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Abstract

Although not honoured as one of the “fundamental group of physics”, despite the Lie group SL(3,R) and the associated
Lie algebra play an important role in the study of symmetries, namely of the second order ordinary differential equations.
It is therefore worthwhile to have realizations of this algebra in reserve in the case they are needed. In this contribution,
we will be interested in how the realizations of sl(3) calculated by Shirokov’s method look like when using the classification
of sl(3)-subalgebras up to inner automorphism, which is known thanks to Douglas and Repka.

1 Subalgebras and realizations

The problem of the construction of realizations (representations of Lie algebras by vector fields) is at least as old as Sophus
Lie. Nevertheless, people are still involved, because various open problems regarding realizations still exist and realizations
have wide mathematical and physical applications; for a long list of where realizations can be used to help to solve various
physical and mathematical problems, see [6] and references therein.

Despite intensive study, some sorts of classification of all possible realizations is finished for a relatively small number of
low dimensional Lie algebras (in addition to the well known original works of S. Lie, one can mention the pioneering article
on the classification [6]).

The problem of equivalence of two realizations, which is fundamentally related to the classification problem, is not quite
that simple. For a comprehensive comments on the problem of equivalence see [5].

In 2015, Shirokov et al. developed a breakthrough method [3] to construct an explicit realization of a finite-dimensional
Lie algebra by left- and right-invariant vector fields on the associated local Lie group using only the structure constants of the
algebra. This very-easily-applicable method can be used to list inequivalent realizations of given Lie algebra by vector fields
depending on various numbers of independent variables. This can be done using the classification of inequivalent subalgebras
of the initial Lie algebra and by the projection of the left-invariant vector fields on the corresponding spaces. To compute the
list of realizations of given Lie algebra, one needs first a list of non-equivalent Lie subalgebras of given Lie algebra, ideally
sorted down with respect to inner automorphism.

2 Subalgebras of A,

The study of non-equivalent subalgebras of a given Lie algebra is not easy task. It’s easy if we restrict ourselves down to a
certain class of subalgebras, e.g. semisimple subalgebras of given simple algebra. Much harder is to classify nonsemisimple,
i. e. solvable and Levi decomposable subalgebras.

The classification of all subalgebras, up to inner automorphism, was not known until recently but for only few cases of
low dimensional Lie algebras. The first attempt of classification of subalgebras of the simple Lie algebra A; = sl(3,C) was
done in [7]. Some inaccuracies were corrected in the important article [1], the classification which we use here.

It is stated that the Lie algebra Ao, i. e. the Lie algebra of complex matrices 3 x 3 having zero trace, having the basis
{h1, ho, 21,72, 3, Y1, Y2, Y3}, where

1 0 0 0 0 01 0 00 0
hi=[0 -1 0], ho=1]0 1 00 0|, z=[0 0 1],
0 0 0 0 0 00 0 000
00 —1 00 0 00 0 0 0
z3=(0 0 0|, yu=(1 0 0], p=[0 0 0], y3= 0 0],
00 0 00 0 01 0 0 0

have the non-equivalent subalgebras with the following bases (we make use of the original notation [1]):

(A1 BL2)? : {ws,ys, b1 + ha, hy — ha,z2,51} (A1 B La)" :{ws,y3, b1 + ho, hy — ho, 21,42},
B :{x1, 22,23, h1, ha}, (A1 DK1)? :{w3,y3, h1 + ho, 22,1},
(A1 DK1)" {3, y3,h1 + ha, 21,12}, A1 @ J :{x3,y3,h1 + ha, h1 — ha},
M}, {xy,x0,23,h1 — ha}, M12312 Az, 0, 23,01},
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3 List of realizations

In this section, we list the realizations corresponding to the subalgebras above. For each subalgebra, the complement of the
subalgebra and the realization obtained with the help of that complement are given.

