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joint work with Maciej B laszak from A. Mickiewicz University in Poznań
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Ziemowit Domański (PUT) Quantization in arbitrary coordinates Bia lowieża, 2–8 July 2023 1 / 20



Descripion of the problem

Descripion of the problem

Usual quantization scheme:

Take an observable written in Cartesian coordinates, e.g. a Hamiltonian

H(x, y, z, px, py, pz) =
p2
x + p2

y + p2
z

2m
+ V (x, y, z).

Replace x, y, z, px, py, pz with operators of position and momentum:

x→ q̂x = x, px → p̂x = −i~∂x,
y → q̂y = y, py → p̂y = −i~∂y,
z → q̂z = z, pz → p̂z = −i~∂z.

Note

Since operators of position and momentum do not commute they have to be
appropriately ordered. We will use symmetric ordering of operators of position and
momentum.
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Descripion of the problem

The result is an operator on the Hilbert space L2(R3):

Ĥ = − ~2

2m
(∂2
x + ∂2

y + ∂2
z ) + V (x, y, z)

= − ~2

2m
∆ + V (x, y, x).

Take a different coordinate system, e.g. spherical coordinate system:

x = r sin θ cosφ,

y = r sin θ sinφ,

z = r cos θ,

px =
rpr sin2 θ cosφ+ pθ sin θ cos θ cosφ− pφ sinφ

r sin θ
,

py =
rpr sin2 θ sinφ+ pθ sin θ cos θ sinφ+ pφ cosφ

r sin θ
,

pz =
rpr cos θ − pθ sin θ

r
.
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Descripion of the problem

Write the observable in new coordinates:

H ′(r, θ, φ, pr, pθ, pφ) =
1

2m

(
p2
r +

p2
θ

r2
+

p2
φ

r2 sin2 θ

)
+ V (r, θ, φ).

Operators of position and momentum take the form:

q̂r = r, p̂r = −i~
(
∂r +

1

r

)
,

q̂θ = θ, p̂θ = −i~
(
∂θ +

1

2 tan θ

)
,

q̂φ = φ, p̂φ = −i~∂φ.

The resulting operator:

Ĥ ′ = − ~2

2m

[
∂2
r +

2

r
∂r +

1

r2

(
∂2
θ +

1

tan θ
∂θ +

1

sin2 θ
∂2
φ

)
− 1

4r2

(
1

sin2 θ
+ 1

)]
+ V (r, θ, φ).
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Ziemowit Domański (PUT) Quantization in arbitrary coordinates Bia lowieża, 2–8 July 2023 4 / 20
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Descripion of the problem

The operator Ĥ ′ is defined on the Hilbert space L2((0,∞)× [0, π)× [0, 2π), µ),
where dµ(r, θ, φ) = r2 sin θ dr dθ dφ. Operators Ĥ and Ĥ ′ are not unitarily
equivalent — they describe different quantum systems.

How to fix this inconsistency?

The operator Ĥ ′ should have the following form:

Ĥ ′ = − ~2

2m

[
∂2
r +

2

r
∂r +

1

r2

(
∂2
θ +

1

tan θ
∂θ +

1

sin2 θ
∂2
φ

)]
+ V (r, θ, φ)

= − ~2

2m
∆ + V (r, θ, φ),

which we will receive by adding an appropriate correction term to the Hamiltonian
H ′(r, θ, φ, pr, pθ, pφ):

H ′~(r, θ, φ, pr, pθ, pφ) = H ′(r, θ, φ, pr, pθ, pφ)− ~2

8mr2

(
1

sin2 θ
+ 1

)
.
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Descripion of the problem

How to calculate the appropriate corrections for an arbitraty observable and
coordinate system?

To answer this question we have to move to deformation quantization approach to
quantum mechanics.
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Deformation quantization

Deformation quantization

It is possible to introduce a quantization of a classical Hamiltonian system
(M,ω,H) by deforming the algebraic structure of the algebra of observables
C∞(M):

· → ? — noncommutative associative product

{ · , · } → [[ · , · ]] — deformed Poisson bracket

where [[f, g]] =
1

i~
(f ? g − g ? f).

