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Lecture 1 J

Stackel systems |
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Paul Stackel

o Paul Gustav Samuel Stéckel (20 August 1862, Berlin — 12 December 19109,
Heidelberg) was a German mathematician, active in the areas of differential
geometry, number theory, and non-Euclidean geometry.

o Works:

1. Uber die Bewegung eines Punktes auf einer Flache, 1885, Dissertation
2. Die Integration der Hamilton-Jacobischen Differentialgleichung mittelst
Separation der Variablen, 1891, Habilitation
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The main message

The goal of lectures

The goal of these lectures is to present an overall (and recent) picture of relations
between three major classes of integrable differential equations.

The following relations can be demonstrated

| soliton hierarchies |

autonomous constraints,” \( non-autonomous constraints

- deformati W
Stackel 5ystems| eormation |Pa/nleve—type systems

Moreover, the diagram above is commutative (in a certain sense, explainded at
the end of last lecture)
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Poisson manifolds

o Consider a smooth manifold M. C°°(M) denotes the set of all smooth real
valued function on M.

@ M is Poisson if it is equipped with a Poisson tensor 7 i.e. a (2,0)-tensor such
that
i) m antisymmetric 7 -7
ii) the bilinear mapping {-,-}_: C>*(M) x C*(M) — C>°(M) given by

{f’g}ﬂ' = (df,ﬂ'dg)

satisfies the Jacobi identity, i.e. for all f, g, h € C>(M)

Hf.ebr b +{{ghr fh +{{hf}. g}, =0

(+,-) is the dual map between cotangent and tangent spaces
@ Thus, {,-} turns C>°(M) into a Lie algebra

o Note that the Leibniz rule {fg, h} = f{g,h} + g{f,h}  follows from
{f,g}, = (df,ndg) as d(fg) = fdg + gdf.

T:
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Poisson manifolds

Theorem

(Darboux) For any Poisson operator  there exists (locally, i.e. in a neighbourhood
of ever point) a coordinate system (X1,...,Xn, Y1y -+ Yny Cls-- -, Ck) (Darboux
coordinates, canonical coordinates) such that in this system 7 attains the form

o 1 0
T = -1, 0
0... Ok

In operator form
N0 0
B o

The variables (¢, ..., ck) are called Casimir coordinates. For any f € C>(M)

{f,g(cr,...,c)} =0

Note: corank(w) = k.
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Hamiltonian systems

@ Vector fields of the form
X = ndh
where h € C*°(M), are called Hamiltonian vector fields on M.
@ At each x € M, m maps T,M to T} M (not necessarily bijectively)
@ The system of ODE's of the form

dx
— =m7dh
dt
(where x = (x1,...,Xdimm) " is a point on M) is called a Hamiltonian system

on M generated by the Hamiltonian h.
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Completely integrable systems

@ Assume dim M = 2n. The Hamiltonian system

dx

— =wdh

dt ~ "
is completely integrable (Liouville integrable, Arnold-Liouville integrable) if
there exist n functionally independent Poisson-commuting functions h; (i.e.
such that {h;, hj} =0foralli,j=1,...,n) such that h is one of them, say
h=h

@ It is more proper to call {hy,..., h,} a completely integrable system (no need

to distinguish hy)

@ The systems

$=7Tdh,'EX,', i=1,...,n
dt;
commute: [X;, Xj]=0fori,j=1,...,n (i.e. are Frobenius integrable)
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Completely integrable systems

Theorem
(Arnold-Liouville) if the Hamiltonian system % = wdh has n functionally
idependent integrals of motion h;, i =1,...,n (h= hy) in involution (i.e.

{hi, hj}, = 0) then it is integrable in quadratures (Liouville) in the following sense
(Arnold): if the invariant submanifold

Me={xeM: h(x)="Ff, i=1,...n}

is compact and connected then it is diffeomorphic to n-dimensional torus
T"={(p1,...,9n) mod 27} and the phase flow (integral curves) of h is almost
periodic i.e. in a suitably chosen coordinate system (I,0) = (h,...,ln,¢1,---,%n)
(action-angle variables, | = I (h)) it attains the form

d  dp;
dt ) dt = wi(l),
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A trajectory of a completely integrable system
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A non-complete list of completely integrable systems

The 2 body problem (Kepler problem, Coulomb problem)
The simple pendulum,

The double pendulum

Free rigid body

Rigid body with a fixed point (= top - Euler top, Lagrange top, Kovalevskaya
top),