3.1 (A PLy)?
Complement: {z1,y2}.
Realization:
hi1 = —22101 — 220, he = 2101 + 22904, = 0,
Ty = —21290; — 2505, x3 = 2201, Y1 = —2101 — 212209,
Y2 = Oy, Y3 = 210>.
3.2 (A dLy)!
Complement: {x2,y1}.
Realization:
h1 = 2101 + 22909, ho = —22101 — 220, T = —21220; — 2309,
x9 = 01, T3 = —2201, y1 = 0o,
Yo = —2701 — 212202, Y3 = —210s.
3.3 B
Complement: {y1,y2,ys}.
Realization:
hi = 22101 — 2202 + 2303, ho = —2101 + 22202 + 2303,
T, = —2’%81 + (Z12:2 — 23)32 — 2:12:3837 To = 2’381 - 2382,
x3 = —212301 + 22 (2122 — 23) O2 — 2583, y1 = 01,
Yo = O + 2103, Y3 = O3.



3.4 (A PK,)?

Complement: {x1,y2,h1}.
Realization:

hi1 = —22101 — 2202 + 05,
To = 7212281 — 2582 + 2283,

Yo = 82)

3.5 (A pKp)!

Complement: {z2,y1,ha}.
Realization:

hi = 2101 + 22202 — 05,

Ty = 81)

Yo = —2101 — 212202 + 2103,
3.6 AiaJ
Complement: {x1,y2,z2,y1}
Realization:

hl = —22’181 — 2282 + 2’383 + 22’484,
xry = 817

x3 = 2201 — 2403,

Y2 = 827
3.7 M114
Complement: {y1,¥2,ys, b1}
Realization:

hi = 22101 — 2002 + 2303 + 04,

3 = 2201,

= —22131 - 22(92 + 83,
= —2201, Y1 = 0o,

he = 2101 + 22205 — 03, xy =01,

Y1 = —2101 — 212202 + 2103,

Y3 = 2105.

2
r, = —212281 — 2282 + 2’263,

= —21(92.

hg = 21(91 + 22282 — 22383 — 2484,
To = —21220] — 2’%82 + (2222’3 + 2124 + 1)63 + 2’224(94,
Y1 = —2701 — 212200 + 212303 + (2023 + 22124 + 1)04,

Y3 = 2102 — 2304.

ho = —2101 + 22202 + 2303 + 04,

xry = 72’%81 + (2122 — 2’3)82 — 212383 - 21647 T = 2’381 - Zgag - 2284,
T3 = —212301 + 22 (2122 — 23) 0o — 2305 + (2122 — 223) 04, y1 = 01,
Y2 :82+z183, Y3 :83.
2
3.8 M13’2

Complement: {ya,y1,y3, ha}
Realization:

h1 = —2101 + 22202 + 2303,

ho = 22101 — 2902 + 2303 + 04,

T = —230) — 2505, Ty = —2701 + (2120 + 23)02 — 212305 — 2104,
T3 = —212301 — 29 (2122 + 23) Oa — 2303 — 2304, y1 = O — 2103,
Y2 = 01, Y3 = 03.
2
3.9 M1370

Complement: {z1,y2, 3, h1}
Realization:

hy = —22107 — 2009 — 2303 + 04,

T = 817
r3 = 2001 + 03,
Yo = 827

hz = 2181 + 22282 — 2’3(93 — 204,
To = —21220] — Zgag + (2223 — 21)63 + 22264,
Y1 = —2201 — 212000 + 23 (2223 — 21) O3 + (21 + 2223) 04,

Ys = 2162 - Zgag - 2’384.



3.10 Mjéi)l(2a71)(a72) (o # £1)

(a+1)2

Complement: {y1,y2,y3, b1}
Realization:

h1 = 22131 — 2282 + 2’383 + 84,

hy = —2101 + 22909 + 2303 — 01(94,

x1 = —2101 + (2122 — 23)02 — 212303 — 2104, @2 = 7301 — 2502 + 02204,
T3 = —212301 + 2 (2120 — 23) Do — 2303 + (@ — 1) 23 — 212204, y1 = 01,
Y2 = 02 + 2103, s = Os.

