We consider the variable v as a parameter and

obtain a pencil of Poisson brackets on uly(#)

{fr93 () = {f9}o(p) — S, g}s()
for f,g € C™(ules(H))

{f.9}s(n) = s(Df (1), Dg(p)) = Tr (D f (1) [Dg(w), P+])
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{f,9}s(n) = Tx (Df (1) [Dy(p), Py])



FORMAL REMARK

{f,9}s() = Tr (Df()[Dg(p), Py])

Forgetting about convergence one might be tempted to write

1f,9}s() = = Tryes (PJr[DF(:U)v DG(/‘)])

It looks just like a Mishchenko—Fomenko “frozen bracket”.

Regretfully, that expression doesn’t make sense, but allows us to guess
the Casimirs.
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CASIMIRS

I'Tyl(/’b) ="t Tryes ((,U' - ’YP-F)nJrl — (=" — 7P+))

In — ,Ln—i-l Z k Tryes W]zL«kl(M) + ,L-n—i-l (_,y)n Tryes m

where

(u+yPp)" Z VWi
Hamiltonians in involution on uly(#)
hit(p) = "t Troes W) (1), 0<k<n

{hi, I Yo = {hig, hi"}s = 0
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MAGRI CHAIN

{hi Yo = {higas s

i _ 4+l n
ot =~ 0k Dl WL )

or equivalently

0 - n
Gk = 4+ )Py W ()],
Tk
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W= p,
Wy_1 = uPy+ Pyp+ (n—2)PpPy n =2
no = PPy + pPrp+ PP+
+(n—=3) (Prp Py + PyuPyp+ pPypPy) +
(n—3)(n—4)

+fp+ﬂp+ﬂp+ TL>4

Wit = Py U pPop™ 2 4 Py
Wy = p"
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e homogeneous polynomials

H (p) := Z POpPlp. .. pPy
iQ,i1,---in €{0,1}
i+ +in=k

1

qos and degree k in

of the degree n € N in the operator variable u € u
P., where K <n+ 1.

e hierarchy of commuting equations (Lax form)

8 . +1
—n H?
mzu " [, HE ()]
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PROPOSITION
The diagonal blocks py+ and p—_ are constant

0 0

8t2ﬂ++ 8tg”




PROPOSITION
The diagonal blocks py+4 and p—_ are constant

0 0

Fmkt+ =0 == — U
oty oty

PROOF.

Follows from considering symplectic leaves of { -, - }5 or computing the
momentum map of the action of the group U(Hy) x U(H_) C Uyes(H)
on the Poisson manifold (ul.(H),{-, - }o):

J(p) = pp(p),

where pp is the projection onto block-diagonal part

pp(p) = PyuPy + P_pP_ € u'(Hy) @ u' (H-)
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PROPOSITION

In the case py4 = 0 the modulus |u—+| is constant along the
bihamiltonian flows for all t, n € N, k <n + 1.
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PROPOSITION

In the case py4 = 0 the modulus |u—+| is constant along the
bihamiltonian flows for all t, n € N, k <n + 1.

PROOF.
For k = 1 one can compute that
0 n+1 n+1
ot (B—p—t) =T[4t o]
1

Now if we assume that the block p44 = 0 for all ¢}, we see that |pu_4 |
is constant.

For k > 1 the computations are a bit more involved but still
straightforward. O
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Consider the polar decomposition of p_4 = uB.

PROPOSITION

Assume that g+ =0 and |p—4| is partially invertible. The equations
for the evolution of the partial isometry u assume the form

formeN, E<n+1.
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Consider the polar decomposition of p_4 = uB.

PROPOSITION

Assume that g+ =0 and |p—4| is partially invertible. The equations

for the evolution of the partial isometry u assume the form

9 1 -1
3_17,3“ ="t (pH ) ——u
formeN, E<n+1.
For k=1 9
— = ZnJrl(Mn)__u
oty
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0
uB

—Bu*
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_ 0 —Bu*
F=\uB D

0
ﬁu = —DuB? — uB?*u*Du + D3u
1
8 2 2 %
%u: —DuB* — uB“u*Du
2

3}
5V = i(2uB* — D*uB? — uB*u*D?u — DuB*u*Du)
2
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Partial isometry u : Hy — H_ evolves in such a way that its initial
space is constant and final space evolves with time.

