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Today:
@ Definition of infinite-dimensional manifolds and Lie groups

e Examples:
— Linear Lie groups G C A*
— Mapping groups C"(M, G), notably C"(S1, G)
[~ Lie groups Diff(M) of smooth diffeomorphisms
— Direct limit groups G = |J,,cpy Gn With G1 C G2 C ---, eg.

GLoo(R) = [ GLA(R)
neN

\_ identify A € GLy(R) with ( g‘ (1) ) € GLan(R).

tomorrow!
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tomorrow!


§0 Repetition
E, F locally convex topological vector spaces, U C E open

Definition (Andrée Bastiani, 1964)

A map f: U — F is called continuously differentiable (or C!) if it
is continuous, the directional derivatives

f(x+ty) — f(x)

= |im
t—0 t

df (x, ) == (D, )(x) == =| _ Flx+1y)

exist forall x e Uand y € E, and df: U X E — F,
(x,y) — df(x,y) is continuous.

If fisCland df: Ux E — Fis C", call f a C""1-map.

f is C" if and only if f is continuous and the iterated directional
derivatives d/f(x, y1,...,y;) :== (Dy, - -- Dy, f)(x) exist for all j € N
such that j < n, all x€ U and yi,...,y; € E, and

di'f: U x E/ — F is continuous.

d/f(x,-): E/ — F is a continuous and symmetric j-linear map
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§1 Analytic mappings

If E and F are locally convex spaces over C, replacing real
directional derivatives with

= f
2o+ 2)

get C(é—maps f:U— FonUCE and C& maps.
Fact

Let E and F be complex locally convex spaces, and U C E be an
open subset. For a map f: U — F, the following are equivalent:

(a) fis C&°;

(b) fis C* and df(x,-): E — F is C-linear for all x € U;

(c) f is complex analytic, i.e., f is continuous and each x € U has
an open neighbourhood V C U such that

f(y):f(x)JrZﬁ,,(y—x,...,y—x) forall y € V
n=1

with pointwise convergence, for continuous complex n-linear
maps G,: E" — F.
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If F is sequentially complete, then also the following condition is
equivalent:

(d) fis C.

Let £ and F be real locally convex spaces and U C E be open. A
map f: U — F is called real analytic if it has a complex analytic
extension f: U — F @ iF for some open subset U C E & iE with
UCU, e, f=fly.

Compositions of complex analytic maps are complex analytic.
Compositions of real analytic maps are real analytic.

Every complex analytic map is real analytic.

Every real analytic map is C*°.
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§2 Manifolds modelled on a locally convex space

Let E be a locally convex topological vector space and M be a
topological space which is Hausdorff (all x # y have disjoint open
neighbourhoods). An E-chart for M is a map

(;52 U¢—) V¢

from an open subset Uy C M onto an open subset V; C E which
is a homeomorphism (i.e., ¢ is invertible and both ¢ and ¢! are
continuous).

Given n € N call E-charts ¢: Uy — Vi and ¢: Uy, — V
C"-compatible if both

oot p(UpNUy) = E, x> (¢7(x))

and ¢ o1~ ! are C"-maps. A set A of C"-compatible E-charts
¢: Uy — Vy for M is called a C"-atlas for M if

U vs=m.

pcA
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Definition

A C"-manifold modelled on E is a Hausdorff topological space M,
together with a C"-atlas A of E-charts which is maximal.

Every C"-atlas is contained in a unique maximal C"-atlas (all
E-charts C"-compatible with the given ones).

If (M, A) is a C"-manifold modelled on E, then the ¢ € A shall
simply be called “charts for M." The inverses
¢71: E DV, — Us C M are called local parametrizations of M.

If M is modelled on a Banach space, call M a Banach manifold.
Call M a Fréchet manifold if it is modelled on a Fréchet space E (E

is sequentially complete & topology comes from a countable set of seminorms).