3.11 M,

Complement: {y1,ys3, h1,y2}

Realization:

h1 = 22181 + 22(92 + 83,

T = —2%61 — 2’12282 — Z183 — 623212647

T3 = —212001 — 2382 — € ®3212403 — 292404,
Y2 = 2102 + %20y,

3.12 M2

Complement: {xo,z3,y1,y3}
Realization:

hy = 2101 — 2202 + 22303 + 2404,

2
1 = 2102 — 2503 — 232404,

x3 = Oy,
Yo = —2701 — 212202 + 23 (2223 — 21) O + (222423 + 23 + 2124) 04,
3.13 M}

Complement: {z2,y1,y2,y3}
Realization:

h1 = 2101 + 22002 — 2303 + 2404,

hy = —2101 + 2202 — O3 + 2404,
Ty = 2001 + € 2403,

y1 = 0,

Y3 = Oa.

ho = —22101 — 2902 — 2303 + 2404,

Ty = 01,

Y1 = 2201 + 03,

Y3 = —212901 — 2505 + (2023 — 21)03 + (22024 + 1)04.

he = —22101 — 2002 + 22305 + 2404,

Ty = —212201 — 2300 + (2223 — (2123 + 1) 24)03 — 24 (22 + 2124) Os, xo = O,

2
T3 = _2231 - 232483 - 24647

Yo = —2%81 — 212909 + (22’12’3 + 1)83 + (2’2 + z1z4)84,

3.14 L}

Complement: {y17 Y2,Y3, h17 hQ}
Realization:

hl = 22161 — 2262 + 2’383 + 84,

Y1 = 827
Y3 = —2102 + O4.

ho = —2101 + 22909 + 2305 + 35,

T = —Z%81 + (2122 — 23)02 — 212305 — 2104, w2 = 2301 — ZS&Q - 2205,
T3 = 7212381 + 29 (2122 _ 23) Oy — z§6‘3 — 2384 + (2122 — 23)85, Yy = ala
Y2 = 02 + 2103, Ys = s.

3.15 L2

Complement: {x9,y1,3,ys3, ha}

Realization:

h1 = 2101 + 22902 — 2303 + 2404 — 05,

ho = —22101 — 2905 — 2303 + 2404 + 05,



1 = —212201 — 2332 + (21 + 2223)03 — 222404 + 2205, 2 =0,
x3 = —2201 + 03, 1 =0,
Y2 = —2701 — 212202 — 23 (21 + 2223) O3 + (2232422 + 22 + 2124)04 + 2105, Y3 = —2102 — 2305 + (22324 + 1)04.

3.16 L;
Complement: {y1,ys,z2, h1,y2}
Realization:
hy1 = 22101 + 2902 + 2305 + 04, ha = =201 + 2207 = 22305 + 22505,
T = —2%51 - 21225'2 + z3 (2223 - Zl) 33 - 2134 — 22 (22325 + 624) 85’ T2 = 2281 + 83’
T3 = —212901 — 2302 + (2223 — 21)03 — 2004 — 2222505, y1 =01,
Yo = 2100 — 2303 + (22325 + €*4)0s, ys = s

3.17 Lgiw (o # 1)

) 9(a—1)2

Complement: {y1,ys, 2, x3, ha}

Realization:

h1 = 22101 + 2202 + 2303 — 2404 — 03, ha = =201+ 2202 = 22305 = 2004 + 05,
T1 = —2100 — 212002 + 23 (2223 — 21) O3 + (222423 + 23 + 2124) 04 + (21 — 2023)05, T2 = 2201 + 05,

w3 = —212201 — 2302 + (2223 — 21)03 + (22224 + 1)04 + (o — 1) 2205, y1 =0,

Y2 = 2102 — 2303 — 232404 + 2305, vs = 0.

