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Notation

» H denotes a Hilbert space and A = B(H) will denote the
C*-algebra of bounded linear operators from H to H.

» M5(.A) denotes the C*-algebra of 2 x 2 matrices with entries
in A, and Uy (A) its unitary group.
» Matrices 4 € My(A) will carry a ~
» Uy (A) acts on the space P « M;(.A) of orthogonal projections
via Lz(p) = Gpi—? for ii € Up(A).
» The Riemann sphere of A is the unitary orbit of the
projection po = (3 3) € Ma(A), that is
R = {ipoi ! : ii € Up(A)}.
» The unit sphere of the C*-module 42 is
K= {[]61 € A2 s 6“2(./4),61 = (6)}
» The Hopf fibration is h : K — R, defined by
X: X* X: X>l< ~ ~_ ~ o~ o~ ~
h(x) =xx* = (L) (x5 x) = (X:X% X;X}) = fejef it = ipoi~t = px

(it is a principal bundle with group U acting on the right).



Structure

» R is a reductive homogeneous space of the group U>.

» This differential geometric structure contains an affine
connection on R and its geodesics.

» It also contains an invariant Finsler metric (defined using
spectral norm of B(H) on the tangent spaces) which makes R
into a metric space where geodesics are minimal curves.

» There are 2 charts for R, one of which we will mention right
away, and another given by the inverse of the exponential map.



Examples

» In finite dimensions
> If A= B(C),
then R is the one-dimensional complex projective line P(C)
(homeomorphic to $2) and K is the unit sphere in C2
(homeomorphic to S3).

> If A= B(C")
The case n > 1 involves the noncommutative C*-algebra
M,(C) of operators on H = C". Here M>(.A) is naturally
identified with My, (C) acting on C" x C", which is naturally
identified with C2".



Atlas on R
The main chart Vo, ¢o,.A) of R consists of the neighborhood

Vo= {peR: |- pol <1}
= h({xx* : x € K, xq is invertible}) c R
and the bijection Vo po
Px — xzxfl
for px = xx*, with x = (3% ), x1 invertible.
And for each i € Us(.A) the chart (Vj, i) is constructed as follows.
Vi=Ls(Vo) and ¢z: Vs — Afor vz = pooLj.

M@abius transformations
Given x = ile; A y = Ve, for ae V; n Vy and writing
(av)* = (S9) € Up(A), we obtain the Mdbius transformation

(5.0 051) (a) = (e + fa)(c + da) ™

As a consequence this atlas defines a C® structure on R.



Example (chart). For A = B(C") = M,(C"), the domain Vy of
the main chart consists of the orthogonal projections Pg,(4) for
A€ My(C"), and ¢o(Pgr(a)) = A holds.

Theorem
With the previous notation for the main chart Vo, o), if p€ R,
the following are equivalent

—

. peV, (thatis, p = h(x) = xx*, x € K, with x; invertible)
2 15— fol <1

3. ifp= <p11 p12> in the po @ (1 — po) decomposition, then
P21 p22

p11 is invertible

4. p is the projection Pg, () € B(H @ H) onto the graph of the
operator a = @o(p)



Example

» In infinite dimensions
If A = B(H), then consider the densely defined closed
operators T (with closed graph and possible unbounded) on a
Hilbert space, then the orthogonal projections Pg, 1) onto
the graphs

Gr(T)={(h, T(h)): he Dom(T)} ¢ HxH
belong to R and can be written as:

p @+ T*T)Y Q4+ TET)ITH
) =\ T+ T*T)"! T(1+T*T)"1T*

(in this formula the entries are bounded operators).



Definition
A bounded deformation of an unbounded closed operator T on
H is a family { Tt} c[0,o) of bounded operators T, such that

» t+— Ty is continuous in the norm topology
> limy_, o~ Pgy1,) = Por1) where Pg,1,) and Pg.(T) lie in the
Riemann sphere R of the algebra B(H) and the limit is taken
in the Finsler metric of R.
In particular, if the bounded deformation {T;}c(0,) of the
unbounded operator T satisfies the condition

dist(Pgr(1,), Par(T.)) = length Pgy1,)l5, Vo € [0, )

we will call it an optimal bounded deformation. Here
dist(Pgy Te)» Por 7.)) denotes the Finsler distance in R and
length Pg.1,)|% is the Finsler length of the curve where

Pert.) = Par(t):



Example (The differentiation operator —i< and 0)

d
—i—:D — [?[0,1
Consider the operator " dx [0.1]
f— —if’

with domain

D = {f € 2[0,1] : f is abs. cont., f' € L?[0,1] and f(0) = f(1)}.

This operator is unbounded, self-adjoint, densely defined on
L2[0,1], and closed.