Definition

Let M and N be C"-manifolds modelled on locally convex spaces.
A map f: M — N is called a C"-map if f is continuous and
¢oforptis C" for each chart ¢ of N and each chart ¢ of M.

It's enough to check this for ¢ and 1) in a subatlas.
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Example. If E is a locally convex space, then every open subset
U C E is a smooth manifold modelled on E, using the maximal
C°-atlas containing the E-chart idy: U — U, x — x.

Example. If (M1, A1) and (Ma, A>) are C"-manifolds modelled on
locally convex spaces E; and Ej, respectively, endow

M := M; x M, with the product topology (unions of products

Ui x Uy of open subsets U; € M; and Ux C M, are open) and
give it the maximal C"-atlas containing the E; x E>-charts

(Z) X 77/)2 U¢ X Uw — V¢ X Vw C E1 X E2, (X17X2) — (¢(X1)7¢(X2))

for ¢ € Az, ¢ € As.

This product manifold structure on My x M, turns the projections
pri: My x My — M;,  (x1,x2) = x;

into C"-maps for j € {1,2}. For each C"-manifold N, a map
f=(f,f): N— My x My is C" if and only if both components
fi: N— M; and f,: N — M, are C".
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Definition

A Lie group is a group G, endowed with a smooth manifold
structure modelled on a locally convex topological vector space E,
such that the group multiplication

ug: GxG— G, (g,h)— gh
and the inversion map

nG: G —G, grg?

are smooth.

Example. For every continuous algebra A, the open unit group
A* C Ais a Lie group.

For K = C or K =R, can define K-analytic manifolds modelled on
a locally convex topological K-vector space and K-analytic maps
between such as before, replacing C"-maps with K-analytic maps.
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Likewise, replacing C°°-maps with K-analytic maps in the
definition of a Lie group get concept of a K-analytic Lie group.

Example. For each complex continuous inverse algebra A, the unit
group A* is a complex analytic Lie group.

In fact, the algebra multiplication 3: A x A — A is complex
bilinear and thus C-analytic, as

dB((x1,x2), (y1,¥2)) = B(y1, x2) + B(x1, y2)

is C-linear in (y1,y2). Likewise, the smooth inversion map
n: AX — Ais C-analytic as dn(x,y) = —x"1yx~1is C-linear in y.

Example. For each real continuous inverse algebra A, its open unit
group A* C A'is a real analytic Lie group.

For the proof, one shows that Ac = A® iA is a complex cia. The
group operations of (Ac)* are C-analytic and extend those of A%,
whence the latter are real analytic.
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Definition
Let M be a C"-manifold modelled on a locally convex space E. Let
F C E be a closed vector subspace. A subset N C M is called a
submanifold of M modelled on F if for each x € N, there exists a
chart ¢: Uy — Vi C E of M with x € Uy which is adapted to N
in the sense that

(NN Up) = FN V.

The restrictions ¢n: NN Up — F N Vy, y = ¢(y) of charts ¢
adapted to N are called submanifold charts for N; they form a
C"-atlas of F-charts for N if we give N the topology induced
by M. We endow N with the corresponding maximal C"-atlas.
Then the following holds;

(a) The inclusion map j: N - M, x — x is C".

(b) For every C"-manifold L, a map f: L — N is C" if and only if
the map jof: L— Mis C".
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If G is a Lie group and H C G a subgroup which is a submanifold,
then the smooth manifold structure on H as a submanifold

makes H a Lie group.

For example, consider the smooth inversion map ng: G — G and
the inversion map ny: H — H. As the inclusion map j: H — G is
smooth, also the map

ngoj:H—G, h~ ht

is smooth, which coincides with j o ny. Hence 1y is smooth, by the
preceding fact (b).

Subgroups H C G which are submanifolds are called Lie subgroups.J

A subgroup H C G is a submanifold modelled on F if there is a
chart ¢: U — V of Gwithee Uand p(HNU)=FN V.