The harmonic oscillator

The an-harmonic oscillator in 2 dim

The motion of a particle in a central potential

The motion on a sphere with a harmonic potential

The geodesic motion on an ellipsoid (requires Jacobi elliptic coordinates)
The geodesic motion on a surface of revolution

The geodesic motion on a torus

The geodesic motion on a quartic

The geodesic motion on SO(3)
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A non-complete list of completely integrable systems

The Moser system,

The Calogero systems

The Calogero-Moser systems

The Toda lattices (periodic, non-periodic, non-abelian),
The Clebsh rigid body in an ideal fluid,

The Garnier system,

The Gaudin systems

Remark

It is not easy to determine whether a given Hamiltonian system is integrable.
Some partial results exist (such us Stackel theorem or complete criterium of
separability for natural Hamiltonian systems (i.e. with Euclidean metric)) but
there is no general criterium. It is therefore worth to start from the end of the
journey and travel it backwards.
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Separation relations on Poisson manifolds
(Sklyanin approach)

Separation relations

A system of n relations of the form
vi(x,a1,...,3,) =0, i=1,...,n, n arbitrary (1)

on a Poisson manifold (M, ), with x € M and a; being real parameters, is called
separations relations on M.

Solving (1) w.r.t. a; yields a; = h;(x) and thus n functions h; on M. J

Theorem

Suppose that {¢;, ¢;} &f m(dyi, dpj) =0fori,j=1,...,n and for all values of
a,. Suppose also det (%‘%) # 0. Then the functions h; also Poisson commute:
{hi,hj} =0fori,j=1,...,n.
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Separation relations on Poisson manifolds

Proof
Differentiating separation relations we get
3<p, dp; 8hk 8hk L 0ps
_ s Ak Yrs
6xj Z Oak axj (9xj ; * Ox
Thus

{hi, b} = (dhi, dh;) = > AiAir {ps,0,} = 0

s,r=1

So, we obtain a system of commuting Hamiltonian flows

dx

dt =mxdh;, i=1....n
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Smooth curves - source of separation relations

Take any smooth (preferrably algebraic) n-parameter curve in the plane

QO()‘vl*l')ala"'aan):O

Consider: M manifold, dim M = 2n, (g1, ..., fn, A1, - .., An) - coordinates on M
and the Poisson operator m = >_"_; % A 8%-'
Take as separation relations n copies of the above curve with (A, 1;) in each copy:

O(Niy iy 31, .- an) =0, i=1,...,n (2)

Then ¢; = @(A;, i, a1, - - - , a,) mutually Poisson-commute.
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Smooth curves - a source of separation relations

Solving (2) w.r.t. a; yields n functions h; that mutually commute: {h;, h;} =0 J

We obtain n commuting Hamiltonian systems

%(2):<—0/é><%:%) i=1,...,n (3)

They are all separable in the variables (A1, ..., A\p, pi1, - -, fn)- J
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Separability of the obtained systems

Substitute p; = —8Wé(>ii’a)

into separation relations (2) J

We obtain

© (A;,%ﬁ;"’a),al,...,an) =0 ,i=1,...,n (ndecoupled ODE's)

If Wi(\i,a) solves eq. i then W(X,a) = > 7, Wi();, a) is a complete integral of

a; = h;(\, p=0W(\ a)/ON\)  (H-J for h;)

The canonical transformation (A, ) ) (b, a) linearizes all (3):
db; daj
—=5ij, —a=0=>b,'=t;—|-c,', aj = const;
dtj dl’l

(= Jacobi theorem)

v
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Jacobi theorem

Theorem

Assume 1) h; constitute integrable system 2) W (Ay,..., \p, a1,...,3,)
simultaneously solves all the H-J equations

OW(X, a) oW(Xa)\
h; ()\1,...,)\,,, e o = a (4)
Then the functions IW(r, 2)
,a
bj = " 9a (5)

satisfy b; = t; + const;.

Note: (5) can be used to obtain the functions \; = A;(a, b) (so called inverse
Jacobi problem) i.e. half of the map (), 1) — (b, a). Then

OW(\, a
pi(a, b) = %
i Ia=aab)

v
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Jacobi theorem

Proof
Differentiation of (4) w.r.t. a, yields
aus 8ak8/\ *

while differentiating b in (5) w.r. t. t; we get

Ob = PW(\, a) O\
ot Z 8ak8)\ ot;

But
OXs  Oh;

a_ti_aﬂs

so that 2 e Obe — 5.
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Stackel systems

Consider the following algebraic curve in the (A, u)-plane

a(A) + Z h A" = f(\)p? (6)
r=1

where f and o are arbitrary Laurent polynomials in .