318 L s (07 £1)

9(a—1)2

Complement: {ya,y1,ys3, T2, h1}

Realization:
hy = —2101 + 22202 + 2303 + 2404 + 05,
1
ho = 22101 — 2002 + 2303 — 22404 + (* — 1)65,
(07
xr1 = —2361 — z§62 — 2224(94 — 22857
a—1)z
T9 = —2’%51 + (2122 + 23)02 — 212303 + (22124 + 1)04 + %857
az129 + 2
T3 = —212301 — 29 (leg + 23) Oy — zﬁ&; + (2324 — 29 (2124 + 1))84 — #85,
y1 = 02 — 2103,
Y2 = 617
Y3 = O3.
3.19 I},
Complement: {y2,ys, T2, 3,1}
Realization:
hy = —2z101 + 2202 + 2303 — 2404 + 22505,
ho = 22101 + 2005 — 22305 — 2404 — 2505,
T1 = —2901 + 2304 — Zgar;,
To = —z%@l — 212909 + (221Z3 + 2024 + 1)(93 + 212404 + (22 + 2’125)85,
r3 = 7212281 — 2562 + 2’223(93 + (2123 + 22924 + 1)84 — 25 (22 -+ 2125) (95,
Y1 = —2102 + 2403 + O,
Y2 = a17
ys = Oa.
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3.20 L,

2
9

Complement: {y1,y2,ys, 21, ha}

Realization:
h1 = 22101 — 2902 + 2303 — 22404 — O,
hy = —2101 + 22204 + 2303 + 2404 + 05,
x1 = —2201 + (2122 — 23)00 — 212303 + (22124 + 1)04 + 2105,
Ty = 2301 — 2582(—@2'4 — €3%)0y — 2005,
w3 = —212301 + 22 (2122 — 23) Oy — 2303 + (€% 21 + 222421 + 22 + 2324)04 + 212205,
y1 = 0O,
Y2 = Oz + 2103,
ys = Os.
3.21 L;_;

4

Complement: {1, y2, s, h1,z2}
Realization:

hi1 = —22101 — 2909 — 2303 + Oy, ho = 2101 + 22005 — 2303 — 204 — 05,

T = 617 To = 7212261 — 2’%82 + (222’3 — 21)83 + 22284 + (22 + €7Z4)857
T3 = 2001 + O3, Y1 = —2701 — 212202 + 23 (2223 — 21) O3 + (21 + 2223)0s + (22 + €7 7*) 2305,
Y2 = Oa, Y3 = 2102 — 2303 — 2304 — 2305.
3.22 ! |
3,71
Complement: {ya,y1,ys, h1, T2}
Realization:
hi1 = —2101 + 22905 + 2305 + (94,
ho = 22101 — 2009 + 2303 — 204 — 65,
r1 = —2301 — 2382 — 2204,
To = —2701 + (2122 + 23)02 — 212303 + 22104 + (21 + € )05,
T3 = —212301 — 29 (212:2 + Zg) Oy — z§83 + (23 — 2’12’2)64 + (Zg — 6_2422)85,
y1 = O — 2103,
Y2 = 817
Y3 = O3.
3.23 L%
Complement: {y1,ys, z2, b1, 23}
Realization:
h1 = 22101 + 2902 + 2303 + 0Oy, ho = —2101 + 2202 — 22303 + 04,
xr = —zf@l — 212909 + 23 (2223 — Zl) 83(—21 — 2223)84 + 6242385, Lo = 2901 + 83,
Ty = —212201 — 2505 + (2223 — 21)03 — 22204 + €705, Y1 = O,
Y2 = 2102 — 2303 + 2304, Y3 = 0.
3.24 L%
Complement: {z2,y1,¥s, h1,y2}
Realization:
hl = 2161 + 22282 + 2383 + 847 h2 = —22’181 - 2282 + 2383 — 284,