[For each h € H, the map hU — V, x — ¢(h~!x) then is a chart
of G adapted to H, with h in its domain. |
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§3 Linear Lie groups

Lie subgroups H C A* for a continuous inverse algebra A are
called linear Lie groups.

Example

| \

For each complex Hilbert space H, the unitary group
UH)={T € B(H): TT*=T*T =idy} is a Lie subgroup of
GL(#H) := B(H)* and hence a linear Lie group.

In fact, the exponential map
=1
exp: B(H) = B(H), T~ Z HT"
n=0

is complex analytic and exp’(0) = idg(5). By the Inverse Function
Theorem, for small € > 0 the image U := exp(V/) is open for the
ball

V:={T € B(H): || T|lop < €}
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and 0 :=exp|y: V — exp(V) C GL(H) is a complex analytic
diffeomorphism and hence a local parametrization of GL(#) (i.e.,
¢:=071: U— Visa chart with U := exp(V)).

For each T € V/, we have
O(T) ™ =exp(T) ' =exp(—T) =06(—T)

and

O(T) =exp(T) =exp(T*) =0(T").
As 0 is injective, we deduce that §(T)~! = 0(T)* if and only if
T*=—T,i.e., if and only if T is skew-hermitian. Let
Herm(#H) :={T € B(H): T = T*} be the set of hermitian
bounded linear operators, which is a closed real vector subspace of
B(H). By the preceding,

O(iHerm(H)N V)= UH)NU

and hence ¢p(U(H) N U) = iHerm(#H) N V, entailing that U(H) is
a submanifold (and hence a Lie subgroup) of GL(?) modelled on

the closed real vector subspace i Herm(#) C B(#) of
skew-hermitian operators.
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Remark. We mention that the unitary group U(H) is contractible
for each infinite-dimensional complex Hilbert space H, by Kuiper's
Theorem. That is, there exist a continuous map

F:]0,1] x U(H) — U(H)

such that F(0, T) =T for all T € U(H) and F(1,-) is a constant
map.

By contrast, U(C") is not contractible for n € N and not even
simply connected. For example,

u(ch =s;
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84 Local construction of Lie groups

Let G be a group and P C G be a subset with e € P which is

endowed with a smooth manifold structure modelled on a locally

convex space E. Let Q@ C P be an open subset with e € Q and

Q = Q! such that QQ C P.

Assume that

(a) The restriction of the group multiplication to a map
Q x Q@ — P is smooth;

(b) The restriction of the inversion map to a map Q — Q is
smooth;

(c) For each g € G, there exists an open e-neighbourhood
W C P such that gngl C P and the map W — P,
x — gxg ! is smooth.
Then there is a unique smooth manifold structure on G which is

modelled on E, turns G into a Lie group and turns @ into an open
submanifold of G.
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For chart a chart ¢: Uy — V,, of Q with e € Uy, define
g 8Uy — Vi, xm— gb(g_lx).

One verifies that {¢,: g € G} is a C*-atlas and that the
corresponding smooth manifold structure on G has the asserted
properties.
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Mapping groups

Recall that the supremum norm || - || makes C([0,1],R) a
Banach space. Likewise for C([0,1],R"), using max,cjo 1] [[7(t)]]
for a given norm || - || on R".

For every continuous map f: R” — R™, the map

f, .= C([0,1],f): C([0,1],R") = C([0,1],R™), ~+> for

is continuous.

To see continuity at 7, note that ([0, 1]) is compact, hence
contained in a closed ball B,(0) := {y € R": ||y|| < r} for some
r > 0. On the compact ball B,,(0), the continuous map f is
uniformly continuous: Given ¢ > 0, there exists § > 0 such that

If(y)—f(x)|| <& forall x,y € By, (0) such that ||y — x|| < 6. (x)

We may assume that § < r. For each 7 in the open. ball
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{n e C([0,],R"): [In = 7l < 8}
- {‘9 € C([Ov 1]7Rn): ||9Hoo < 2"} = C([Ov 1]7 B2r(0))7

we then have
In(t) =~ (2)ll <0
for each t € [0,1] and hence

1 (n(8)) = F(V(B))ll < €
by (x), as v(t),n(t) € Ba,(0). Thus

[fon—Ffov|e<e.