Taking n copies of (6) at points (A, ) = (i, i), i =1,...,n, we obtain a system
of n linear equations (separation relations) for h, :

n
o)+ D RN = FOE,  i=1,.,m,
r=1

or, in matrix form,
a(A1) DD U | hy f(A1)p2
S S =
a(An) D Y O | hn f(An)u?

V.
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Stackel systems
Solving this system yields n functions (Hamiltonians)

hy=E+V9, r=1,...,n (7)

on a 2n-dimensional manifold (phase space) M = R2" parametrized by the
coordinates (X, pt) with A = (A\1,..., An) " and po = (p1, ... 1) 7.

In geodesic part
E,=pn"AGu, r=1,...,n,

G is a contravariant metric tensor on the configurational space @ (such that
M= T*Q), K, are (1,1)-Killing tensors of G while V,(U) are separable potentials
on Q.

In the separation coordinates \; on @, the geometric objects G, K and V,(U) are
explicitly given by

i F(A) g ; pr i o) _ N 92 o(N)
=g A= V=D oA,
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Stackel systems

where A; =[], ,;(A; — A«) and p, = (—1)"s, where s, are elementary symmetric
polynomials in n variables \;.

The curvature of G

@ Thus: f0) F)
g 1 n
szlag(A—l,...,A—n>, A,ZH()\,—)\J)
JF
o If f is a polynomial of degree < n then G is flat

e if f is a polynomial of degree n+ 1 then G has constant but non-zero
curvature
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Stackel systems in Viete coordinates

Consider the (point) transformation to the so called Viéte (canonical) coordinates:

n

,- )\n_i,u/k )
qi:(_l)sia pi:_ZkA—k’ i=1...,n.
k=1

where si are the elementary symmetric polynomials in A\; and A; = H()\,- — ).
J#i

Let P= (pla"'apn)T and q= (q17"'7qn)T-

The Stackel Hamiltonians take in Viete coordinates the following form:

1
hk:§pTAka—|— Vi, k=1,...,n,

and the respective Hamiltonian evolution equations are

_ b _ Oy,
- ap, Py = 6q7 b R
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Stackel systems

Explicitly:

) _ Qi—jtr—1, 1 <jandr<j
o= G (Kr)} =19 —Gi—jtr—1, [>jandr>j
0, otherwise

where Go corresponds to f(\) =1; weset gg =1, gy =0 for k <0 or k > n.

Moreover,
—q1 1 0 0
Gr=1f(L)Gy, L= 0 0 )
: 0 0 1
—q, O 0 0

where L i so called special conformal killing tensor.
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Stackel systems

Elementary separable potentials V4 for a(X) = A can be explicitly constructed
by the recursion formula

—a1 1 0 0
V) — RayO ) — () yenT g 0 ol
: 0 0 1
-g, 0 0 0

with V(© =(0,...,0,-1)7.

The first n basic separable potentials are trivial

V,Ea) = —0kn-0a, o=0,...,n—1.

The first nontrivial positive and negative potentials are

.
V) = (qu,....q)T, VD = (l’7ﬁ)
an an

and higher positive and negative potentials are more complicated polynomials and
rational functions in all g;.

v
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Stackel systems

By construction, all the Hamiltonian functions h, are in involution
{hr, hs} = w(dh,, dhs) = 0, r,s=1,..,n

with respect to the Poisson bracket

on M. They also separate in coordinates (\;, tj)i=1,...,n-

The Hamiltonians (7) constitute a Liouville integrable system on M:

d§
d—tr—wdhr, r=1,...,n.

that is called a Stackel system.
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Stackel systems

Thus, Stackel system is a set of n autonomous Hamiltonian evolution equations
on 2n-dimensional phase M

¢ _

gt = X (&) =ndh(§), r=1,...,n (8)

where h,(&) are Hamiltonian functions, £ = (q1, .., qn, P1, ---, Pn) | denote points
on M and 7 is a canonical Poisson tensor.

The system (8) is Frobenius integrable, i.e. there exist a common, unique (local)
solution &(t1, .. ., tn, &) through each point & € M, depending in general on all
the evolution parameters tx.

