CIT
C MAGA

When is the Drinfeld Double Hopf algebra part
of a Hopf brace structure?

Brais Ramos Pérez

Department of Mathematics (USC) - CITMAga
XLIII Workshop on Geometric Methods in Physics - Biatystok

July 1, 2026



Introduction and Preliminaries about Hopf braces

Hopf braces and crossed products

B. Ramos Pérez « When is the Drinfeld Double Hopf algebra part of a Hopf brace structure? - July 1, 2026



Introduction and Preliminaries about Hopf braces

Introduction and Preliminaries about Hopf braces

B. Ramos Pérez « When is the Drinfeld Double Hopf algebra part of a Hopf brace structure? - July 1, 2026



Introduction and Preliminaries about Hopf braces

Introduction

@ L. Guarnieri and L. Vendramin,
Skew braces and the Yang-Baxter operators,

Math. Comput. 86(307) (2017) 2519-2534.
A skew brace (G, -, x) consists in a pair of groups (G, -) and (G, x) such that

gx(h-k)y=(gxh)-gt - (gxk) forallg hkeG.
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Introduction

@ L. Guarnieri and L. Vendramin,
Skew braces and the Yang-Baxter operators,

Math. Comput. 86(307) (2017) 2519-2534.
A skew brace (G, -, x) consists in a pair of groups (G, -) and (G, x) such that

gx(h-k)y=(gxh)-gt - (gxk) forallg hkeG.

Skew braces induce
= non-degenerate M \
E non-necessarily involutive =
solutions of the set-theoretical Yang-Baxter \ k/
Equation. \
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Introduction

ﬁ I. Angiono, C. Galindo and L. Vendramin,
Hopf braces and Yang-Baxter operators,

Proc. Am. Math. Soc. 145(5) (2017) 1981-1995.

Hopf brace «+— quantum version of a skew brace
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ﬁ I. Angiono, C. Galindo and L. Vendramin,
Hopf braces and Yang-Baxter operators,

Proc. Am. Math. Soc. 145(5) (2017) 1981-1995.

Hopf brace «+— quantum version of a skew brace

LINEARISATION PROCESS
— Hopf brace
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Introduction and Preliminaries about Hopf braces

Introduction

ﬁ I. Angiono, C. Galindo and L. Vendramin,
Hopf braces and Yang-Baxter operators,

Proc. Am. Math. Soc. 145(5) (2017) 1981-1995.

Hopf brace «+— quantum version of a skew brace

Notation: C = (C, ®, K, ¢) is a strict symmetric monoidal category:
B ®: C x C— Ctensor functor,
m K, the unit object,
m A natural isomorphism called the braiding:
{oxy: X®@Y = Y ® X}xyec, With ¢y = €y x.
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Introduction and Preliminaries about Hopf braces

The notion of a Hopf brace

m (H,ey,0y) a coalgebra in C,
m (H,n}, 1) and (H,n3, 1) algebras in C.
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Introduction and Preliminaries about Hopf braces

The notion of a Hopf brace
m (H,ey,0y) a coalgebra in C,
m (H,n}, 1) and (H,n3, 1) algebras in C.

A Hopf brace H = (Hy, H,) in Cis a 9-tuple

(H, n, b, 1, 123, €15 Oty Ay, AE)

satisfying the following conditions:
(i) H1 = (H,n}, 1k, e, on, AY) is a Hopf algebra in C,
(i) Hy = (H,n}, ud,en, 0, \3) is a Hopf algebra in C,
(i) phoH@®ph) = pho (i ®Th,) o (HR cyy ® H) o (64 @ H® H), where

Ty, = pf o (A ® ph) o (4 @ H).
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Introduction and Preliminaries about Hopf braces

The category of Hopf braces

e H= (Hl,Hz)

o f:H=(Hi,H;) »B=(B1,B)
. fiHi— By o
L= FiHy = B are Hopf algebra morphisms in C
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Introduction and Preliminaries about Hopf braces

The category of Hopf braces

o H = (Hi,H,)

o f:H= (Hl,Hz) — B = (31,32)
. fiHi— By o
L= FiHy = B are Hopf algebra morphisms in C

H = (H1, H;) is cocommutative : <= (H, ey, dy) is cocommutative
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Introduction and Preliminaries about Hopf braces

The category of Hopf braces

Some remarks...

0 1) C = Set = [Hopf brace = Skew brace].
2) H € Hopf <= My, = (H, H).

e H= (Hl,Hz)

o f:H=(Hi,H;) »B=(B1,B)
. fiHi— By o
L= FiHy = B are Hopf algebra morphisms in C

H = (H1, H;) is cocommutative : <= (H, ey, dy) is cocommutative
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Introduction and Preliminaries about Hopf braces

Algebraic properties of Hopf braces
Let H = (Hy, H;) € HBr.
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Introduction and Preliminaries about Hopf braces

Algebraic properties of Hopf braces
Let H = (Hy, H;) € HBr.