Note

In general it is possible to introduce a ?-product only on some pre-C∗-algebra
F~(M) ⊂ C∞(M).
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Deformation quantization

Example:
Introduce on M a flat torsionless symplectic connection ∇. Moreover, assume
that M is almost geodesically simply connected: for every x ∈M there exists a
neighborhood U ⊂M of x such that M \U is of measure zero, and every point in
U can be connected with x by a unique geodesic. Then, we can define

(f ? g)(x) =
1

(π~)2N

∫
TxM

∫
TxM

f(expx(u))g(expx(v))e−
2i
~ ωx(u,v) dudv

for f, g ∈ C∞c (M).

Formal expansion in ~ of the ?-product:

f ? g =

∞∑
k=0

1

k!

(
i~
2

)k
ωµ1ν1 · · ·ωµkνk(∇ · · ·∇︸ ︷︷ ︸

k

f)µ1...µk(∇ · · ·∇︸ ︷︷ ︸
k

g)ν1...νk .
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Deformation quantization

We will focus on the case M = T ∗Q, where Q is an almost geodesically simply
connected flat Riemannian manifold.

The Levi-Civita connection on Q can be lifted to a flat torsionless symplectic
connection ∇ on M :

Γijk = Γijk, Γīj̄k = −Γjik, Γījk̄ = −Γkji,

Γījk = pl(Γ
r
jkΓlri + ΓrikΓlrj − Γlij,k),

with the remaining components equal zero (̄i = N + i).
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Deformation quantization

In the special case Q = RN with the standard metric tensor and
M = T ∗RN ∼= R2N we arrive at the Moyal product

(f ?M g)(x) =
1

(π~)2N

∫
R2N

∫
R2N

f(x+ u)g(x+ v)e−
2i
~ ωµνu

µvν dudv,

where

(ωµν) =

(
0N −IN
IN 0N

)
.

Formal expansion in ~ of the ?M -product:

f ?M g = f exp

(
i~
2
ωµν
←−
∂ xµ
−→
∂ xν

)
g

=

∞∑
k=0

1

k!

(
i~
2

)k
ωµ1ν1 · · ·ωµkνk(∂xµ1 · · · ∂xµk f)(∂xν1 · · · ∂xνk g).
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Coordinate systems

Coordinate systems

Let
M ⊃ U 3 x 7→ (x1(x), . . . , x2N (x)) ∈ V ⊂ R2N

be a coordinate system on the phase space M . We will only consider coordinate
systems which are almost global, i.e. M \ U is of measure zero.

The ?-product on M can be written in coordinates (x1, . . . , x2N ) resulting in a
star-product on a subset V ⊂ R2N . We will denote such star-product by ?(x).
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Coordinate systems

Coordinate system (x1, . . . , x2N ) is called quantum canonical if there holds

[[xα, xβ ]] = J αβ ,

where

(J αβ) =

(
0N IN
−IN 0N

)
.

Denote (x1, . . . , x2N ) by (q1, . . . , qN , p1, . . . , pN ) ≡ (qi, pj). Then the quantum
canonicity condition takes the form

[[qi, qj ]] = [[pi, pj ]] = 0, [[qi, pj ]] = δij .

The functions qi and pj are observables of position and momentum associated
with the coordinate system (qi, pj).

If (q1, . . . , qN ) is an almost global coordinate system on Q then the induced
canonical coordinate system (q1, . . . , qN , p1, . . . , pN ) is classical and quantum
canonical.
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Coordinate systems

Main observation:
For any coordinate system (x1, . . . , x2N ) on the symplectic manifold (M,ω),
which is at the same time classical and quantum canonical, there exists a unique
morphism S such that

S(f ?
(x)
M g) = Sf ?(x) Sg,

Sxα = xα,

Sf = Sf̄ .

The morphism S gives an equivalence of the ?-product written in (x1, . . . , x2N )
coordinates with the product ?M which in (x1, . . . , x2N ) coordinates takes the
form of the Moyal product.
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Coordinate systems

The morphism S can be formally expanded into a power series

S = id +

∞∑
k=1

~kSk,

where

S2k =

∞∑
n=1

1

n!
[xα1 , . . . , [xαn−1 , Fαn ]]∂α1 · · · ∂αn ,

S2k−1 = 0,

for k = 1, 2, . . . , Fα =

k∑
l=1

(
−1

4

)l
Aα2lS2(k−l) and

Aαkf =
1

k!
ωµ1ν1 · · ·ωµkνk(∇ · · ·∇︸ ︷︷ ︸

k

xα)µ1...µk(∇ · · ·∇︸ ︷︷ ︸
k

f)ν1...νk .
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Coordinate systems

