
SUMMARY OF THEFIRSTLECTURE

ACONTACT MANIFOLDIS A MANIFOLD M TOGETHER WITHACORANK A,
MAXIMALLYNONINTEGRABLE.DISTRIBUTION 2

LOCALLY I IS OFTHEFORM +Pi, pi) i=1...n

LOCALLY T =Kerry, yny)" =0 y
=dz -pida"

NATURAL EXAMPLES - CARTAN DISTRIBUTION ON JET SPACES

ASYMPLECTIC IRY-PRINCIPAL BUNDLEIS AN IRY-PRINCIPAL BUNDLE

P->M WITH A SYMPLECTIC FORM WON P SUCH THAT hs
*W:sw

(P, m,5,h,w)

EVERY CONTACT STRUCTUREDEFINES A SYMPLECTIC IRY PRINCIPAL

BUNDLE P= (0 *cTYM, I =n1p, h,(2)
=sx a =cM/p



EVERY (P,M, I, h, w) DEFINES (m, C)

.l----.
· D(p) =t

=

0et(P) =o/s-es(P)
vertical
are

INVARIANT

(hrP)=o/s=s(nr(p1) =1s --r(ks(p1) =Thr(4(p))
x A



EVERY (P,M, I, h, w) DEFINES (m, C)

P · D(p) =t
=

0et(P) =o/s-es(P)
y

VERTICAL AND

INVARIANTconaErzous (hrP)=o/s=s(nr(p1) =1s --r(ks(p1) =Thr(4(p))

·

W
O = Ic

HOMOGENEOUS

dO =c
X
y ↳ hw =sw +pw =w=dipW+d=dDINVARIANT
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=
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P

↓
NVARIANT

i.E. BASIC

ALOCAL SECTION T GIVES ↓ SOMELOCAL FORM ON Mn ALOCAL TRIVIALISATION · S0 =

*

y
I

P = Mx1R*

-T

=
(NAND ACOORDINATE S

1xM =(s,x)1-six)=P

Ir*(0) =sy,Ir(w) =d(sy) =dsy
+

sdy

· C =kei y
DOES NOT DEPEND ON WSYMPLECTIC->

Y CONTACT
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DIFFERENT SECTION LEADS

TO Y MULTIPLIED BY A FUNCTION
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ALOCAL TRIVIALISATION ⑧
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1xM =(s,x)1-six)=P

Ir*(0) =sy,Ir(w) =d(sy) =dsy
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sdy

· C =kei y
DOES NOT DEPEND ON WSYMPLECTIC ->

Y CONTACT

THECHOICE OF T

DIFFERENT SECTION LEADS

TO Y MULTIPLIED BY A FUNCTION

P
-1

.
21=

f(P
=st(q) =bt(a) =sf(a)r(q)
s=fs

68-sty=sty/ fsty=siy
-M fy =y'



EXAMPLES

⑧ T*Q > IPT*Q PROBABLY THESIMPLEST WAY TO INTRODUCE CONTACT STRUCTURE

ON THE PROJECTIVECOTANGENT BUNDLE

HOMEWORK:FIND ACOORDINATEEXPRESSION FOR 2 ON IT*Q



EXAMPLES

⑧ T*Q > IP.T*Q PROBABLY THESIMPLEST WAY TO INTRODUCE CONTACT STRUCTURE

ON THE PROJECTIVECOTANGENT BUNDLE

⑧ (xi,I) L*(xi,z) L* =([0(n)3I LINE BUNDLE
↓
DUAL LINE IRY PRINCIPAL BUNDLE

BUNDLE W

M M M

ITIS AN AREPRINCIPAL BUNDLEWITHTHELIFTED ACTION dxhs

(x,, pi, 2)- (ing)*(x,5,Pj,z) =(x,pi,s)

T**
(Tn)*(x,5,pi,z) =(x,st,pi,5) diahs =sThi)*
dixh(xi[,pj,z) =(xs,sp;,z)

~

IT IS A SYMPLECTIC MANIFOLD

x
=dpiedx"+d2ndt(d+xkg)*wx =d(spi)rdx +dz - d(s) =swxx

IT*L*,??, dxh,,Wx) SYMPLECTIC PRINCIPAL IRY-BUNDLE +YRx =?



IT*L*,??, dxh,,Wx) SYMPLECTIC PRINCIPAL IRY-BUNDLE +YRx =?
THERE IS A CORRESPONDENCEBETWEEN

L* HOMOGENEOUS FUNCTIONS
SECTIONS OF

↓4r 8: L*-> IR
M

fr(l) =si(x),l)

JETS OF SECTIONS DIFFERENTIALS OF FUNCTIONS

jT(x) =j(x) frz=infin

Y(x) =xfa(x) dfrie) =d(x fr) =x(fr +trax)
X(x) =1dX(x) =0 AT OVERxdf-of

MOREOVER:

+*YR+ =32L* dixh(dff(e)) =dfr(h)(e))
EVERY COVECTOR IS A DIFFERENTIAL OF

SOME HOMOGENEOUS FUNCTION

THE CANONICAL CONTACT SRUCTUREOF JL*
xidx"+xd5 =df(x",to) f(xi,t) =[[E(xi-x) +a]

CORRESPONDS TO THEIRT-PRINCIPAL SYMPLECTIC

BUNDLE

ST*, 3L*, ,dixh,wxx)



APPLICATIONS:

· CONTACT HAMILTONIAN SYSTEMS

· CONTACT HAMILTON-JACOBI THEOREMS

· CONTACT LAGRANGIAN MECHANICS

· CONTACT REDUCTIONS

.