Using general properties of geodesics of projections, since

'H1o 7'[01
A A

dim(ran(Pgrg)) N ker(PGr(iii))) = dim(ker(Pgq)) N ran(PGr(fii)))
=0

there exists a unique geodesic between Pg o) and PGr(_ id)-
dx



As usual, geodesics are studied via the following decomposition
(here Hio = Ho1 = 0 holds), making use of the fact that these
spaces reduce Pg,(g) and PGr(fii) simultaneously,

dx

H x H = L2[0,1] x L?[0,1] = H11 ® Hoo ® Ho,
for

H11 := ran(Pgg)) N ran(PGr(_ii ) = [1] x {0},
Hoo := ker(Pgr(0)) N ker(Pg, ) {0} x [1]
and Ho 1= (H11 @ Hoo)t = [1]L x [1]*+

where [1] = {\1 : X\ € C} denotes the constant functions in L2[0,1].
In this case we have

Par(o) [HuaHoo = (58) = Por(—ig)lHuamoo:



We now have to study the restriction to Ho = [1]* x [1]*.
We will use block matrices in the Fourier basis {£n}nez: 0y of [1]+
(with &€,(x) = €/2™™), making use of the fact that the &, are
eigenvectors of —i%.
For (h, k) € [1]* x [1]* one can compute

Per-ig) (k) = (B;Z gif)

dx

[1]+x[1]+

for the following diagonal operators in the basis {,}qez\ (0}

D, = diag ({1/ (1+ (27T”)2)}ne2\{0})
D, = diag ({27”'/ (1+ (2””)2)}%2\{0})
D3 = diag ({(27”7)2/ (1+ (27Tn)2)}n€Z\{0}> :

Note that D; and D, are diagonal, compact, positive semidefinite

operators, and Dj is positive definite (invertible), all bounded on
[1]*.



Following ideas of Halmos and Andruchow, one constructs Zy such
that . ‘
5(t) = eItZO PGr(0)|[1]J_@[]_]J_ e—ltZo’ te [07 ]']7

is a minimal geodesic joining P(_;r(o)|[l-]%9[1]L to PGr(—i%)’[l]l@[l]L'
with respect to the Finsler metric defined by the operator norm.
For (£) e [2[0,1] x L?[0,1] = H11 ® Hoo @ Ho, we can write

_ (3 At AHB(t) _ (A AwB(r)
7<t)<§)_(s%f>+<s<r>i\<r> §<r>2t>(2)_(é<52<> B(1)? )(2)’

where Ag4(t), A(t) and B(t) are self-adjoint diagonal operators, and
Ag(t) : L2[0,1] — L2[0,1] is invertible for 0 < t < 1. Then, one
can prove that

v(t) = 'DGr(é(t)Ad(t)*l)'



Theorem (Properties of —i<)

The unique geodesic v : [0,1] — P(L?[0,1] &® L2[0, 1]) joining the
orthogonal projection v(0) = Pgro) = Pp2[0,1]@f0} With

~v(1) = Peu_i o satisties the following properties.

L. y(t) = Pary,y, for all t € (0,1), where T (t) are the
self-adjoint bounded diagonal operators (in the Fourier basis)
T(t): L2[0,1] — L?[0,1], which can be written as

diagnez_ {tan ttan~1(27n))} 0 0
T(t) = ( <o (o ) 0 0 )

0 0 diagp€Z>o{tan(ttan*1(27rp))}

in terms of the blocks determined by subspaces of L2[0,1]
generated from the Fourier basis corresponding to {¢;}

{&o} and {gj}jezw-

Jj€Z<o’



.| T(t)|| = tan(tm/2), for 0 < t < 1, and therefore

lim [T(¢)| =0 and lim|T(t)] = +o0.

t—0 t—1

. Every projection «(t) for 0 < t < 1 belongs to the chart
(Vo, o, A).

. y(1) = P ,_.a, does not belong to the chart (Vy, po,.A);
Gr(—id)

dx

however, PGr(fii) is on the boundary of (Vy, ¢o,.4).
dx

- {T(t)}te[o,1) is an optimal bounded deformation between the

operator 0 and the unbounded operator —id%.



Theorem (Case with infinitely many geodesics)

Let Pgyoy and Q be orthogonal projections in B(H @ H) such that
dim(ran(Pgy)) N ker(Q)) = dim(ker(Pgr0)) N ran(Q)) > 0.
Using the decomposition H x H = H11 @ Hoo ® H' ® Ho, with

H' = (ran(Pgro)) N ker(Q)) @ (ker(Pgyo)) N ran(Q)),

all geodesics ~y : [0,1] — R joining Pg,q) with Q and with
length(~y) < /2 are of the form

10 0 0
00 2 (tm/2) ’ (tm/2)(sin(tm/2)) °
— COs T cos(tm sin(tm u
W(t) = | oo ((sin(t7r/2))(cos(t7r/2))u* sin?(tr/2) > 0
00 0 do(t)
» where u is any isomorphism between

u : ran(Pgy(g)) N ker(Q) — ker(Pg(p)) N ran(Q),
. 0 Zu
» Al =X = (5o %),
> Jp is the unique geodesic between PGr(0)|7_[0 and Q|H0,
» and 7, has minimal length 7/2.



Definition

Given a geodesic y(t), t € [0, 1], a parameter value ty € [0,1] is
called conjugate to 0 along ~y if there exists a nontrivial Jacobi
field vanishing at 0 and at ty. In this case the index of ty is the
dimension of the space of Jacobi fields vanishing at 0 and at tg.
The parameter ty is called conjugate if this index is greater than 0.