The necessary and sufficient condition for Frobenius integrability of autonomous
system reads

[Xs, X ]=0 or {h;,hs},=0, r,s=1,...,n

v
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Isospectral Lax representation for Stackel systems

Assume now f(A) = A", m € Z. Consider the system of linear equations
dv dx _dp
— = Ue(X; )V,

dr = UV =

where L(X; &) and Ux(X; €) are 2 x 2 matrices which depend rationally on the
spectral parameter A. As usual, £ € M

LG W = A", =0, k=1,...n,

Specifically

with the elements defined by
n
="+ gk,
k=1 k=1 i:l

and

= % [x" (a(/\) + Z Hk)\""‘) - 02} .

k=1

”
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Isospectral Lax representation for Stackel systems

while the auxiliary matrices Ux(\) are

Uk(N) == [%L] :(ik _ug), k=1,...,n,
n k k

where

k—1
u

Uy = [—)\"—kﬂlr =\t Z QAT v =, o=
i=1

Equivalent form for Uy (\):

w = [B8)] .+ mn =5[] v

Here [-]+ is the projection on the part consisting of non-negative degree terms in
the expansion into its Laurent series at oco.

o
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Isospectral Lax representation for Stackel systems

The compatibility conditions take the form of so called isospectral Lax
representations
dL(); €)

o LU [Xd = [U(X €), LN )], k=1,....n,

which are differential consequences of the Stackel system (8).

The characteristic equation of L is equivalent with the spectral curve (6):

0=det[L — f(Nul] = —Ff(\) [o(\) + Z h AT — F( A

(remind: f(A\) =A™, m € Z)
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Example: Hénon-Heiles system is a Stackel system

Consider Liouville integrable Hénon-Heiles system on M = R*, generated by two
Hamiltonian functions in involution

h = E + Va(x) = 1pf + 305 + 6 + 3x13,
hy = E> + Va(x) = Sxep1p2 — 3x1p3 + &5 + 15053

written in Cartesian coordinates (x,x2) and conjugate momenta (p1, p2).

Its separation curve has the form
A+ hy = 2Ap? + A%,

i.e. it is the case of n =2, m =1 and V(x) = —V®(x).

The point transformation between Cartesian, Viete and separation coordinates is

as follows .
M+=—q=x, AMl=q= —ZX22~

o
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Example: Hénon-Heiles system

The Hénon-Heiles Hamiltonian is h;, so for the canonical form of the Poisson
tensor {x;, pj}= = 0jj, the related autonomous evolution equations are

(Xl)t1 = plv (X2)t1 = p27

(P1), = -3¢ — 333, (p1)s = —x1%e.

Here h; is the first integral so its Hamiltonian flow equations

1 1
(Xl)t2 = §X2PZa (X2)t2 = —XoP1 — X1 P2

2
1 1 1 1 1
(Pl)t2 = §P§ - §X1X227 (P2)t2 = —§P1P2 - ZXS - §X12X2

represent the symmetry of the Hénon-Heiles.
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Example: Hénon-Heiles system

This Stackel system has the Lax representation:
pP1A+ %xng A2 — )\ — ‘—11x22
L(A) = ,
—2X3 =240 — (2 4+ 33) A+ P35 —piA— 3xep2
o o - da
Ui(\) = ENVACYES
“A-2x 0 N -—xA-xt -3¢ —ip
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Lecture 2 J

Deforming Stackel systems to Painlevé-type systems |
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Frobenius integrable systems

Definition
A set of n non-autonomous dynamical systems on a smooth manifold M
d
d—f:Y,-(g,tl,...,t,,), i=1,...,n, £eM 9)

is Frobenius integrable (compatible, satisfies zero-curvature condition) if

oy, v, _ o
8_tj_3_t,-_[y'7yj]_0' foralli,j=1,...,n

@ The Frobenius condition means simply that d%Y,- = d%Yj so it is a necessary
and sufficient condition for (9) to possess a common, multi-time solution
& =¢(ty,. .., ta, &) through each point & € M.

o For time-independent fields Y;(&) this simplifies to [Y;, Y;] = 0.

@ There is no assumed relation between n and dim M
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Frobenius integrable Hamiltonian systems

@ Suppose 7 is a Poisson tensor on M. If Y; = wdH; for some Hamiltonian
functions H; depending explicitly, in general, on all times ty:
H; = H;(§, t1, ..., ty), then the Frobenius condition is equivalent to

OH, 8HJ C
at ot +{Hi,Hi} =fj(ts,...,ts), i,j=1,...,n

where fj(t1,...,t,) are some functions of parameters t; only.
e Notation: {H;, H;} = (dH;, mdH;) so that

[Yi, Yjl = [rdH;, mdHj] = —md {H;, H;}
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Painlevé equations

Linear differential equations

What can be said about solutions of linear ODEs?

1. They are single-valued.

2. All singular points are fixed, i.e. do not depend on initial condition (constants
of integration).

As a result solutions of linear ODE’s can be a source of new functions.

