
SUMMARY OFTHE PREVIOUS LECTURES

WEHAVEDEFINED THENOTION OF ACONTACT MANIFOLD (m,2)

WEHAVEDEFINEDTHENOTION OF ASYMPLECTIC PRINCIPAL IRX-BUNDLE(P, M,5, h,w)

WEHAVESHOWN THAT THEREIS ONE-TO-ONE CORRESPONDENCEBETWEEN

(m, 2) AND (P,M, I, b, c) UP TO A DIFFEOMORPHISM

(1) WEHAVEDEFINED THELOCAL CONTACT HAMILTONIAN VECTOR FIELD FOR (M,y)
H:M-> IR *: xy = - H *Sdy =dH-Ry(H)y

(2) WEHAVEDEFINEDTHEGLOBALCONTACT HAMILTONIAN VECTOR FIELD CORRESPONDING

TO A HOMOGENEOUS FUNCTION H:P TIR AS THE PROJECTION OFTHE

CPROJECTABLE) SYMPLECTIC HAMILTONIAN VECTOR FIELD Xm: dH=(Xai)

WEHAVEESTABLISHED THE RELATION BETWEEN (1) AND (C) NAMELY

IF
Y

IS A LOCAL CONTACT FORM FOR A SECTION &Sec(P) THEN

xX=X H:M >1R H(x) =M(r(x))



EXAMPLES x=-1Pit:(pit-a

· VISCOSITY FORCE

M=T*QxR 2=(:+Piz) y
=dz - Da H(p,z) =Ho(p) - x2

* -(pili (pie-Hor
at+xe

· i
i =.-Ho+

Lo

· PARACHUTEEQUATION (Xavier Rivas)
Q -IR

- M(y,p,2) =am(p-vz +V(y) v(y) =(eVy-1)

i =m(p -Uz) i -Umi+ g =0

p =- +m" -2)- CAN INSTANCE OFHERGLOZ

EQUATION)

i =az)-a
((y,y) =yy +viz -V(y)



CONTACT HAMILTON JACOBI THEORY

THEGEOMETRIC CONTENT THATUNDERLINES MANY VERSIONS OFTHE

(SYMPLECTIC) HAMILTON-JACOBI THEOREMS IS ASFOLLOWS:

THEOREM:LET (P, w) BE A SYMPLECTIC MANIFOLD,H:P > IR

LCP A LAGRANGIAN SUBMANIFOLD. THEN THISTANGENT

TO L IF AND ONLY IFM IS CONSTANT (LOCALLY) ON L.



·CONTACT HAMILTON JACOBI THEORY

THEGEOMETRIC CONTENT THATUNDERLINES MANY VERSIONS OFTHE

(SYMPLECTIC) HAMILTON-JACOBI THEOREMS IS ASFOLLOWS:

THEOREM:LET (P, w) BE A SYMPLECTIC MANIFOLD,H:P > IR

LCP A LAGRANGIAN SUBMANIFOLD. THEN X iSTANGENT
H

TO L IF AND ONLY IFM IS CONSTANT (LOCALLY) ON L.

IN HAMILTONIAN MECHANICS WETAKE:P=T*Q, =waL=dS(Q) FOR S:G-R

H(dS(Q)) =const *
ATANGENT TO dS(Q)

MEANS PHASETRAJECTORIES LIEIN dS (Q)

H(a,i) =E PHASETRAJECTORIES ARELIFTS OF

THEINTEGRAL CURVES OFSTa*(XH(as)
H-] THEOREM IS

VERY SYMPLECTIC



LEGENDRE SUBMANIFOLDS

DEFINITION LET (M.C) BE A CONTACTMANIFOLD. ASUBMANIFOLDNCM

IS CALED ISOTROPIC IF TNCC. A SUBMANIFOLD LCM IS CALED

LEGENDREIF IT IS ISOTROPIC AND OF MAXIMAL DIMENSION

I
dim M=2n+1 diL=m

IN HOMOGENEOUS SYMPLECTIC LANGUAGEWEHAVE

PROPOSITION LET (P,M, 5, h,w) DEFINETHECONTACT STRUCTURE
ON M. THEN LCM IS ALEGENDRE SUBMANIFOLDIFAND

ONLY IFIYCL) IS ALAGRANGIAN SUBMANIFOLD
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· ON P:I ISTANGENT TO EYCL) EL I CONSTANT ON L
-

S
UNION OF FIBERS

HOMOGENEOUS

-oflH M
CONSTANT MEANS =O

~ · a TANGENT TO IYCL) => XY TANGENT TO L
L
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· ON P:I ISTANGENT TO EYCL) EL I CONSTANTON L
-

S

lH M

HOMOGENEOUS
UNION OF FIBERS

-of
CONSTANT MEANS =O

i · a TANGENT TO IYCL) => XY TANGENT TO L

THEOREM:LET L BE A LEGENDRE SUBMANIFOLD OF M.