9 *\ _ . n+l
aT,f(UU)— |
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Partial isometry u : Hy — H_ evolves in such a way that its initial
space is constant and final space evolves with time.
9 ~n+1[

a—ﬂf(uu )= —i

REMARK

The partial isometry u can be extended trivially to a partial isometry
in H. In this way we obtain differential equations on the Banach Lie
groupoid of partial isometries U () generating a flow on

s ((ker B)Y) Nt~Y(Gr(H_)) C U(H), where Gr(H_) is the
Grassmannian of all closed subspaces of H_.
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EXAMPLE: RANK v = 1

B:b|61><€1|, R>b>0
’LL:|T/)><€1|, T/JGH—,\WH =1
D=3 "dilf){fil,  di€iR

Y= Z a; fi
i=1

PrRoOPOSITION
FEvolution of the coefficients a1, ao, ... of the vector :
0 ] 2 2
g% = il Jool

where f]"k are smooth real-valued functions depending on the

etgenvalues of the matrices b and d;.
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ipj
Qj =Tj5€

0 ... _

air’i = 0

o) _ 2 2
o Pi = fnk(Tlv""TM)

)

k

THEOREM

The solution for the case of partial isometries of rank one is the
following

2
st Bty ) =alexp (i 3 f(dl o)
n,kén/?—i—l

where ag € C are the initial values.
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RESTRICTED (GRASSMANNIAN AS A COADJOINT ORBIT

Adf(u,7) = g~ ug +v(Py — g~ ' Prg),
where I' € Uyes(H) projects down to g € Upes(H).
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RESTRICTED (GRASSMANNIAN AS A COADJOINT ORBIT

Adf(u,7) = g~ ug +v(Py — g~ ' Prg),
where I' € Uyes(H) projects down to g € Upes(H).

Diffeomorphism

@, : Grres 9 W — = y(Pw — Py) € Oy C tfes(H)
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RESTRICTED (GRASSMANNIAN AS A COADJOINT ORBIT

Adf(u,7) = g~ ug +v(Py — g~ ' Prg),
where I' € Uyes(H) projects down to g € Upes(H).

Diffeomorphism

@, : Grres 9 W — = y(Pw — Py) € Oy C tfes(H)

PROPOSITION

An element p € ul(H) belongs to the coadjoint orbit O(0,y) if and only

if %,u + Py is an orthogonal projection.
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Q. ={W € Gryes | P4 is invertible in H, }

An inverse of the chart o3, on Q . C Grye is

el (A) = T(4),

where I'(A) is the graph of an operator.
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Q. ={W € Gryes | P4 is invertible in H, }

An inverse of the chart o3, on Q . C Grye is
i, (A) =T(4),
where I'(A) is the graph of an operator.

Composing the chart go;{i with the diffeomorphism ®. one obtains a
parametrization of the restricted Grassmannian realized as a coadjoint
orbit inside ul(H):

I (1+A4*A)"t—1 (1+A*A)~ LA
(I)’Y © (pHJr(A) =7 < A(l + A*A)—l A(l 4 A*A)—lA* )

where A € L2(Hy,H_).
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(1+A*A)L—1 (14 A*A)~14*
A1+ A*A)L A1+ A*A)~tar
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(14+A*A)~1 -1 (14 A*4)71A*
A1+ A*A)~1 AL+ A*A)1A*

PROPOSITION

For initial conditions in the affine coadjoint orbit O(q ), the equations
are linear when expressed in the chart o3, .
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PROPOSITION

For initial conditions in the coadjoint orbit O g ), the equations (13)
are linear.




PROPOSITION

For initial conditions in the coadjoint orbit O g ), the equations (13)
are linear. /

PROOF.
p = %,u + P, and p? = p implies

p? =y — uPy — Prp) = y(p_— — pigy).

12 is constant and block diagonal. Moreover:

PR = e = —
H—tpttr = —H——H—+
Py fhp = const
Py fhgp = const
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