Consider the second order linear equation

d*w dw
oz T p(z)E + q(z)w = 0.

Fuchs' theorem: w can only be singular (non-analytic) at points where p(z) and
q(z) are singular. Such singularities are called fixed because their positions are
determined a priori, before solving the equations, and their location is common
throughout the space of all possible solutions.
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Painlevé equations

Example: Bessel's equation

d? 1d 2
dw W+(1_V_2>W:o.
V4

Bessel's equation

dz2 ' 7z dz

Solutions (Bessel functions) only have singularities at 0 and oo.

Again: such singularities are said to be fixed since they depend upon the equation
and not the particular solution. Hence, solutions of particular linear ODE's can
define special functions that play an important role in mathematical physics.

For example: Airy functions, Bessel functions, parabolic cylinder functions,
Whittaker functions, hypergeometric functions.
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Painlevé equations

For nonlinear equations the situation is drastically different. J

Example: Riccati equation

Riccati equation w/(z) + w?(z) = 0 has the general solution
1 1
—u(0)

Thus, the location of singularity moves with initial conditions. Such singularities
are called movable.

u(z) =

z—2z
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Painlevé equations

Consider second order nonlinear equation

d’w dw
F =F (E, W,Z) (10)

where F is rational in w, w’ and locally analytic in z.

Critical point is a point where multi-valuedness can occur. For linear equations
(10) only fixed singularities can occur, independent of initial condition. For
nonlinear equations (10) there appear movable singularities, i.e. depending on
initial condition.

Examples of solutions with movable critical point

w(z) = Vz—2 algebraic branch point,
w(z) = In(z - 2z) logarithmic branch point,
w(z) = tan[ln(z— z)] multi-valued essential singularity.

o
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Painlevé equations

Picard (1887) posed the problem of determining which ODE's (10) have only
single-valuedness solutions with no movable critical points, thus allowing movable
poles, movable single-valued essential singularities and all fixed singularities. This
is now known as the Painlevé property.

Painlevé property

ODE satisfies Painlevé property if all solutions are single-valued about all movable
singularities, which means that the only movable singularities are poles.

Thus, the solutions of the Painlevé ODE's are ‘regular’ single-valued functions
around movable poles, and as such are good candidates that define new special
(transcendental) functions, like it is in the case of linear equations.

Painlevé and Gambier (1893-1906) have found 50 canonical types of second order
equations (10), whose solutions have no movable critical points. 44 of these are
integrable in terms of previously known classical special functions, such as elliptic
functions, trigonometric functions etc. or can be linearized.
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Painlevé transcendents

Painlevé, Gambier, Fuchs (1900-1910): (up to equivalence classes under Mébius
transformations), there are only six new ODE's with Painlevé property. Their
general solutions are higher transcendental functions. Obs: w =y, z =t below.
d’y
P : —= =6y’ +t
| a2 y© +
d’y 3
P/[: F:Zy +ty—|—a
d?y 1 /dy\> 1ldy 1 )
Py — = =] — ==+ Z(ay? g =
I a2 y(dt tdt+t(ay +B) + vy +y
v
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42/110



Painlevé transcendents

dy 1 (dy)? B
Pv: —5=—[—= 33+ Ay +2(t% — =
W 2y(dt) +5y° + 4ty + 2( a)y+y
d’y
Py, —=2
Ve gr2

(L1, L\ ( N 1
S \2y y—1)\dt t dt
L

t

<
—

p, . Py _1/1 1 1 dy'\? 111
i@ T2 \y Ty —1 " y—t) \dt t t—1 y—t)dt

yy -1y —1t)
t2(t — 1)?

—1)?
léyl ay+€)+71+6

t
{a+57+v0

y(y +1)

y—1
dy

t—1 t(t—1)
I G )

«, 3,7 and ¢ are arbitrary parameters.

Observation

All (completely) integrable ODE’s appear to have the Painlevé property.

v
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Painlevé transcendents

@ All above Painlevé equations are Hamiltonian and have the so-called
isomonodromy representation.

Isomonodromic (Lax) representation

M =LY, ve=V(ENY =  L=[V,[+ W

For instance, if p=y’, g =y, then

. OH . OH
q=6—p,P=—a—q — Pr:y" =6y’ +1t,
1
whereH:§p2—2q3—tqand
L P A+ gh+ 5t v (0 IA+gq _
4\ —4q p ’ 2 0
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Painlevé-type systems
Definition (Painlevé-type systems)

These are non-autonomous, finite dimensional Hamiltonian systems that are i)
Frobenius integrable and ii) have isomonodromy Lax representations.

