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m We are going to investigate a quantum analogue of the
theorem of A. Mishchenko and A. Fomenko.

Introduction

m The dual space g* of a finite dimensional real Lie algebra
g is a Poisson manifold and the following diagram
commutes. The Poisson bracket is called the
Kirillov-Kostant bracket.

Coo(g*) ® Coo(g*) Poisson bracket Coo(g*)

[ I

EEEE—
g0e Lie bracket £
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The classical theorem of A. Mishchenko and A. Fomenko is the
following.!

Introduction

Theorem (A. Mishchenko and A. Fomenko, 1978)

Suppose that O¢ is a constant vector field on the dual space g*.
We have

{08(x), ¢ (y)} =0
for any m and n and for any Poisson central elements x and y
of the symmetric algebra S(g).

Mishchenko and Fomenko, “Euler equations on finite-dimensional Lie

groups”.
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We are going to investigate a quantum analogue of this
theorem.

Introduction

The symmetric algebra S(g) should be replaced by the
universal enveloping algebra U(g).

The Poisson bracket should be replaced by the
commutator on the universal enveloping algebra U(g).

We need to find a “derivation” of the universal enveloping
algebra U(g).



Quantum Analogue of A. Mishchenko and A.

Fomenko
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B e consider g = gi(d. C).
m Let

el .. e
Conjecture €= e S M(d, g/(d, C)),
ef .. e

where ej form a linear basis of g/(d, C) and satisfy the
commutation relations [e], ef]= efd] — de].

m A constant vector field on the dual space is given by

;0
9 = tr(£9), 0; = @

where £ is a numerical matrix.
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The derivation

Sgl(d,C) — M(d, Sgl(d,C)), X = Ox

Conjecture

is a unique linear mapping satisfying the following.
We have dv = 0 for any scalar v.
We have dtr({e) = & for any numerical matrix &.
We have the Leibniz rule

I(xy) = (9x)y + x(9y)

for any elements x and y of the symmetric algebra.



Quantum Analogue of A. Mishchenko and A.
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\CETELCEE m There is no such a derivation on the universal enveloping
algebra Ugl(d, C) since we obtain a contradiction

Conjecture 0= 8<eje,k — e,kef) (Leibniz rule)
= 8<ejk6;' - 5fe[) (commutation relation)
= §;0%5] — 6}‘6/6" (second conditon)
#0

if such a derivation O exists.

m Gurevich, Pyatov, and Saponov defined the
quasiderivation of the universal enveloping algebra.
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The [quasiderivation
[Ukl(d,C) — M(d,[Ukl(d,C)), X > Ox

is a unique linear mapping satisfying the following.

Conjecture

We have dv = 0 for any scalar v.
We have dtr(£e) = £ for any numerical matrix &.
We have thetwisted| Leibniz rule

A(xy) = (9x)y + x(9y) + (0x)(0y)

for any elements x and y of the|universal enveloping|
algebra.
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Conjecture

Suppose that £ is a numerical matrix and let 0z = tr(£0). We
have

Conjecture

[08(x),8¢()] =0
for any m and n and for any central elements x and y of the
universal enveloping algebra Ugl(d, C).

Recently | and Georgiy Sharygin believe that we successfully
proved this conjecture and we are preparing.
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We assume the following form

First-Order n—1
2] = 3 (&5 D e)(emy + HS D (e)(em]).
m=0

where g,(,,nfl) and hg,','il) are polynomials.



Fundamental Formula and Corollary

Quantum M-F
Construction

Yasushi lkeda

First-Order

by the twisted Leibniz rule.

5j(e")’

d

+) " a(e); ;6"

k=1



Fundamental Formula and Corollary
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d n—-1 n—1
Z g(" 1) k em)iejk_ Z<gr(n”*1)(e)e)j(em)i
k=1 m=0 m=0
First-Order d n-1
=2 aw V(e[(e™) ¢f]
k=1 m=0
d n-1 ] )
Z ( ((em)k(sj{ B 5k(em)})
m=0
= | .
= S ([ e |- e (1)
m=0

by the commutation relation.
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d n-1 n—1
SN Eemief = 3 Ha V(e e
k=1 m=0 m=0

First-Order
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B The second term of the equation (1) and the first term of the

equation (2) are cancelled out and we have

n—1
e o(em i =3 (gﬁ,,” Y(e)e + h(n?—l)(e)) (€™ + 5;(e")’
m=0 J

n—1

+ 3 (g D (e)ems + hiy D (e) (e ;)

m=0
n

(85 (e)(e™) + K (e)(e™)).

m=0



Fundamental Formula and Corollary

Quantum M-F . .
CenmsiEien We obtained the recursion formulae

Yo g (x) = g4 P x)x + hi D(x) for 0 < m < n
2] g(")( )=1for0<n

h[()")(x) =y Og,(n" 1)(X)x’" for 0 <n

First-Order hg,'])(x) = hf:ff)(x) for0<m<n

and the solutions to them are

g (x) = F" M (x), hi) (x) = £ (x),

where we define the polynomials
oy (x+H1D)"E(x—1)" K IE(-D)"" )\,
fr’(x)= 5 = Z — )"

m=0
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We obtained a fundamental theorem for quasiderivations of
central elements.

Theorem (I, 2022)

First-Order
We have the formula

n—1

o(enj =D (A De)(em) + £ De)(em);)

m=0

for any nonnegative integer n.
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The center of the universal enveloping algebra

Z(Ugl(d,C)) ~ C[(tre")d_,]

nmd

First-Order is a free commutative algebra on the set {tre”}¢_;.