CONTACT HAMILTONIAN VECTOR FIELDS

IN THE LITERATURE, CONTACT HAMILTONIAN DYNAMICS IS FORMULATED

IN TERMS OF CONTACT FORM:

IM, y) RyIREEB VECTOR FIELD, H:M-IR HAMILTONIAN

L
Rydy =2

Ryddy =0

X: **y =-Hxiddy =dH-Ry(H)y
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CONTACT HAMILTONIAN VECTOR FIELDS

IN THE LITERATURE, CONTACT HAMILTONIAN DYNAMICS IS FORMULATED
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V
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y
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CONTACT HAMILTONIAN VECTOR FIELDS

· Ex,y =d)) +

y
=- dH +dH -Ry(H)y

=

- Ry(H)y
- H

CONTACT HAMILTONIAN VECTOR
· (H) =(dH,XI - RyCH)H FIELD DOES NOT PRESERVE

oH =x
+dy +Ry(H)y Y NOR H

· CONTACT HAMILTONIAN VECTOR FIELD PRESERVES 2

YeSecC <y,Y7 =0

0 =x,y,y) =(x,y,y)
+xy,[x,,y)) =[x,*y)ckery -2

=y "



(M,c) c-- (P,M,I,h,w) I:P < IR

x
HOMOGENEOUS:M(n,(p1) =st(p)

HOMOGENEOUS

w(Xni) =anx T*D < ↓TP
1

S
HOMOGENEOUS I dll ↑ V Xse

INVARIANT!

AN INVARLANT VECTOR FIELD
P

ON P IS PROJECTABLETO M v Xa v

M >TM
~ Xa =i(Xa)

P=MxIR*
dM =Hols +soH =w(Xxi) =

N(x,s) =sM(r(x)) =SH(x)
=sF(x)y-<y,XY dS + sX dy

- W =dsny +sdy
xy = - H

Ya INVARIANT:Xa= s.F(x + Xa
·H =

F(x)y +Xady
X

CONTRACTING WITH Ry WEGET F(x) =Ry(H)

dH-RyCH) y
=xd dy



-
P=MxIR* FOR r=fr WE GET

N(x,s) =sM(r(x)) =SH(x)
H=8Hy =fY AND THESAME Xt=Xs

W =dsny +sdy

P

f
5=ff(x) M(p) =l(s' - '(x1) =l(s0x))

11 Is =s S'H(x) =SH(x).

y
=

8y H(x) =fs'H(x)
-M H=1H

IFWECHANGEy TO fy AND WANT TO KEEP X =xA
WE HAVE TO REPLACEA WITHIH

CONTACT HAMILTONIAN VECTOR FIELD CORRESPONDS TO

AHOMOGENEOUS FUNCTION ON P



CONTACT HAMILTONIAN VECTOR FIELD CORRESPONDS TO

AHOMOGENEOUS FUNCTION ON P

IFWENEED A HAMILTONIAN-LIKEOBJECT ON M NOT ONP IT HASTO BE ASECTION

OF CERTAIN LINE BUNDLENOT A FUNCTION.

DUAL LINE IR* PRINCIPAL
LINE BUNDLE SECTIONS OF L*

BUNDLE BUNDLE CORRESPOND TO

>E P =L*
Ur

↳ IR HOMOGENEOUS FUNCTIONSII · YH5* ↓ ON P =LX

M M M

IRY PRINCIPAL LINE BUNDLE DUAL LINE BUNDLE
BUNDLE

P ↳P =Px R/, * L =PxIRY,R*
↓
M (p,r) - (sp,() (p,r) - (sp,sv)

P = ↳p
HOMOGENEOUS FUNCTIONS ON P

CORRESPOND TO SECTIONS OF Lp*



APPLICATION
IN CASEM =3

1(M =T*QXR)
T*D < ↓TP T*T*L* < TT* L*

dll ↑ V Xse dA ↑
V

Xa
7

P T*L*

v Xa v ↓ x
W

M >TM 31L* sTJL*

M =T*Px IR
Wix =d5;ndq"+dzrdI =

1 =Qx1R(qit) L*=Qx 1R* 0
=d=pi)nda" +d2ndt =

*Qx 1R (aiz) ↓ -dpinda+pidrda"+ d21d[
+** =T*)a + 1Y =T*Qx1 x1 (a",5;,5,2) =>(idaydt+dpinda

-

3* =T*ax1 (qPj,z) y dy

+**= (qi,5j,t,z)1 <(a,,z) THIS ADDS VISCOSITY-LIKE

FORCETO THE

USUAL MECHANICAL

STARTING FROM H: TYQXR =(a,Pj,z >H(aPj,2) - 1R ↓ HAMILTONIAN SYSTEM

WECAN DEFINE11:T*QxR= (q5;, [,z) H(q",,z) =[Ho(a", 2) - xz] = IR



COORDINATE EXPRESSIONS

H(x,5,5j,2) ==H(xiz
ON P Xa =hai-(i)

own Xa=i-litpitt: (Pre



THANK YOU!