Thus, a Painlevé-type system is a set of n non-autonomous Hamiltonian evolution
equations on a 2n-dimensional phase M

% = Y (& t) = mdh (1), r=1,...,n (11)

where t = (t1,...,t,) and € = (g1, -, Gn, P1, -, Pn) | that are Frobenius integrable:

oY, 0Ys

[YSaYr]+a—ts—a—tr=0, r,s:1,...,n, J
or, on the Hamiltonian level,
Ohs  Oh,
{hr,hs}+a—tr— sy =0, r,s=1,...,n

v
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Painlevé-type systems

AND, moreover, such that there exists a related a system of linear equations

OV | aw o
)\m—L()\,f,t)w, d—tr—Vk()\,f7t)w, d—tk—O, r—17...,n,

such that its compatibility conditions

LN € t) _

oV (A&, t)
dt, ’

VN E 1), LG €, )] + A =0 =1,..,

are differential consequences of (11).

Isomonodromic Lax representation

The equations above are called the isomonodromic Lax representation of (11).

Thus, Painlevé-type systems are natural generalizations of Liouville integrable
systems to the non-autonomous case.

v
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Painlevé-type systems are deformations of Stackel systems

Nowadays we have full control over Stackel systems. We know how to construct

them from separation relations together with their Lax representations for arbitrary

n. On the contrary, very little is known about the Painlevé type systems for n > 1.
v

A significant progress in construction of new multi-component Painlevé equations
took place since the modern theory of nonlinear integrable PDE’s has been born
(the so-called soliton theory). The Painlevé equations are constructed under
particular similarity reductions of soliton PDE's hierarchies.

In this lecture | will present an alternative way of construction of already known
and new Painlevé-type ODE's for n > 1 by an appropriate deformations of Stackel

systems:
deformation
—

Stackel system Painlevé-type system

The method consists of few steps which we present in some detail below.
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Deformation of Stackel systems to Painlevé-type systems

The construction is presented in our articles: J

1. Btfaszak, K. Marciniak, A. Sergyeyev, Deforming Lie algebras to Frobenius
integrable non-autonomous Hamiltonian systems, Rep. Math, Phys. 87 (2021)
249-263

2. M. Btaszak, K. Marciniak, Z. Domanski, Systematic construction of
non-autonomous Hamiltonian equations of Painlevé-type. I. Frobenius
integrability, Stud. Appl. Math. 148 (2022) 1208

3. M. Btaszak, Z. Domaniski, K. Marciniak, Systematic construction of
non-autonomous Hamiltonian equations of Painlevé-type. Il. Isomonodromic Lax
representation, Stud. Appl. Math. 149 (2022) 364

4. M. Btaszak, Z. Domanski, K. Marciniak, Systematic construction of

non-autonomous Hamiltonian equations of Painlevé-type. Ill. Quantization , Stud.
Appl. Math. 149 (2022) 416
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Deformation of geodesic flows
Consider the following separation curve

n
Z)\n_rEm,r _ %)\mMZ
r=1

where f(A) =A™ and m € {0,...,n+ 1}. It yields a geodesic Stickel system (i.e.
without potentials).

Now let us deform geodesic Hamiltonians E, , = %pTK,Gmp

gl,m = B m= %PTGmpu
gr,m = Er,m + Wr.m = %pTGmKrp + pTZr,m(q) r= 27 ey Iy

n
where the additional terms W; ,, =0, W, , = pTZ,,m, = Z Z,”mp,- contain

components of vector fields Z, ,, = Z! maq on @ which are partlcular Killing
vectors of metric G,,. Thus

{El,m,Wr,m} :O, r=2,...,n.

o
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Deformation of geodesic flows

Our demand concerning the choice of Killing vectors is that pseudo-geodesic
Hamiltonians &, ,, constitute a Lie algebra.