If f: R" — R™is C!, then f, := C([0,1],f) is C!, with

d(f.) = (df).: C([0, 1], R"xR") = C([0, 1], R™), (v, 1) — dfo(y,n)

For the proof, fix v,n € C([0,1],R") and consider for t # 0 the
difference quotient
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fo(y + tn) — fi m
JAVIRES (’V t) (7) S C([O, 1],R )
and the map

1
h: R — C([0,1],R™), t'—>/ (df )«(y + stn,n) ds,
0

which is continuous as (df).(y + stn,n) is continuous in (s, t). For
each x € [0, 1], the point evaluation

C([0,1,R™) = R™, 6+ 0(x)

is continuous and linear. As it commutes with the weak integral,
we get

/df stn ) (X)) ds = f(p)/(x) + tn(x)) — f(fY(X)) :At(X)

t

using the Mean Value Theorem. Thus
A = h(t) — h(0) = df o(y,n) as t — 0.
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If E is a locally convex space and K =[0,1], K =S; or K a
compact topological space, make the space C(K, E) of continuous
maps v: K — E a locally convex topological vector space using
the seminorms

171lg := sup q(v(x))
xeK

for continuous seminorms q: E — [0, oo[. Like the preceding
special cases, one shows:

If E and F are locally convex spaces, U C E is an open subset and
f: U— Fisa C"map with n € Ng U {c0}, then C(K, U) is open
in C(K, E) and the map

fo = C(K,f): C(K,U) = C(K,F), vy~ foy

is C",

This implies:
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For every Lie group G modelled on a locally convex space E, the
group C(K, G) of all continuous maps v: K — G is a Lie group
modelled on C(K, E), with (vn)(x) := vy(x)n(x).

Let ¢: U — V C E be a chart of G with e € U. Give
P := C(K, U) the smooth manifold structure turning the bijection

¢« C(K,U) —» C(K,V)C C(K,E), v+ ¢or
into a C*°-diffeomorphism (smooth with smooth inverse). Let
W C U be an open subset with WW C U and W = WL, Then
¢(W) is openin V and Q := C(K, W) is open in P, as it
corresponds to the open subset C(K, p(W)) of C(K, V). The
inversion map 7¢(k,c)lqQ on @ corresponds to the map

h: C(K, (W) = C(K, (W), v (dong od )on,
which is smooth by the preceding fact. Hence

Nck,6)lQ = (¢+) 71 o ho ¢.|q is smooth. Similarly, Conditions (b)
and (c) of the local description of Lie group structures are satisfied.
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Let M be an m-dimensional compact C*°-manifold, E be a locally
convex topological vector space and n € Ng U {oo}. For a chart
¢: Uy — Vg of M, j € Ng with j < n, a compact subset K of

V,; x (R™Y and a continuous seminorm g on E, a seminorm

I llo,jqk: C(M,E) = 0,00, 7+ llgod(fod)klloo

is obtained. Make C"(M, E) a locally convex topological vector
space using these seminorms (the resulting topology is called the
compact-open C"-topology).

If also F is a locally convex topological vector space,
k€ NgU{oc} and f: U — Fisa C""*-map on an open subset
U C E, then C"(M, U) is open in C"(M, E) and the map

fo = C"(M,f): C"(M,U) = C"(M,F), v~ foy

is Ck.

As before, this entails:
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For every Lie group G modelled on a locally convex space E, the
group C"(M, G) of all C"-maps v: M — G is a Lie group
modelled on C"(M, E).

We can use P = C"(M, U) with the smooth manifold structure
making ¢.: C"(M,U) — C"(M,V) C C"(M,E), y— ¢o~va
C*°-diffeomorphism and Q := C"(M, W) as in the preceding
proof.
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