From previous formulas:

S = id +~2

(
− 1

24
Γαβγ∂

α∂β∂γ +
1

16
ΓµναΓ

ν
µβ∂

α∂β
)

+O(~4),

where Γαβγ = ωαδΓ
δ
βγ and ∂α = ωαβ∂xβ .
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Coordinate systems

Spherical coordinates:

S = id +~2

(
− 1

12
pφ∂

3
pφ
− 1

4
∂2
pφ
− 1

8
sin θ cos θ∂θ∂

2
pφ
− 1

12
pθ∂

3
pθ

+
1

4 sin2 θ
pφ∂

2
pθ
∂pφ −

1

4
pφ∂

2
pθ
∂pφ +

1

8 sin2 θ
∂2
pθ
− 3

8
∂2
pθ
− 1

8
pθ∂pθ∂

2
pφ

+
1

4 tan θ
∂φ∂pθ∂pφ −

1

8
r sin2 θ∂r∂

2
pφ
− 1

8
r∂r∂

2
pθ

+
1

4r2
pφ∂

2
r∂pφ

+
1

4r2
pθ∂

2
pr∂pθ +

1

4r2
∂2
pr −

1

8
pr sin2 θ∂pr∂

2
pφ
− 1

4r
pθ sin θ cos θ∂pr∂

2
pφ

+
1

4r
∂φ∂pr∂pφ −

1

8
pr∂pr∂

2
pθ

+
1

2r tan θ
pφ∂pr∂pθ∂pφ +

1

4r
∂θ∂pr∂pθ

+
1

4r tan θ
∂pr∂pθ

)
+O(~4).
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Coordinate systems

To phase space functions f in Moyal quantization correspond symmetrically

ordered functions f(q̂, p̂) of operators q̂i = qi, p̂j = −i~
(
∂qj +

1

2
Γkjk

)
.

Using the fact that for a given coordinate system (x1, . . . , x2N ) our quantization
is equivalent with the Moyal quantization we can arrive at the formula for the
operators corresponding to functions defined on M :

f 7→ f~(q̂, p̂),

where f~ = S−1f = f − ~2S2f +O(~4) is a function f extended with appropriate
correction terms.
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Transformations of coordinates

Transformations of coordinates

Let (q1, . . . , qN ) and (q′1, . . . , q′N ) be two coordinate systems on Q, wherease
(q1, . . . , qN , p1, . . . , pN ) and (q′1, . . . , q′N , p′1, . . . , p

′
N ) induced canonical

coordinate systems on M . Moreover, let

φ : (q′1, . . . , q′N ) 7→ (q1, . . . , qN ),

T : (q′1, . . . , q′N , p′1, . . . , p
′
N ) 7→ (q1, . . . , qN , p1, . . . , pN )

be corresponding transformations of coordinates. Then

f ′~(q̂′, p̂′) = ÛT f~(q̂, p̂)Û−1
T ,

where f ′ = f ◦ T and
(ÛTψ)(q′) = ψ(φ(q′)).

If T−1(q, p) = (Q1(q, p), . . . , QN (q, p), P1(q, p), . . . , PN (q, p)) is a transformation
to the coordinate system (q′i, p′j), then the maps Qi, Pj are observables of

position and momentum corresponding to the coordinate system (q′i, p′j). We get

q̂′i = ÛTQ
i(q̂, p̂)Û−1

T , p̂′j = ÛTPj(q̂, p̂)Û
−1
T .
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Transformations of coordinates

For a general symplectic manifold M with a flat torsionless symplectic connection
∇ and an almost global coordinate system

M ⊃ U 3 x 7→ (q1(x), . . . , qN (x), p1(x), . . . , pN (x)) ∈ T ∗V ∼= V × RN ⊂ R2N ,

which is classical and quantum canonical the whole procedure can be repeated:
induced connection on T ∗V can be projected to V and then we construct a metric
tensor for which the projected connection is a Levi-Civita connection.

The unitary operator corresponding to a transformation of coordinates:

(ÛTψ)(q′) =
1

(2π~)N/2

∫
V

ψ(q)e−
i
~F (q,q′) dµ(q),

where F (q, q′) is a generating function of the coordinate transformation:

p =
∂F

∂q
(q, q′), p′ = −∂F

∂q′
(q, q′).
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Thank you!
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