Theorem

For the metric G, the following set of functions W, , turns &, ,, into a
(nilpotetnt) Lie algebra: (in Viéte coordinates)

n—m
W — Z (n+1—m—Kk)Gmir—no2:kPx, r€{2,....n—m+1}=1"
k=n—m—r+2
and
2n—m—+2—r
Wi = = Z (n+1—m—k)gmir—n——2+kPx, r€{n—m+2,....,n}=1".
k=n—m+2

XV School on Geometry and Physics, June 22-26, 2
Krzysztof Marciniak XV SGP, June 22-26, 2026 50/110



Deformation of geodesic flows

Example

For n = 3 linear in momenta terms W, p, are as follows
m=0: Wao=p3, Wazo=qips+2p;
m=1: Woi=ps, Wa1i=qip>+2p;
m=2: Wao =p1, Wz2=qsps
m=3: Wo3 = qopo +2q3p3, W3 = q3p>
m=4: Waa = qap1 +2g3p2, Wi 4 = qapr

The quasi-geodesic Hamiltonians &, ,, span a Lie algebra g, with the following
commutation relations:

{gm,l,gm,r} = O, r = 2,...,[’1,
and
0, forre " and s e I,
{EmryEmst = 4 (5= r)Em rts—(n—m+2); for r,s € I, (12)

—(5 = rEm,rrs—(n—m+2), forr,sely,

We use the convention that £, , =0 for r <0or r > n.

o
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Deformation of geodesic flows

As the Hamiltonians &, , in (12) do not commute, they do not constitute a
Liouville integrable system. In particular, there is no reason to expect that they
will possess common, multi-time solutions for any initial data &. In (Btaszak,
Marciniak, Sergyeyev 2017) we found polynomial-in-times deformations

Hy m(t1, ..., t,—1) of the pseudo-geodesic Hamiltonians &, ,, such that the
Hamiltonians H, ., satisfy the Frobenius integrability condition.

i—1 i—1 i—1
H = ¢&; —Z (ad5r1 5,) t, +Z Z Qjry ry (ad‘gr2 adgrl 8,) ty, ty,
n=1 n=1n=n

i—1 i—1 i—1
_ E E E @ . (adgr3 adg,2 ad‘gr1 5,’) thtptn + 0y
n=1n=n n=n
and the real constants «;y,...,, can be uniquely determined from the Frobenius

integrability condition and where adg, & = {&;, & }. Due to the nilpotency of the
algebra, the expressions on the right hand side of (13) terminate.
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Deformation of geodesic flows
The algebra g has an Abelian subalgebra

a=span{&,...,Ex;, En—rptls---sEn}

where n+3—-m m
NS}

(so that a depends on m as well). Note that g = a precisely when x;1 + k2 = n as
dima =x1 + Ko.

v

for r € 7
H =&, forr=1,... ks,

r
Hr:ZCr,j(tlwnytr—l)gja Crr=1, forr=r1+1,...,n—m+1
j=1

and for r € IV
n—r
H, = Z(,,,ﬂ(trﬂ, o tn)érgyy Gr=1, forr=n—m+2,...,n— kK,
Jj=0

H =&, forr=n—ky+1,....n

where (; are polynomials determined from the Frobenius conditions. y
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Deformation of geodesic flows

Example
Let us take n =11, m=6. Then

MZ[HHT—m}:LL ke =[2] =3

and (the index m is below omitted)

Ho=&, r=1,...,49,. . .11,

Hs = Es + t4& + 2t3€7,

He = & + 4661 + (3t3 — 312)Er + 2taE3 + tsa,

Hr = &7 + ta€s + 2t9€9 + (3t10 + tgto)E10 + (4t11 + 2tgti0)En1,
Hg = & + to&10 + 2t10é11-

Hi, ..., Hi1 satisfy the Frobenius condition (45) with all s = 0.

XV School on Geometry and Physics, June 22-26, 2
Krzysztof Marciniak XV SGP, June 22-26, 2026 54 /110



Deformations with non-zero potentials

Let us now use the separable potentials.

Consider the following set of Hamiltonians

2n—m—+2
b =Emr+ Ve =Emr+ War+ Y calt, . ta)V, r=1,...,n.

a=—m

which naturally generalizes the geodesic case.

The question is what is the explicit form of functions c,(t1, ..., t;) such that the
appropriate deformations Hp, , of hp, . fulfill Frobenius conditions.

As we have proved, the functions c,(t1, ..., t,) are determined by a system of first
order PDE's that can be recursively solved.
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Deformations with non-zero potentials

In general our procedure leads to a (n + 3)-parameter family of Frobenius
integrable non-autonomous systems with potentials. Although the obtained

systems are parametrized by 2n + 3 integration constants a_,, ..., a2p—my2, the n
constants ag, ..., a,_1 are integration constants that originate in the trivial
potentials V,(O), ey Vr("fl) and as such enter the Hamiltonians only in a trivial

way, through some undetermined functions of times only, not affecting the
dynamics of the systems. We can thus say that our systems are parametrized by
n + 3 dynamical parameters (a_,...,3-1,8n,---,3n_m+2) and by n
non-dynamical parameters (ag, ..., an—1)
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Deformations with non-zero potentials

For n =2 and m =1 we find

hl,, :El,r + W17, + as Vr(S) + (34 + 4a5t2)V,(4) aF [23 + 3aztr + 235(t1 + 3t22)] Vr(3)
+ [a2 + 2asty + ag(ty + 3t2) + das(tyt2 + £3)] VP + a_; VY, n-

where

Ein= %P% - %qug7 Eip+Wio= —qopop1 — % q1G2pP3 + p1.

