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PLAN OFTHECOURSE

WEDNESDAY:CONTACT GEOMETRY AND HOMOGENEOUS

SYMPLECTIC GEOMETRY

THURSDAY:CONTACT GEOMETRY IN MECHANICS

FRIDAY:OTHER APPLICATIONS:HAMILTON-JACOBI
THEORY, REDUCTIONS...
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M =IR3
-X c =xy, +y

M =IR3
2 IS CALLED THECARTAN DISTRIBUTTON

c =xy, +y AND IT is A CANONICAL STRUCTUREON

THESPACE OFFIRST JETS



*Z 2: 1Rex1 < z =f(x) e IR

jf(x) =(x,f(x),f(x) =1R3

↑ jof:IR >IRS
I
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M =IR3
-X c =xy, +y

DEFINITION:A CONTACT MANIFOLDIS A MANIFOLD M TOGETHER

WITH ACORANK 1,ANONINTEGRABEPseriesiny
CCTM dim C =dumM-1 (x)

ra:CxnC <L ro(X,Y) == ([x,Y])
x,yeSec(C)

(*) U. IS DEFINED ON SECTIONS, BUT it is

ACTUALLY ATWO FORM WITH VALVES IN LC MAXIMALLY NONINTEGRABLE-dim MODD

III

t([x,fy)) =t (f[x,y]+x) =f
=([x,y)) U. NONDEGENERATE

ASECTION OF C



(M, C) ACONTACT MANIFOLD
dim M =2n+1

-

LOCALLY:C=

Ker*-(M):yt0, yu(dy)"+
0

-

HOMEWORK:SHOW THAT MAXIMAL NONINTEGRABILITY

IS EQUIVALENT TO THE ABOVE

CONDITION

· INOUR FIRST EXAMPLEM-IR3 2=Ly x +yz) y
=dz- ydx

Y IS NOTUNIQUE: IFfeCP(M) 1FP THEN AY IS ANOTHER CONTACT FORM

(y) [0))fy)*=fy- )foy +dfey)*=fy-)f"y)* +mofeyoy)) =gn*ye(y)* since 10...

·IF M IS NOT ORIENTABLETHEREIS NO GLOBAL CONTACT FORM

y-Coly)" c -
22(M) NONVANISHING TOP FORM

· THECONCEPT OF A CONTACT FORM IS USEFUL (EVEN IFONLY LOCALLY)



(M, C) ACONTACT MANIFOLD
MAXIMAL NONINTEGRABILITY

↓ CONDITION

LOCALLY:C =Kerye -(M):y=0, yrdy)*0
S
CONTACT FORM

Y IS NOTUNIQUE: IFfeCP(M) 1FP THEN AY IS ANOTHER CONTACT FORM

·IF M IS NOT ORIENTABLETHEREIS NO GLOBAL CONTACT FORM

· THE CONCEPT OF ACONTACT FORM IS USEFUL

THEOREM /CONTACT, DARBOUX
IFY IS A CONTACT FORM ON UCM THEN FOR EACHTEH

THEREEXISTS OCL AND COORDINATES (q"P;,2) INO
SUCH THATy

=da-pida", C=<i*Piat, it

· ONCEWEHAVE
Y

WECANDEFINEREEB VECTOR FIELD

STRONGLY DEPENDS ON y!!!
ReX(M):RCy = 1, Rsdy =0 i

y
-Ry I NOT EVEN PROPORTIONAL!

R=Es 174) -Rfy
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MAXIMAL NONINTEGRABILITY

↓ CONDITION

LOCALLY:C =Kerye -(M):y=0, yrdy)*0
S
CONTACT FORM

Y IS NOTUNIQUE: IFfe(P(M) 1 =0 THEN AY IS ANOTHER CONTACT FORM

·IF M IS NOT ORIENTABLETHEREIS NO GLOBAL CONTACT FORM

· THE CONCEPT OF ACONTACT FORM IS USEFUL

· DARBOUX THEOREM s

· ONCEWEHAVE
Y

WECANDEFINEREEB VECTOR FIELD

STRONGLY DEPENDS ON y!!!
ReX(M):Rysy

=1, Ryoy =0 i
y
-Ry I NOT EVEN PROPORTIONAL!

RyGE IN DARBOUX 174) -Rfy
COORDINATES

HOMEWORK:SHOW THAT FOR AGIVEN XqETaM Yao THEREEXISTS

ALOCAL Y SUCHTHAT

xg =Ry(a)



EXAMPLE-JETS OF FUNCTIONS

WE THINK OFFUNCTIONS ON A MANIFOLD O AS SECTIONS OFTHETRIVAL BUNDLEO
Qx IR caPi)

I ↓
2

↓
If M =31(Qx 1R) =T*Qx IR

y
=dz -0p =dz - pida

Q
TM 3G =diPi,;
S x P:/

CIS SPANNED BY VECTORS TANGENT

TO IMAGES OFjf:Q < J/QXR)
jf:(qi)-- (a": f(al)
Tjf(i)=i
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EXAMPLE-JETS OFSECTIONS