2
T = —2’12’281 — 2282 — Z3 (ZQ + 2123) 83 =+ (2123 — 22)84 — ez4z385, To = 81,

XT3 = —2901 — 232)83 + 253847 Y1 = aZa

Yo = —Z%Bl — 212909 + (2’2 + 2123)63 — 22104 + €% 05, Y3 = —2102 + O3.
3.25 A
Complement: {xo,z3,ys,y1,h2}
Realization:

hi1 = 2101 — 2202 + 2303 + 22404 — 05,
ho = —22101 — 2909 + 2303 — 2404 + 85,

T = —e 30 + 210y — 232403 + (26735 23 — 22)04 + 2405,
xo = O,

x3 = Oy,

Y1 = 2201 + Oy,

Yo = (6_32522 — 2’12)81 — 212909 + (2123 + 2oz423 + 24)63 + (24 (2224 — 2’1) — 6_325 (22223 + 1))84 =+ (Zl — 2224)85,

Yz = —212901 — Z%&Q + (22223 + 1)83 + (2224 — 21)34.

3.26 Aj

Complement: {x1,ys2,z2,y1,h1}

Realization:
hi = —22101 — 2003 + 2303 + 22404 + 05, ha = 2101 + 22005 — 22303 — 2404 — 05,
. To = —212001 — 2505 + (22023 + 2124 + 1)03 + 202404 + 2205,
xg = 2201 — 2405, y1 = —2701 — 212202 + 212305 + (2223 + 22124 + 1)04 + 2105,
Yo = Oy, ys = 2102 — 2304.

3.27 Ky (a€C)

Complement: {y2,ys3, T2, 23,y1,h2}

Realization:
1
hi1 = —2101 + 2202 + 2303 — 2404 + 22505 — (a + 2) Os,
ho = 22101 + 2205 — 22303 — 2404 — 2505 + 06,
1
T = 72:2(91 + 2,’334 - 2385 + (a + 2) 2’586,
To = 72%81 — 2’12’282 —+ (22’12’3 + 2024 + 1)(93 -+ 212484 + (ZQ + 2125)85 — 2106,
T3 = —2z12201 — 2582 + 292305 + (Z12’3 + 22924 + 1)84 — Z5 (22 + 2’12’5) 05+
1
E(OZZQ + 2az125 + 22 + 2125) 06,
Y1 = —2102 + 2405 + 05,
Y2 = ala
Ys = 82.
3.28 K3

Complement: {y1,ys, z2, 23, h1,y2}
Realization:

hi = 22101 + 2905 + 2303 — 2404 + O,
ho = —2101 + 2005 — 22305 — 2404 — 205 + 305,

T = —z%@l — 212909 + 23 (2223 — 21) O3 + (222423 + 23 + 2124)04 + (22023 — 21)05—
z9 (323 + 625) 36,
Ty = 2201 + O3,

T3 = —212281 — Z%@Q + (2223 — 21)83 + (22224 + 1)84 + 2285 — 32286,



U1 :alu

Y2 = 2182 — z§83 — 232484 — 223(95 + (32’3 + 625)86,
ys = Oa.
3.20 K2
Complement: {ylv Y3, T2, h27 €3, y2}
Realization:
hi = 22101 + 2202 + 2303 + 04 + 305 — 32605,
ho = —2101 + 2902 — 22305 + Oy,
T = 72’%81 — 212’282 + z3 (2’223 — Zl) 83(72’1 - 2223)(94 + (62423 — 321)85+
(32:12:6 — 6_22422)867
To = 2281 + 83,
T3 = —2z12201 — 2382 + (2223 — 21)83 — 22904 + (€Z4 — 32’2)85 + 3222’686,
Y1 = 817
Y2 = 2182 — z§83 + 2384 + 6722486,
Yys = (92.
3.30 K}
Complement: {ya,ys, 2, x3, ha, y1}
Realization:
hy = —2101 + 2205 + 2303 — 2404 — O5 + 2606,
ho = 22101 + 2009 — 22305 — 2404 + 65,
T] = —2901 — 6_32583 + 2304 + € #2405,
Tog = —2’%81 — 2’12’282 + (22’12’3 + 2924 + 1)83 + 212464 — 2’165 + €Z52236,
T3 = —212201 — 2382 + (2223 — 6_32521)83 =+ (leg + 22024 + 1)(94-1-
67Z5Z12685 - 222’636,
Y1 = —2102 + 2405 + €70,
Y2 = 817
yz = Oa.
3.31 K}
Complement: {z1,x3,y1,Y2,y3, T2}
Realization:
hi1 = —22101 — 2209 + 22303 — 2404 + 2505 + 2’636,
ho = 2101 — 2202 — 2303 4 22404 + 2505 — 22606,
x1 = 01,
To = 721(92 -+ 2533 — 2284 + (22426 -+ 1)(96,
T3 = Oq,
Y1 = —2201 — 212000 + (22123 + 2025 + 1)03 — 24 (21 + 2024) O4 + 212505+
(2242622 + 22 + 2126) 06,
Yo = —2201 + 04 + 2305,
Y3z = —212901 — 2382 + 292303 + (21 + 2’22’4)(94 + (2123 + 22925 + 1)85 — 292606.
3.32 K*
Complement: {ys,ys. 72, hy. ha, a3
Realization:
h1 = 22101 + 2002 + 2303 + Oy, ho = —2101 + 2202 — 22303 + 05,
xr1 = 72’%81 — 212909 + 23 (2223 — Zl) O3 — 2104 — 222305 + 624+z52386, To = 2901 + 83,