Ny = "My
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Introduction and Preliminaries about Hopf braces

Algebraic properties of Hopf braces
Let H = (Hy, H;) € HBr.

mh=nf l—— py=al, i=1,2
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Algebraic properties of Hopf braces
Let H = (Hy, H;) € HBr.

mh=nf l—— py=al, i=1,2

(H1,TH,) is a left Hy-module algebra J
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Introduction and Preliminaries about Hopf braces

Algebraic properties of Hopf braces
Let H = (Hy, H;) € HBr.

mh=nf l—— py=al, i=1,2

(H1,TH,) is a left Hy-module algebra J

If H is cocommutative,

th
en Iy, is a coalgebra morphism J
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Hopf braces and crossed products

Problem

(4 s Majid,
Physics for algebrists: noncommutative and cocommutative Hopf algebras by a bicrossproduct

construction,
J. Algebra 130 (1990) 17-64.

If (A,H, @4, ¢y) is @ matched pair of Hopf algebras in C, then
A H = (A® H,ma ® M, fasat €4 @ EH, SamH> MoaH)
is a Hopf algebra in C, where
MAH == (MA X /’LH) o (A &® |\ X H),
Mg =W o (Ay ® M) o CAH
and V = (o4 ® ¢y) o dyga- A DI H is the bicrossed product Hopf algebra of A and H.

B. Ramos Pérez « When is the Drinfeld Double Hopf algebra part of a Hopf brace structure? - July 1, 2026



Hopf braces and crossed products
Problem (P)
o A= (A1,Ay) o H = (Hyi, Hy)

such that
o (A17H17@£,¢/]:I) g (A27H27S03\7¢l2-/)
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Hopf braces and crossed products

Problem (P)
o A= (A1,Ay) o H = (Hyi, Hy)

such that

o (A17H17¢i7¢ljil) g (A27H27S03\7¢l2-/)

m (A1, Hi, @5, 0) ~ AL < Hy = (A® H, 14 @ s o 4 © EHy CAoH, Abpary)
m (Ay, Ha, 02, ¢2) ~> Ay DU Hy = (A® H,ma @ i, 13, €4 @ €, Sk Manay)
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Hopf braces and crossed products

Problem (P)
o A= (A1,Ay) o H = (Hyi, Hy)

such that

o (A17H17¢i7¢ljil) g (A27H27S03\7¢l2-/)

m (A1, Hi, @5, 0) ~ AL < Hy = (A® H, 14 @ s o 4 © EHy CAoH, Abpary)
m (Ay, Ha, 02, ¢2) ~> Ay DU Hy = (A® H,ma @ i, 13, €4 @ €, Sk Manay)

(A1 > H]_,Az > Hz) € HBr?
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Hopf braces and crossed products

Problem (P)
o A= (A1,Ay) o H = (Hyi, Hy)

such that
(A H 1 1) (A H 2 2)
¢ 1, 1790A7¢H * 2, 2>§0A7¢H
m (A1, Hi, @5, 0) ~ AL < Hy = (A® H, 14 @ s o 4 © EHy CAoH, Abpary)
m (Ay, Ha, 02, ¢2) ~> Ay DU Hy = (A® H,ma @ i, 13, €4 @ €, Sk Manay)
(A1 > H]_,Az > Hz) € HBr?

m We have solved it in two particular cases: [4 R.Gonzalez Rodriguez, B. Ramos Pérez,

— (A1 ®@ Hy, Ay <1 Hy) (Pl =en®A ¢, =H®en), About Hopf braces and crossed products,

Sao Paulo J. Math. Sci. 20 (2026).
(A1 Hy, AyiHh) (0] = H® <. (2026)
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Hopf braces and crossed products

Main result 1
In the situation (P), if it is assumed that

m H is cocommutative,

m the actions o} and ¢} are trivial (= Ay < H; = A @ Hy),

then
(Ay ® Hy,A; < Hy) € HBr
if and only if
(E1) pio (W3 ®¢2) o (HRha®A) o (6 ®A®A) = @3 o (H® ),
(E2) pfo(uh®Q)o(HOun®ARH) o (((¢3®H) o (H® ca)o (fy®A) @HR®AR H)
= o ((Ph o (H® 1)) ® ) o (HRA® cya ® H),

where

Q= b0 (A} @ (o (6% & H))) o (90 @ A ® H).
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Hopf braces and crossed products

If it is assumed in the previous theorem that:
m A € Hopf +— A = Ayjy = (A,A) € HBr,
® H € cocHopf «— H = Hy, = (H,H) € cocHBr,
m ¢} is trivial (= A< H = AfH).
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Hopf braces and crossed products

If it is assumed in the previous theorem that:
m A € Hopf «+— A = Ay, = (A, A) € HBr,
m H € cocHopf +— H = Hy;, = (H,H) € cocHBr,
m ¢} is trivial (= A< H = AgH).

