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Classical quasigroups and homotopies

(Classical) quasigroup:

(Q,-,/,\) [binary multiplication, right and left division| with

-9y 2z E )\(y- )
and
z/y) v 2z Z gy (y\a).

Homomorphism f: Q —» Q' withV z,y € Q, =/ -y/ = (z - y)/.
Homotopy (f,9,h): Q = Q' withV z,y € Q, z/ -y9 = (z-y)".
Isotopy if f,g,h biject.

Quasigroups are isotopic, Q ~ @/, if related by an isotopy.
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Triality symmetry of classical quasigroups

Opposites: zoy=y- -z, z//ly=y/z, z\\y=y\z.

Cayley diagram of S3 with respect to left multiplication by
(1 2) — single-shafted double-headed arrows <+ and
(2 3) — double-shafted double-headed arrows <:

@)V =] [(@)D=] [(@)123 =
(Q,-,/,\) (@Q,0,\\, //) (Q, .\, 0)
ﬂ |
Q)23 = . (Q,)(t32) = . (Q, )1 3) =
(Qa\)//)') (Q7\\7O7/> (Q7/77\\)

...permuting x1 - xp = x3 tO T1 *x Tor = 3.
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A ST T T
32 102 12 22 32/ 02

v avyad
31 /01 11 21 31 01

I avavad

Horizontal: common second component y
Vertical: common first component x
Diagonal: common product z - y;



Quasigroups coordinatize webs

Three pencils of disjoint lines on @ x @

- | | | |
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| S S |
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| S S |
30" 100”10 20" 30 00

Horizontal: common second component y
Vertical: common first component «
Diagonal: common product z-y; here x —y on Z/4.
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Classical semisymmetrization

On @ x Q@ x @, using ® as separator for tuples, define
(1 ® z20 ® x3) e
(11 ® y2 ® wy3)]l=

(2/y3) ® (z3\y1) ® (21 0 Y2)

e Semisymmetrization on @3 is semisymmetric: zoy = z /v,
or (Q3,0)(2 1) = (Q3,e)(1 3 =(Q3,e)B3 2) in triality.
e Semisymmetrization gives a functor
from quasigroup homotopies to homomorphisms.
e T he web of a quasigroup @ is the set of points
T=T3-2Q3%v®h®d— 21 Q223
in the category of quasigroup homotopies.
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Bimagmas in symmetric monoidal categories

Have object A in a symmetric monoidal category (V,®,1).
Magma: (A,V) with product V: AQ A > A2 Qy+— x-y.
Comagma: (A, A) with coproduct A: A > A® A; z — ol @ 21,

Bimagma: (A, V,A) with magma (A,V), comagma (A4, A),
and commuting bimagma diagram (swap 7: AQ A — AR A)

a® b % a-b—2 - (a-b)L @ (a-b)E
ARA| VeV

1 ARTR1 4

Says that A is a magma homomorphism,
or that V is a comagma homomorphism.
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Quantum quasigroups
Bimagma (A,V,A) in a symmetric monoidal category (V,®,1).

Left composite G: A A2 Ao a4 4% AxA4:

r Xy

1A®A

Right composite D: A® A ARARA YA A0 4:

:c-yL®yR

m@yL@)yR

TRy

Bimagma (A, V,A) is a quantum quasigroup
if its left and right composites are invertible morphisms
in the symmetric monoidal category (V,®,1).
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Quantum T-quasigroups

Quantum T-quasigroup in a symmetric monoidal category
(V,®,1) has three bimagmas (viiaAi)ieZ/y with diagram

Q?Q 2 Q?Q
®Q¢ Q6

commuting for 7 € {0, 1, 2}.

Lemma: Commutativity of the diagram means that:
(a): the inverse of o; is 7G; 17, and

(b): the inverse of G;1 1 is T0;T.

So each bimagma (Q, V;, 4;) is a quantum quasigroup.
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Triality symmetry of quantum T-quasigroups

(Qa Tv—ia A—’LT)zzg (Q7 vi’ AZ)Zi%
e.g., (Q,-,/,\) e.g., (Q,0,\\,//)
I |
(Q, Vi, Ay ):——2 (QvTV—wA—zT)z— 2
e.d., (@)\,//,") e.g., (@,//,\,0)
| |
(Q,TV_Z,A_ZT)Z_ 1 (Q,V;, A )Z_ 1

e.g., (@Q,\\,0,/) e.g., (Q,/,\\)




Triality symmetry of quantum T-quasigroups

(Q, 7V _j, A_;T)=3 (Q,V;, A)=3
€.g., (Q7°7/7\) €.g., (ana\\7//)

! !
(Q,VZ,A )Z—_Q (Q,TV_Z,A_ZT)Z_ 2
e.g., (@\,//,) e.g., (Q,//,\,°)

| |

(QaTv—ZaA—ZT)Z— 1 (Q v?nA )’L— 1
e.g., (@, \\;0,/) e.g., (@, /,\\)

A.
For a:®y»v—9xoy, x@yz;:v/y, x@ylv—gaz\y, r— xQx, from

quasigroup (Q,o,/,\) in (Set, x,1), recovers quasigroup triality.
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Quantum semisymmetry

Classical semisymmetry: (Q,o) = (Q,/) = (Q,\).

