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Phenomenon of Backflow
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Bogdan Mielnik: In memoriam
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Backflow was found in some special solutions
of nonrelativistic quantum mechanics

almost 30 years ago

In many papers where this effect was studied
backflow was described as

“intriguing quantum-mechanical phenomenon,
clearly nonclassical effect, peculiar quantum effect”

and many other similar statements
Many papers even use the term “quantum backflow”

In my talk I will show that backflow
is the property of waves and it does not matter
whether these waves are quantum or classical
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In general terms the phenomenon of backflow
is the counterintuitive behavior of the flow
of some quantity (energy, probability, etc.)

Namely, in some regions of space
the direction of the flow is opposite

as compared with the direction
of all its constituent elementary waves

In quantum wave mechanics studied before
the quantity exhibiting the backflow
is the probability density whose flow

is determined by the probability current
The constituent elementary waves in this case

are the plane waves appearing
in the Fourier decomposition of the wave function
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I will underscore in this talk the universality
of the backflow by using three examples of beams

that exhibit the phenomenon of the backflow

The concrete examples are:
a superposition of two monochromatic plane waves

in Maxwell theory and in the Dirac thory
and the hopfion solution of Maxwell equations

In all these examples I will not pay any attention
to the overall value of the wave amplitude

because the analysis of the backflow relies only
on the direction of the flow: forward vs. backward
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I will now try to convince you that backflow
is a wave phenomenon not a quantum effect
I will present a solution of Maxwell equations

which exhibits backflow in full glory
In the study of backflow in Maxwell theory

I will use a very convenient tool:
the Riemann-Silberstein (RS) vector F(r, t)

which significantly simplifies the calculations

F(r, t) = D(r, t)√
2ϵ0

+ iB(r, t)√
2µ0

In terms of F(r, t) Maxwell equations are (c = 1)
i∂tF(r, t) = ∇× F(r, t), ∇ · F(r, t) = 0
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Separation into the real and imaginary parts
leads to the standard Maxwell equations

As the simplest example of the electromagnetic field
which will be shown to exhibit backflow
I will choose the superposition of two

noncolinear monochromatic plane waves
All solutions of Maxwell equations can be generated

from scalar solutions χ(r, t) of the wave equation

F(r, t) =

 (∂t − ∂z)
2 − (∂x + i ∂y)

2

i(∂t − ∂z)
2 + i(∂x + i ∂y)

2

2(∂t − ∂z)(∂x + i ∂y)

χ(r, t)
9 / 25
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The plane-wave solution of Maxwell equations
is obtained by choosing χ(r, t) = e i(k·r−kt)

Fk(r, t) = e(ϕk, θk)e i(k·r−kt)

where k = k{cosϕ sin θ, sinϕ sin θ, cos θ}
and the normalized polarization vector e(ϕk, θk)

is chosen in the following form

e(ϕ, θ) = 1√
2

 e2iϕ sin2(θ/2)− cos2(θ/2)
−ie2iϕ sin2(θ/2)− i cos2(θ/2)

2eiϕ sin(θ/2) cos(θ/2)
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Consider the superposition of two such solutions
F(r, t) = e(ϕk, θk)ei(k·r−kt) + e(ϕl, θl)ei(l·r−lt)

In order to exhibit the phenomenon of backflow
I will assume that the z components

of both wave vectors k and l are positive 0 < θ < π/2
The following choice of the wave vectors
will produce the maximal backflow effect

k = 1, l = 1, ϕk = π/2, ϕl = 0, θk = π/2, θl = π/2
We may now calculate the Poynting vector

P =
c
2iF

∗ × F = E × H

which determines the direction of the energy flow
11 / 25
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The z component of the Poynting vector
for the superposition of two plane waves

The Pz = 0 plane clearly marks the regions
where Pz has negative values
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I will show now that the same type of backflow
can be realized in the case od Dirac wave functions

This time the backflow occurs
in the behavior of the probability current jµ = ψ̄γµψ

In full analogy with electromagnetism we obtain
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Digression on Hopf fibration
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Hopf paper
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Hopf fibration
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Look at the bottom lines
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This is Hain
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Where is Hain?
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Hopf fibration by Niles Johnson
Ohio State University

http://nilesjohnson.net
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Hopfion solution of Maxwell equations
To illustrate the backflow in a more elaborate case

I have chosen here my favorite solution
of the Maxwell equations: the hopfion

This solution was discovered by Synge and later
Rañada found its remarkable topological properties

closely related to the famous Hopf fibration
The lines of electric field magnetic field

and the Poynting vector form linked loops
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Lines of magnetic field in a Hopfion
have the shapes as in Hopf fibration

Arrayas and Trueba J.Math.Phys. 50 085293 (2017)
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The Maxwell Hopfion
The Hopfion solution is obtained by differentiation

from the following function

χ(⃗r, t) =
1

4π

∫∫∫ d3k
k

e−(a+it)kei⃗k·⃗r =
1

x2 + y2 + c2(a + it)2

The parameter a defines the size of the wave-packet
The integral over k⃗ can be evaluated even when

the integration is restricted only to kz > 0
χBF(⃗r, t) = 1

4π
∫∫∫ d3k

k θ(kz)e−(a+it)kei⃗k·⃗r

= 1
2
√

x2+y2+c2(a+it)2
1√

x2+y2+c2(a+it)2−iz

We may now differentiate this function
to obtain F and to exhibit the backflow
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Backflow in the Hopfion
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Conclusions
The phenomenon of backflow

is not a quantum effect!
It is found in the solutions of various wave equations

In particular in the Maxwell equations
the Planck constant does not appear
and yet the backflow is clearly seen

The only requirements for backflow are:
1 The existence of the Fourier representation
2 The existence of a flow vector like for example

the probability current or the Poynting vector
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