Corollary

The conjecture holds for m = n=1. We have

[0¢(x), 0(y)] =0

for any central elements x and y.
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According to the theorem the second quasiderivations
8§(tre”), n=0,1,...

Second-Order
are spanned over the center by the elements

tr(€0tr(¢e™ ™)) + tr(€0tr(¢e™)e™ ™), m,n=0,1,...

We have the following theorem.
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resitled: M Theorem (1, 2023)
We have
span{ir (€0 tr(€e™ 2m)e") + tr(€Du(een)ent?) )
= span{tr({@tr(ﬁe”)e") }OO_O;

span{tr(ga tr(€e"2m ") + tr(£0tr(e”)e 2T }

= span{tr(£8 tr(§e”+1)e”) + tr(f(‘) tr({e”)e”“)}

Second-Order

oo

m,n=0
9

n=0

oo

up to the subspace generated by the set {tr(¢e') tr({ef')}uzo.
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We have

span{tr(f8 tr(fen+%)en) + tr(fatr(&en)e'ﬁ%) }:nzo
Second-Order _ Span{tr(fatr(fen)en)}oo_oa

span{tr(€Dtr(€e™ 2™ )em) 1 tr(¢Dtr(gen)em ™) )

pt1,n=0
= span{tr(£8 tr(§e”+1)e”) + tr(f(‘) tr({e”)e”“)}

o
n=0

oo

up to the subspace generated by the set {tr(¢e') tr({ef')}uzo.
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We define P, as the n by n submatrix of the following

matrix.
Ps

et O f_~(_4) (x)
£ ()
£ (x)
£ (x)
O (x)

X X X X X
> "w'hN RO

(= e 2 = e — 3 A
OO WwOoj---
oo+~ O o
OO0 O~ O
OO0 0O -

We define P,(,m) as the matrix P, shifted to the right by m
positions.
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We have

tr({@tr(fe’")e")
Second-Order f
—tr| (¢ €e --- gemtnl) pin) ﬁ.e

é-em;rnfl
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Suppose that A is a numerical square matrix.

We define

Second-Order A% A% L A% . A:'I-, + A?
0 A3 A2 A
T(A)=| . ? : "o

0 0 c. AN

n



Key Matrix and Symmetry

=tr (f e - §e”_1)T(A) §.e

é—er.r—l

since we have tr(¢e'¢el) = tr(¢eice’).
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Theorem (I, 2023)

We have
0 P,,+2m) ¢ <(2m — E) <2m —(— 1)) (n+0)
T\ pT = + P,y
Second-Order (P” O /—0 g E - 1 n+
and
0  Prromst " (2m— ¢ (n+2) (n+€+1)
’ <P,7T "o ) =2 ; (Pn+e+1 + Pt )

£=0

for any nonnegative integers m and n.
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IR \\/e would like to expand 7(Pzm) along (¢, ¢ + 1) elements.

060 11 0 2
/o4 0 2 0090 20
p, y_ (012} |0 02/0f fo 0o 0 200
e (P =14 )10 00 0|l |ooo 0 0ol
0000 000 0 00O
000 0 00O
:i‘"z"‘gp(l) 51;,3(1) +§'§%P§2),§6%P§1) +9P(2) Jrz_gjp(s)

()
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010601
003010

OPn+2m 0P5_010100

\pT 0 PT 0) " "loo0o 100 0

Second-Order 01 0O0O0O0
100000

LRt e )
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We have

Second-Order 0 n+2m = 2m — ¢ 2m—¥{¢ —1 (n+£)
(er o) =2 (70 () e
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Second-Order

Equivalent Condition (Even Case)

The first part of the theorem is equivalent to the following.

We have

2n1 +np+2n3+1 ny 4+ 2n3
4
2[13 2n3

a0 2n4 2n4
(nl +n3—my
2(!73 — n4)

for any nonnegative integers (ni)3_;.

= <<n1+n2+n3+n4+1)+<n1+n2+n3+n4

)

)
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We have

720 () 4 (3)

2m—{ 2m—+{¢ -1 0 o(n+0)
Second-Order = Z(( > < /-1 ))X f+ (X)

for any nonnegative integer n.

x+1)"+(x-1)"
5 .

) = ¢

These conditions have been verified using Mathematica.
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The second part of the theorem is equivalent to the following.
We have

2n1 +np +2n3+ 2 ny 4+ 2n3
4
2[13 2n3

_i m+np+n3+ng+1
- 2n4

n4:0
<<n1+n3—n4+1> <n1+n3—n4>>
X +
2(/73 — n4) 2(!13 — n4)

for any nonnegative integers (nk)izl.

Second-Order
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We have

f_i(_n+2m+1)( ) + X2m+1 f(n) (X)
2m —/ n+¢ n+/¢
Second-Order = Z < ) ( Zf( - +1)( ) + Xé+1f<|(> - )(X))

for any nonnegative integer n.

x+1)"+(x-1)"
5 .

) = ¢

These conditions have been verified using Mathematica.
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In a quantum analogue of the theorem of A. Mishchenko
and A. Fomenko, the derivation of the symmetric algebra
Sgl(d,C) is replaced by the quasiderivation of the
universal enveloping algebra Ugl(d, C).
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m We derived a concrete formula and proved the quantum
analogue for order 1. Higher quasiderivations can be
Conclusion computed using this formula as well.

m | and Georgiy Sharygin believe that we successfully proved
the quantum analogue. We are preparing a paper.

m We succeeded to reduce the number of the generators of
the second quasiderivations. We expect that each higher
quasiderivations will be generated by reduced number of
generators as well.
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