INSTEAD OF FUNCTIONS ON O WE TAKESECTIONS OFA POSSIBLYNONTRIVAL
LINE BUNDLE. THESIMPLEST NONTRIVIAL EXAMPLEIS THEMOBIUS BAND

(k,x,y)1 <(x+k,(-1)4y) B > g1 LINE BUNDLE

2 x12" < IR2

B ·or ausz unzuizIAB=RYx5 =1R/x



EXAMPLE-JETS OF FUNCTIONS

WE THINK OFFUNCTIONS ON A MANIFOLD O AS SECTIONS OFTHETRIVAL BUNDLEO
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L 1
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Q
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LINE BUNDLE. THESIMPLEST NONTRIVIAL EXAMPLEIS THEMOBIUS BAND

2 x12" < IR2

(k,x,y)1 <(x+k,(-1)4y) B > g1 LINE BUNDLE
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O e

Y 4
->tht siz -ixit' A. A. 409's(see(x,I)

Xt 0,15 x- 34,4

E E A

JIBY IS GIVEN BY TWO CHARTS E,I OVER O,U RESPECTIVELY

I

I(x,z,p) FOR
WITHTRANSFORMATIONS 40 "(x,2,p) = S

x 2,p) *x - 1

I xx! z, p') FOR I (x+1, -2, -p)0(x <

Contact distribution ↳ CONTACT FORM

C =ker y
=Kery'

C =(x +P) =(x+ pe) y
=dz -pdx y

=dz -p'dx
OVER is p

=
- p OVER Hs

OVER is OVER Ha

& ...

y
= -y' y

=y'
**P -

+p **P -

+p
NO GLOBAL CONTACT

FORM!
DISTRIBUTION C is WELL DEFINED



(n,C) s- (m,y)

WHY IS IT APROBLEM?

IN THELITERATURECONTACT GEOMETRY

IS MOSTLY DONEIN THELANGUAGEOF

CONTACT FORMS! MANY CONSTRUCTIONS

STRONGLY DEPEND ON A CHOSEN FORM

>
WE NEED A NEW LANGUAGE

SUITABLEFOR GENERAL

CONTACT MANIFOLDS!



SYMPLECTIC PRINCIPAL BUNDLES

1R* =IRI [0] MULTIPLICATIVEGROUP OF REALS IR* =GL(1,1R)

DEFINITION:ASYMPLECTIC IRY-PRINCIPAL BUNDLEis

AN IRY-PRINCIPAL BUNDLE P->M WITH A SYMPLECTIC

FORM WON P SUCH THAT hs*w =sw

SMOOTH FIBRE BUNDLE I=8 IR*

M

- THEHOMOGENEOUS

SP, M,5,h,w)
SYMPLECTIC FORM

y hw =si
EXAMPLE

h: 1R*xP-P
P=(T *a)

x

:T*Q)
*
-IPT*Q

PRINCIPAL ACTION

h(s,a) =s1 wg =dpindq
ns(P) =h(s,p)

hi*wa =d(spi)vda" =

-salpinda" =swR



EVERY CONTACT (m, C) DEFINES (PM,5,h,w)

CcTM dimM=2n+1 ⑧ P =(co)X PCT*M
dim Ca =2m · 5 =

xm/p
CoT*M di (Ca)=1 · h MULTIPLICATION OF COVECTORS BY NUMBERS

dim (CO) =2n + 1+1 =2n+2

CO = LYR
ANY CONTACTFORM

· w =

cn/p



EVERY CONTACT (m, C) DEFINES (PM,5,h,w)

CcTM dimM=2n+1 ⑧ P =(co)X
dim Ca =2m ⑧ 5 =

xn/p
CoT*M di (Ca)=1 · h MULTIPLICATION OF COVECTORS BY NUMBERS

dim (CO) =2n + 1+1 =2n+2

co- YEAN CONTACTFORMw
=

wn/p

PIS A SYMPLECTIC SUBMANIFOLD:

WMSALINEAR TWOFOOGENES10 =<y> IR+8
Fy
PcT*8 I

ScM (s, 0) 3 sy(0)

Iy* wr =Iy*dOn =o(Fy*On) =d(sy
*(n) =d(sy) =

dsy+sdy-wy
CLOSED

(i)
+1

=(dsry =3dy
n+1-dy+sosnyndyM=sdsdy" OvoNDEGENERATE] smPLEc= O

because yody" is atop form on PCM
therefore (oly)

"*
=d(y1dy") =0



EVERY CONTACT (m, C) DEFINES (PM,5,h,w)

CcTM dimM=2n+1 ⑧ P =(co)X
dim Ca =2m · 5 =

xm/p
CoT*M di (Ca)=1 · h MULTIPLICATION OF COVECTORS BY NUMBERS

dim (CO) =2n + 1+1 =2n+2

CO = LYR
ANY CONTACTFORM

· w =

cn/p

IF
y
IS GLOBAL:WECAN CONSTRUCT ANOTHER SIMPLECTIC COVER

I
P
=MxIR w =d(ety) =et dy

+etdtndy
(8, t)

P IS TRIVIALISABLEPEMXIRY P=Mx 1R5o <P



THANK YOU!