A HOMOGENEOUS HAMILTONIAN H:P-IR IS EQUAL O

ON K) <> XY IS TANGENT TO L

NOW WE CAN TRANSLATEIT TO MOREMECHANICAL LANGUAGE

FOR M=T*QXR, M =J1L*



M =T*Q xIR

M =T*QXIR

25 =((p, 2):p =dS(a),z =5(a)) =js(a)

P =T*Qx1R x( ((q:,5j,[,z) ==H(a,,z) N =0 =H =0

HAMILTON-JACOBI EQUATION:H(qi,s(ail) =0 (x)

IF S IS ASOLUTION OFTHECONTACT H EQUATION (X) THEN

SOLUTIONS OFXY WITHINITIAL CONDITIONS ON IS CAN BE

OBTAINED FROM SOLUTIONS OF(a)x(XaljscallyS
: T*QXR -Q

VECTOR FIELD ON Q



M =31*

LINE BUNDLE DUAL
M =3* CONTACT MANIFOLD

-*

- *Ys j(a) LEGENDRESUBMANIFOLD

0

① Q ***, *, 5,dx,WE) SYMPLECTIC IRE BUNDLE
P

HIT*L* IR HOMOGENEOUS HAMILTONIAN FUNCTION

5:J'* <Lp =3**HAMILTONIAN SECTION <

HAMILTON JACOBI EQUATION -(is) =0

AGAIN:SOLUTIONS OF ** WITHINITIAL CONDITIONS ON jS(a)

CAN BE OBTAINED FROM SOLUTIONS OFEXliscally1

/
24:'* > Q VECTOR FIELD ON Q



FROM PRINCIPAL BUNDLE TO LINE BUNDLE

7
IRY PRINCIPAL LINE BUNDLE DUAL LINE BUNDLE
BUNDLE

P ↳P =Px R/, * L =PxIRY,R*
M (p,r) - (sp,() (p,r) - (sp,sv)

X

P =Lp
HOMOGENEOUS FUNCTIONS ON P

CORRESPOND TO SECTIONS OF Lp*

M=31L* P =T** (p=?

PROPOSITION:

FORP=T*LYWE GET (p=J1L*XaL

Lp*=3*xa*

THEREFORETHE HAMILTONIAN SECTION CORRESPONDING TO A HOMUGENEOUS

HAMILTONIAN FUNCTION ON T*LYis A MAP

32* >L

↓
=

↓
Q - Q



CONTACT LAGRANGIAN MECHANICS

· IN THELITERATURE:

TQxIR = (V, z) 1 <((V,z) EIR I LEGENDRETRANSFORMATION

H(p,z) =(p,v> - L(v,z) HAPPENS ONLY IN P<>V
+*QXR=(p,2)1 <H(p,z) t1R 2"VARIABLEHAS TO BE

SEPARATED

· THEDIFFERENTAL CONSEQUENCE OFCONTACT HAMILTONIAN EQUATIONS ARE THE

FOLLOWING HERGLOZ EQUATIONS

(i)iti i =((9,p,z)

· FOR THIS TO WORK WENEED THE PRODUCT T*QAM STRUCTURE

WHAT WITHM= J1L*?



1931-2022

CLASSICAL TULLIYZEN TRIPLE

&

Ba =wa I LQ
T*T*Q L TT*Q >+

*
TQ

da - * ↑

L L &L
T*Q

/

-

T*Q
/

=

T* x
=

TQ -

TQ TQ

Va - Va - Va

8 =Xx(+*0) =B0"(dr(++a)) =ca(d(ra)
IN NOT REGULAR CASES & MAY NOT BE THEIMAGE

OF AVECTOR FIELD
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(M,2)
M =31L*

T*D < ↓TP T*T*L* < TT* L*

dll ↑ V Xse dA ↑
V

Xa
7

P T*L*

v Xa v ↓ x
W

M >TM 31L* sTJL*

BLx
T*T*L* < TT*LX
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(M,2)
M =31L*

T*D < ↓TP T*T*L* < TT* L*

dll ↑ V Xse dA ↑
V

Xa
7

P T*L*

v
C v W

Xn ↓ xa
H

M >TM 31L* sTJL*

BLx
T*T*L* < TT*LX >**TL*

dl
7

Xx
7 ↑ d6

L L v

T
*x -

T
*LX T*LX TL

C

Xa
V -

I* < TY* WHAT IS THELAGRANGIAN SPACE

↑ WHAT is THE RELEVANT STRUCTURE
PHASE SPACE
EQUIPPED WITH WHAT IS THELAGRANGIAN?
CONTACT STRUCTURE

...



WHAT IS THELAGRANGIAN SPACE

WHAT is THE RELEVANT STRUCTURE

WHAT IS THELAGRANGIAN?

...

L* Tdil T*TLY, dixdih SYMPLECTIC IRY- PRINCIPAL
IR* PRINCIPAL BUNDLE

v BUNDLE

Q e A
V

THE LAGRANGLAN

↑ I *

- SPACE

ATIYAH ALGEBROID TL*
L

CAS A BUNDLE OVERQ) x =AL xa*

ALX=TLYR* 2:AL* >*

② =



* Bo 20

31 L
+*y

L AT** > -
B X

I V
L

H V TJ'* ↳ VALY - L
↳ <j12*

↳
8 =B(j) =x(j2)

THERE EXISTS THE LAGRANGIAN VERSION OF MECHANICS FOR NONTRIVIAL

CONTACTSYSTEMS, BUT LAGRANGIANS ARESECTIONS OFCERTAIN LINE BUNDLE

OR HOMOGENEOUS FUNCTIONS ON TL

EXAMPLE WHAT DO WEGET FOR L= QAR AND H:T*QXR->IR H(P,2) =Ho(p) -x2?

CONTACT HAMILTONIAN SYSTEM WITHVISCOSTY

2: TQX IR > IR FORCE IS NOT REGULAR IN THIS SETTING
↑

HEREFORETHEREIS NO SINGLE

2(V,I) LAGRANGLAN

v z
E
PARAMETER OFTHEFAMILY

2:TQXR XIR > IR

2(V,x,z) =20(v) +2(1 -x) m) HERGLO2
EQUATIONS



THANK YOU!
DZIEKUJE