If A is a Hopf algebra and H is a cocommutative Hopf algebra in C such that (A, 2) is a
left H-module algebra, then

(A® H,AH) € HBr.

B. Ramos Pérez « When is the Drinfeld Double Hopf algebra part of a Hopf brace structure? - July 1, 2026



Hopf braces and crossed products

[4 Y. Doiand M. Takeuchi,
Multiplication alteration by two-cocycles - the quantum version,

Comm. Algebra 22(14) (1994) 5715-5732.

H a finite Hopf algebra in C
> H:= (HoP)*,
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Hopf braces and crossed products

[ Y. Doiand M. Takeuchi,
Multiplication alteration by two-cocycles - the quantum version,
Comm. Algebra 22(14) (1994) 5715-5732.

H a finite Hopf algebra in C
> H:= (H©P)*,

Proposition

(ﬁ, H, o5, ¢n) is a matched pair of Hopf algebras, where
og = (H* @ bu(K)) o (H* @ R® H") 0 (an(K) ® H® H*),

¢ = (H® by(K)) o (R® H*),
and

R:=ppocypo (uH ® )\/;1) o (H® dn),
R:=(H® (uno(Ag' ®H)))o (6w @ H)ocupody.
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Hopf braces and crossed products

[4 Y. Doiand M. Takeuchi,
Multiplication alteration by two-cocycles - the quantum version,

Comm. Algebra 22(14) (1994) 5715-5732.

H a finite Hopf algebra in C
> H:= (HoP)*,

Proposition

(ﬁ, H, g, ¢n) is a matched pair of Hopf algebras.

Theorem

| A\

(ﬁaHa P ®n) =

.
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Hopf braces and crossed products

If Ais a Hopf algebra and H is a cocommutative Hopf algebra in C such that (A, c,oﬁ) isa
left H-module algebra, then

(A® H,AH) € HBr.

If H is a finite and cocommutative Hopf algebra in C, then

R=H®n = ¢n=Hoe; = D(H) = HiH.
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Hopf braces and crossed products

If Ais a Hopf algebra and H is a cocommutative Hopf algebra in C such that (A, (,oi) isa
left H-module algebra, then

(A® H,AH) € HBr.

If H is a finite and cocommutative Hopf algebra in C, then
R=H&mn = én=H®ey = D(H) = HiH.

If H is a finite and cocommutative Hopf algebra in C, then

(T(H),D(H)) € HBr

where T(H) = H ® H is the tensor product Hopf algebra of H with H.
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Hopf braces and crossed products

Main result 2

In the situation (P), if it is assumed that
| (]5,2_1 is trivial (= A; <1 H, = AyH,),
then

(A1 >t Hy,AxiHy) € HBr
if and only if
(€1) (A pup)o (V@ uf) o (HOW2 @ H)o (((Ty, ®H) o (H® cyu) o (dn @ H)) ®AR H)
=A@y o (V2@ up) o (Ho W e H),
(€C2) (Ta, ®@H)o (AR W) =Wlo (H®Ty) o (can ®A),
(C3) W2 o(H® uj) = (ng @ H) o (AR W2) o (V2 0 A).
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Hopf braces and crossed products

If it is assumed in the previous theorem that:
m A € Hopf +— A = Ayj, = (A,A) € HBr,
®m H € Hopf «— H = Hy, = (H,H) € HBr,
m 3 is trivial (= AfH = AQ®H).

B. Ramos Pérez « When is the Drinfeld Double Hopf algebra part of a Hopf brace structure? - July 1, 2026



Hopf braces and crossed products

If it is assumed in the previous theorem that:
m A € Hopf «+— A = Ay, = (A,A) € HBr,
®m H € Hopf «— H = Hy, = (H,H) € HBr,
m 3 is trivial (= AfH = AQ®H).

Let A and H be Hopf algebras in C such that (A, H, ¢}, 1) is a matched pair.
If H is commutative, then

(A<xtH,A® H) € HBr.
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Hopf braces and crossed products

Let A and H be Hopf algebras in C such that (A, H, p}, 1) is a matched pair.
If H is commutative, then

(A<1H,A® H) € HBr.

-> Applying Corollary above to the matched pair (FI, H, g, dn)...

If H is a finite and commutative Hopf algebra in C, then

(D(H),T(H)) € HBr.
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