Quantum semisymmetry:
(Q V’MA )Z 2= (Q va 1= ]_ - (Q V’L)A )Z_ ol

or equivalently, the diagram @ ® QQQ ® Q commutes.

T IT
QLILRBQ

Q&
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Linear quantum quasigroups

For commutative, unital ring S, have (Cartesian) symmetric
monoidal category <§,@,{O}) of S-modules under direct sum.

Theorem: In (g,@,{O}), a quantum quasigroup (@, V,A) with

multiplication V: Q & Q — Q; [a: y} —> [a: y] lf\] and

comultiplication A: Q — Q & Q; M —> [.:c] [L R] IS equivalent to
a bimodule S(L, RYP % S(p,\) where {L,R} and {p,\}
are commuting sets of S-module automorphisms of Q.

Write Q(p, \, L, R) for the linear quantum quasigroup structure.
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Classical semisymmetrization of linear quasigroups

Quantum T-quasigroup Q(pia)‘z’aLiaRi)ieZ/3 in (é,@,{O}).

[((z1 & 2o & z3) @

(y1i © y2 @ y3)]
Semisymmetrization (Vi & Vo @ Vi) =

(220 @ y3)V1 B (23D y1)Vo ® (1 D y2)V3

= (251 +131) @ (R + 1v72) & (@3 + 133)

gives Q3(P,P_1,1Q3, 153) with Rho-matrix P = |p; 0 O
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The easy problem

Problem: Which quantum quasigroups Q3(P,P~1, L, L= 1) extend
the classical semisymmetrization encoded in the Rho-matrix P7

Lemma: For bimagma condition that L commutes with P,

—1
o p35/011 i
have L = C(a, 8,7) = |p17p3 p1olépf p515p3
5 pP3 VP2 P3 ap3

for S-module endomorphisms «a, 3,v of Q.

Solution: Extension Q3(P,P~1 L, L=1) is a quantum quasigroup
if and only if L = C(«, B,7) is invertible.

Monomial solutions: L = C(«,0,0),C(0,3,0) or C(0,0,7)
with S-automorphisms «, 8, or v of Q.
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The hard problem

Problem: Which quantum semisymmetric quantum quasigroups
Q3(P,P~1 L L=1) extend the classical semisymmetrization from P?

Lemma: For quantum semisymmetry, require L3 = —P3 =: Q1.

Theorem: The monomial solutions are given by:
(a) L= C(Q—1/3,1o, 0) = Q131 ,;

(b) L =C(0,—p3'2%/3,0); 1

(&) L= C(0,0,~Cp3) for ¢ = 15°

Corollary: In (g,@,{O}), always have monomial solutions
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The hard problem

Problem: Which quantum semisymmetric quantum quasigroups
Q3(P,P~1 L L=1) extend the classical semisymmetrization from P?

Lemma: For quantum semisymmetry, require L3 = —P3 =: Q1.

Theorem: The monomial solutions are given by:
(a) L= C(Q—1/3,1o, 0) = Q131 ,;

(b) L =C(0,—p3'2%/3,0); 1

(&) L= C(0,0,~Cp3) for ¢ = 15°

Corollary: In (g,@,{O}), always have monomial solutions
(a) L = C(—€1€2p§,, 0,0) = —€1€2p31 4,

(C) L = C(Oa 07 _103) — _Pr

where e€1p1 = €2po> = p3 With €1,¢en € {:|:1} for (a), (b).
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The hard problem for affine geometry

1

Operations roy =+ my, z/y=m~ "z — m~ 1y, x\y = —mz+vy

for invertible m, eeg. m=1on Z/3={2=-1,0,1}:

xoy =1 x/y =1

roy =2
z/y =2

Verticals: constant z; and horizontals: constant y. Note P3 = —1.
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T he hard solution for affine geometry

Problem: Solve system L3 = C(—z,y,2)3 = C(1,0,0) of 3 cubics,
i.e., seek set of common roots of

E(x,y,z) = 3 + y3 + 23 + 6ayz + 1,
F(z,y,2) = 2%y + y2z + 22z,
G(x,y, z) = a2z + y2x + 22y.

Projective cubic curves from F and G have no common component,
so Bézout says at most 3 x 3 = 9 projective intersections over C.

This means at most 27 complex solutions of the system of cubics.

Over C, have 9 monomial and 18 non-monomial solutions.
Over R, only have the 3 monomial solutions.



Monomial and non-monomial complex solutions

w —w2

Here, a red vector from u to v means a solution (z,vy,z) = (v, u,u).
Also, have cyclic rotations (y, z,x), (z,z,y) of these solutions.
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Geometry of non-monomial comultiplications

Matrix L is unitary, so L2 = L1 = LT, min. poly. 1 4+ T 4+ T2.

On Hilbert space A = C3 of qutrits, comultiplication is (w.l.0.g.)
A:A— AP A a— al @ all with |ja]| = ||aL| = ||laLT].

Since 1+ L + LT = 0, have equilateral triangle
P-Q

al alt

P a Q

with vertex labels from Eves' equihoop multiplication,
a Mendelsohn triple system.
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The directions appear in physics

({a) {b)

Figure 2-5 Three density waves form a two-dimensional
lattice.

“Basic Notions of Condensed Matter Physics,”
Benjamin-Cummings 1984,
by Philip W. Anderson (Nobel Prize 1977)



Thank you for your attention!