T3 = —212281 — Zgaz + (2223 — 21)83 — 2284 — 2285 + €Z4+z586,

Yo = 2102 — 2303 + 2305,

3.33 K3

Complement: {y1,ys, 22, h1,ha,y2}
Realization:

h1 = 22’181 + 2232 + 2383 + (94,

Y1 :817
y3 = Oa.

ho = —2101 + 2902 — 22305 + 65,

Ty = —Z%al — 212909 + 23 (222:3 — Zl) O3 — 2104 — 292305 — 624_2252286, Lo = 2901 + 83,
Ty = —212201 — 2502 + (2023 — 21)03 — 2204 — 2205, y1 = O,
Y2 = 210y — 2503 + 2305 + €250, Y3 = Oa.
334 K?
Complement: {y2,y3, z2,23,y1,ha}
Realization:
hi = —2101 + 2202 + 2303 — 2404 + 22505 — 20,
ho = 22101 + 2002 — 22305 — 2404 — 2505 + O,
T1 = —2901 + 2364 - Zgas + 22566,
To = —2%81 — 212909 + (22’12’3 + 2024 + 1)63 + 212404 + (22 + 2125)85 — 2’166,
xr3 = —212’281 — 2382 + 222383 + (2’12’3 + 22024 + 1)84 — 25 (Zg + 2125) 85 + (ZQ + 22125)86,
Y1 = —2102 + 2403 + O,
Y2 = 81a
ys = Oa.
3.35 K!

Complement: {y1,y2,ys3, 21,1, ha}
Realization:
h1 = 22101 — 2002 + 2303 — 22404 + O,
ho = —2101 + 22909 + 2303 + 2404 + 86,
Ty = —2701 + (2120 — 23)02 — 212303 + (22124 + 1)04 — 2105,

2 3z6—3
XTg = 2301 — 2500 + (—2024 — €707 °%5) 0y — 290,

T3 = —212301 + 22 (2122 — 23) Og — 2203 + (€37735 21 + 202421 + 20 + 2324)04 — 2305 + (2122 — 23)05,
y1 = 01,

Yo = Oz + 2103,

Y3 = 0Os.

3.36 J% (a €C)

Complement: {x1,x3,y1,Y3, T2, Y2, h2}
Realization:

hi = —22101 — 2909 + 22303 + 2404 + 2505 — 2606 — 07,
ho = 2101 — 2909 — 2303 + 2404 — 22505 + 22606 + O7,

x1 = 01,
Tog = —2109 + 2405 + Os,
x3 = Oa,

Y1 = —Z%@1 — 212909 + (22’12’3 + 2024 + 1)83 + 212404 + (2’2 + 2125)65—

212606 — 02107,

Yo = —2901 + 2304 — Zgag, + (22’52’6 + 1)66 + 2507,

Yz = —212201 — 2’%82 + 292303 + (2123 + 22024 + 1)84 — 25 (22 + 2125) Os5+

(2252621 + 21 + 2226)06 + (—ze + 22 + 2125)07.



