SUMMARY OF THE PREVIOVS LECTURES

O HE HAVE DEFINED THE AOTION OF A  coaiacT admfoo (i)
O NE HAvE ODEFINED  THE aomioX oF A &YmPLeciic TPRNcipAL  R*-BundLlE  (RMT, 4, w)
O HWE wave sHoWN THAT THERE 15 ONE-TO-ONE (ORRESPONDENCE BETWEEN
M, ©) avp (B,M,T, 4id) P TO A DIFFEOHORPHISH
(4) O WE HAVE DEFINED THE LocAL COATACT HAMILTON 1A VECTOR FIELD For (W, 7 )
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(2) O NE HAVE DEFINED THE (GLOBAL) CONTACT HAMILTONIAN VECTOR FIELD (ORRESFONDING
TO A HomoGedsve FUNCTioN M P ——=R A& THE PRYIECTION OF THE

(PRQIECTABLE) SYMPLECTIC MAMILTONIAN VECTOR FIELD X+ dH=c3(¥, - )

O HNE HAVE ESTABLISHED THE REIATION DETHEEN (1) AND (2) AJAMELY
= /;/ 5 A LOGAL COANTACT FoRM TFoR A SEchioV T &€ Sec(P) THEN
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CONTACT HAMILTON JACOB] THEORY

THE GEOMETRIC  CONTEANT THAT ONDERLINES MANY VERSIOANS OF THE
(eympLECTIC) ~ HAMILTON- J#C08I THEOREMS 5 AS FOLLONS:

LET (Pw) BE A SYMPLECTIC MANIFOLD # :P—>/R

LeP A LAGRANGIAN SUBMAANIFOLD. THEAN x,“ 1S TANGENT

TO L IFAND ONLY IF M 16 CoONSTANT (LOCALLY) on L.
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CONTACT HAMILTON JACOB| THEORY

THE GEOMETRIC  ATENT THAT UNDERLINES MANY VERSIOAS OF THE
(eYmpLECTIC)  HAMILTON- J4cO8I THEOREMS |5 AS FOLLONS:

LET (Pw) BE A SYMPLECTIC MANIFOLD | H:P—>/R
LeP A LAGRANGIAN SUBMANIFOLD. THEAN x(“ IS TANGENT

TO L IFAND ONLY IF Y 15 CONSTANT (LOCALLY) on L.

N HAMILTOAIAN MECHANICS WE TAKE : ¥=T7%Q, T=Tg L=d5(Q) FoR S:Q—=K

H (dg(@)z okt X, TANGEAT TO d5 (Q])

i 1 NEANS PHASE TRAJECTORIES LIE IN dS(Q)
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THE INTEGRAL CURVES oOF T (X )/ )
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LEGENDRE SUBMAN|FOLDS

DEFIMITION LET (M, C) BE A COATACT MANIFOLD. A SUBMAAIFOLD N<c M
|15 CALED )SOTROPIC IE TN < C. A SUBMANIFOLD LM [|S CALED
LEGENDRE IF IT I5 ISOTROPIC AAD OF /n@(tmm DIMEANSION

[

dim M=3dnsd  dim L=m,
IN HOMOGEMEOVS SYMPLECTIC LANGUVAGE WHE HAHVE

“PROPOSITION LET [P,/W,z—, n, w) DEFINE THE CONTACI STRUCTURE
ON M_THEN LecM 15 A LEGENDRE SUBMANIFOLD IF AND
ONLY IF  T(L) 15 A LAGRANGIAN SVBM& qIFOLD
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® oN P: X, 15 TANGENT TO T (L) <=> M CcoNsTANT on L
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l ‘ HOMOGENEQVS UNlow arF [Fiseas
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/{‘/\/ ® X,,,L TAXGENT TO T(L) => X/H TANGEaT TO L.

THEOREM : LET L BE A LEGENDRE SUBMANIFOLD OF M.
A HOMOGENEOVS HAMILTONIAN M :P— 8 15 EQUAL O

0N T(L) <=> X, |5 TAIGENT To L

NOW WE CAd TRANSLATE T TO MORE  MECHANICAL LAXGUAEGE
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M=

T*R x IR

M= T*Q x Ik

{(p=): p=dS(g), z-6@ ] = s(a)

P- T*QxRxR  H(q¢'3,T=)=zH(q T =)  H-0 =H=0
T

HAMILTON = JACOBI  EQUATION H(q{" 3‘5 6(9/ )) =0 (x)
oq
IF S 15 A SOLUTION OF THE CONTACT H~) EQUATION (x) THEN
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HAMILTON  J4C0Bl EQUATION v( 446) =0

AGAIN:  SOLUTIONS OF X/;é NITH  INITIAL  CONDITIONS OA  ['5(8)
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FRrom PRINCIPAL BUNDLE TO LINE BUNDLE

E IR™ PRINCI AL LINE BUNDLE DUAL LISE  BUNDLE
DUNDLE
P Lp= PR L =PxR,
I /IQX /IQX
m (pot) ~ (ep L) (pir) o (ep o)
X
('P'-' Lf’

HOMOGENEOUS FuNCTIONS  On P «
ORRESPOND 7O SECTIONS OF LF

M=T%L* P=T*> [p=¢
"PROPOSITION :
FOR P=T*.X WE GeT Lp= J*L*xg L
Lo = J'L*xg L

THEREFORE THE HAMILTONIAN SECTION CORRESPOADING TO A HOMOGENEOUS
HAMILTOAIAN FodcTion o T*LX s A M4AP
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CONTACT LAGRANGIANY MECHANICS

® [/ THE LITERATUPE :

TOxIR 2 (v, z)—> L{yz) ek LEGENDRE TRANSFORMNATION
Hipz) = <pv>-L(y=z) HAPPEN'S oaly IN p<>V
T*QXIR o(pz) ——— H(pz)eR 2" VARIABLE HAS TO BE
SEPARATED

® TiE DIFFEREATAL COVSERQUEACE ©OF WOATACT HAMLTONIAN EQUATIONS ARE THE
FOLLOWING HRHERGLOZ EQUATIONS
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@ FOR THI5S TO HORK HE NEED THE PRODUCT TIYRXM STRUCTOPE
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IN NOT REGULAR CAsEs Q) MAY NOT DE THE \MAGE
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o WHAT 15 THE LAGRANGIAN &SPACE
o WIHAT & THE RELEVANT STRUCTDRE
o WHAT 15 THE [AGRANGIGA ¢



o WHAT 58 THE LAGRANGIAN SPACE
o WHAT s THE RELEVANT STRUCTDRE
o WHAT 15 THE LAGRANGISA ¢
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EXIETS  THE (AGBANGIAN VERSION OF MECHANICS  FOR NONTEIVIAL
SYSTEMS, BUT LAGRAN GLANS ARE SECTIONS OF CERTAIN  LINE BUNDLE

>L

OF  HOMOGENEOUS FUNCTIONS OF TL*

EXAMPLE WHAT Do WE GET FoR [=@QxR AND H:T*QxR —>R H(pz)=Hip)-2z ¢

CONTACT HANILTONIAN SYSTEM HITH VIsSCOSTY

ST XD ——> FORCE IS IN THIS SETTING
4 & p@ K THEREFORE THERE IS NO SINGLE
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