The following is an example of conjugate values in R involving
Fredholm operators.

Theorem

Let F be a Fredholm operator of index zero and

n = dim(ker(F)) = dim(ran(F)*) > 0.

Consider the infinite geodesics obtained in the previous theorem
that join the projection Pgyo) with Piygr(Fy (for

invGr(F) = {(Fx,x) : x € H}).

Then, 1 is a parameter conjugate to 0 with t € [0, 1], and the index

of this conjugate parameter has dimension n®.



Some general results

Proposition (Geodesics between bounded operators)
Given S and T bounded operators on H, then
there exists a (minimal) geodesic in R joining Pgysy with Pg.T)

< dim(ker(1+ S*T)) =dim (ker(1 + T*S))

(and it is unique if these subspaces are trivial).

Corollary

Starting from Pg,) there always exist (unique) geodesics to other
Pr() for bounded T.

Corollary

If both S and T are bounded, and one of them is compact, then
there exists a geodesic between Gr(S) and Gr(T).



Theorem

Let T : D(T) € H — H be a densely defined closed operator.
Then there exists a unique minimal geodesic v between

7(0) = Pgro) and (1) = Pgy(1). It is given by

(t) = " Pggye ",

B 0 iarctan(|T|)V*
for 2 = (—iVarctan(|T|) 0 '

where T = V/|T| is the polar decomposition.
Moreover, the intermediate projections ~(t), t € (0,1) correspond
to graphs of bounded operators: (t) = Pg,(g(r)), B(t) € B(H).

Remark
If T is bounded, |Z| = | arctan(|T|)| = arctan(| T||) < 7/2, while
if it is not, |Z| = | arctan(|T|)| = =/2.




Any pair of projections Pg,(a) and Pg,(g) of self-adjoint operators
A, B can be joined by a geodesic of P(H x H):

Theorem

Let A: D(A)c H— H and B: D(B) ¢ H — H be self-adjoint
operators. Then there exists a minimal geodesic 6 of P(H x H)
such that §(0) = Pgy(ay and §(1) = Pg,(g). Moreover, the
intermediate projections §(t), t € (0,1) are the graphs of bounded
operators: §(t) = Pgy(p(r)) , where B(t) € B(H).

Lemma

Suppose that S and T are bounded. There exists a (minimal)
geodesic between Pg,(sy and Pg, (1) for S, T € B(H) if and only if
dimker(/ + S$*T) = dimker(/ + T*S).

Corollary

If both S and T are bounded, and one of them is compact, then
(using the Fredholm alternative) there exists a geodesic between
Pér(s) and P (1).



If S or T are non self-adjoint, there may not exist geodesics
joining their graphs, as can be seen in the following simple example:

Example

Consider S the (unilateral) shift operator in ¢ defined by
S(x1,x2,...) = (0,x1,x2,...). Put So = =258 and T =1 (the
identity). Then ker(1 + T*S;) = ker(1 — 28) = ker(3 — S) = {0}
(the shift has no eigenvalues).

On the other hand ker(1 + S5 T) = ker(1 — 25*) = ker(3 — S*)
which has dimension 1.

Therefore, by the previous lemma, since

0 =dim (ker(/ + T*Sy)) # dim (ker(/ + S5 T)) =1,
the orthogonal projections of Gr(l) = {(x,x) : x € £?} and

Gr(—2S) = {(y, —2Sy) : y € £?} cannot be joined by a geodesic of
R.



Theorem (Geodesics from Pg, (o) with initial conditions)

Let T be a densely defined, closed operator with domain D(T).
The unique minimal geodesic 7y : [0,1] — P(H @ H) such that
7(0) = Poroy, 1(1) = Pegr) and 4(0) = (& 3), with a] < /2,
consists of orthogonal projections onto the graphs (t) = Pg(a(r))
of the operators

A(t) = ta*(sinc [ta*|)(cos |ta*|)~! = vtan|ta*| € B(H),
for t € [0,1) and v the partial isometry of the polar decomposition

of a* = v|a*|, with ||a| < 7/2.
Moreover,

y(t) = (cos® |tX])fo + (sin?|tX])(1 — po) + sinc(2t|X]) X fo

for X = (% 57) and o = (3. %),



Corollary
The deformation
t = {Tiheepo1] = 17()}eefo,1] = {Porae) eefo,1], with

A(t) = ta*(sinc|ta*|)(cos [ta*|) ™! = vtan |ta*| € B(H)

is an optimal bounded deformation.
That is

/engthﬁo (ﬁtoa ﬁl) = diSt(ﬁtm ﬁl)

for tg € [0, 1), where length and dist (distance in the Riemann
sphere R ) are defined by the Finsler metric on R.



Remark
Then, for any densely defined closed unbounded operator T on H,

its orthogonal projection onto the graph Pg,(T) is in the boundary
of the domain of the image of the chart ¢y when we identify the
operators A € B(H) with their orthogonal projections onto their
graphs P a)-



THANK YOU VERY MUCH!
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