3.37 J?

Complement: {ys,y2, z2, 3, Y1, h2, 21}

hi1 = 2101 — 2909 + 23035 — 2404 + 22505 — 206 — 87,
ho = 2101 + 22005 — 22305 — 2404 — 2505 + 86,
r1 = —210 + 2304 — 2’%65 + 22505 + (25 + 6_26)87,

To = 7212281 — 2382 + (22’22’3 + 2124 + 1)(93 + 222484 -+ (Zl + 2225)85 — 22063

T3 = —2701 — 212000 + 212303 + (2023 + 22124 + 1)04 — 25 (21 + 2225) O5+
(21 + 22225)06 + (21 + 22(25 + € *%))0r,

Y1 = —2201 + 2405 + 05,

Yo = Oa,

ys = 01.

Complement: {x2,23,y2,Y1,¥3, h1, ha}

Realization:
3.38 J?
Realization:
h1
Z1
T2
T3
Y1
Y2
Y3
3.39 J!

= 2101 — 2203 — 2303 + 22404 + 2505 + 0O,
hy =
= 210y — 2503 — 2304 — 2405,
= 04,

= 0y,

= 2901 + 04 — 2305,

—22101 — 290 + 223035 — 2404 + 2505 + 67,

—z%&l — 212209 + (22123 + 2925 + 1)83 + 24 (2224 — 21) 04 + 212505 + 292406 + 21877
= 7212261 - Z%@Q + 2’22’383 + (222'4 - 21)84 + (2123 + 22’22’5 + 1)65 + 2266 + 2’287.

Complement: {ys,ys, T2, T3, Y1, h1, ha}

Realization:

hi1 = —2101 + 2202 + 2303 — 2404 + 22505 + 0O,
ho = 22101 + 2202 — 22303 — 2404 — 2505 + O7,

r1 = —2001 — 6325_3Z7a3 4 2304 — z§85 — 2506,

ro = —Z%al — 212282 + (22123 + zZ9z4 =+ 1)83 + 2’12464 =+ (ZQ + 2’125)85 — 2137,

T3 = —212001 — 2505 + (2223 — 21€°7737) 03 + (2123 + 22024 + 1) 04—
z5 (22 + 2125) 05 + (—22 — 2125)06 — 2207,

Y1 = —2102 + 2403 + O,

Y2 = O,

Yz = Oa.

4 Adjoint realization of A,

It is interesting to compare the above realization generated by Shirokov’s method with adjoint realization of As

reads

hy = 22303 — 2404 + 2505 — 22606 + 2707 — 2808,
ho = —2303 + 22404 + 2505 + 2605 — 22707 — 2303,
T1 = —22301 + 2302 — 2504 + 2106 + 2703,

To = 2401 — 22402 + 2503 + 2207 — 2605,

x3 = —2501 — 2502 + 2406 — 2307 + (21 + 22)0s,

Y1 = 22601 — 2602 — 2103 — 2405 + 2807,

Y2 = —2701 + 22702 — 2204 + 2305 — 230,

ys = 2801 + 2802 — 2703 + 2604 — (21 + 22)05.
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. The latter



5 Havlicek’s realization of A,

In [2], the following realization of Ay was given:

hy = 2107 — 2205 + 22303, ho = 2101 + 22902 — 2303,

T = 2,00 + 2303, Ty = 212001 + 2302 — (21 + 2023)03,
T3 = —2%51 — 212202 — 23 (21 + 2223) O3, Y1 = 2201 — O3,

Y2 = —0, ys = 0.

6 Final remarks

e [t is not clear wheter adjoint or Havlicek’s realizations of As are equivalent to some of Shirokov’s realization given in
the list. See [4] for the comments to this regarding the algebra A;.

e Some of realizations act on spaces of smooth functions, which can be narrowed down to a suitable subpace, i. e.
subspace of polynomials or even of finite-dimension.
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