Here Hl,l = h1’1, H1’2 = h1’2 and

OH, OH;

Hy, Hy+ & 92
{H1, H>} + o, on as(

483 + dt1ty) + as(3t3 + t1) + 2asty + 2.

Separable potentials are generated recursively by

v 0 —q 1
vk = L = Rk R = < keZ.
<V§k)> <—1>’ (—qz 0/’

o
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Deformations with non-zero potentials
For n =2 and m = 3 we find

h3’, = E37,— ar W37r + 3362151 V,(3) + azet‘ Vr(z) ar (3_1 +a_otr + a_3t§)V,(’1)
+ (372 + 23731'2)\/,,(_2) +a_3 \/,.(_3)7 r=1,2,

Es1=13(af — @) Pi+3a Po+a1qepip2,  Esp+Wap = g3pipa+3 q1q2p+a2p1-

Here again H3 1 = h31, H3» = h3 . They satisfy the Frobenius condition:

OH,  OHy
{H1,H2}+8—t2—8—t1 =0.

For n=3 and m =1 we get

b, = Ei, + Wi, 4 a7V + (a6 + 6a7t3) VO 4 [as + Bagts + ar(4ty + 15t3)]VE
+ [a4 + 4 asts + a(3t2 + 10t2) + 2a7(t; + 9tat3 + 1085)| VA
+ [a3 + 3asts +2as(t2 + 3t3) + a6 (t1 + 1062t3 + 10t3)
+ a7(4t3 + 6ty 13 + 30512 4 1565)] VS + a_ VY,

V.
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Deformations with non-zero potentials

where

Ei1=pip2+ 3 qup3 — 3 p3as,
_ 1,2 1( .2 5l >
Eio+ Wio = poqip1 + 3P7 — qsp2ps + 3 (95 — 92) P5 — 5 G1G3p3 + P2,
Eiz+ Wiz = —qspips — 5 q3p3 — G1G3P2P3 — 5 G2G3p3 + qip2 + 2p1

The separable potentials are

v 0 - 1 0
v — V(k) = RX 0], R=[ -q 0 1], kez
Vék) -1 —q3 0 0

Now, Hi1 = h11, Hi2 = h12 and Hi3 = h1 3 + toh1 1. They satisfy the Frobenius

condition: .
{Hi, Hj} + ﬁ—%:o, ij=1,...,3.
; ;

o
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Isomonodromic Lax representation
Theorem

Each non-autonomous Hamiltonian flow Y, (&, t) = wdH, has the isomonodromic
Lax representation

d — o —
—L(\ & 1) =[U (N ), LA E D)+ 20— U, (N &, t) (14)
dt, oA
where now d o
d oy, 0

is the evolutionary derivative along the Hamiltonian vector field. The Lax matrix

L(\, &, t) is given by
_ (v e
a0 =iy )
with u(\) and v()\) are the same as in the Stackel case, while w is given by

w(x,t) = =A" {%] X +2\7 2n_zm:+2 Colti, s tn) [ﬁ—;\ﬂ N

a=—m
v
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Isomonodromic Lax representation
Further, for r € {1} U I

Ui\, 1) = UM €, 1)
>‘ Ea ZCr,J(tla

forr=1,...,k1,

St Ui(N € t)

forr=r1+1,...,

n—m+1

and for r € IV

forr=n—m+2,... n—

K2,

re{l}ul”

UF(A7§7 t) - Z Cr,r+j(tr+1’ cooy tn)Ur+j(>‘7€a t)
=0
U\ &) = U (N € t) forr=n—ra+1,...,n, where
B.(\ A
vinen=[Z] L B =3[ e
+
B.(A\ 1 u(A
UM\ 6 t) = { u(&))} B =3 )
+

1
2
(200 [#00) Yuno, ren

V.
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Example: non-autonomous Hénon-Heiles system

Consider Liouville integrable Hénon-Heiles system on M = R*, generated by two
Hamiltonian functions in involution

h = E + Va(x) = 1pf + 305 + 6 + 3x13,
hy = E> + Va(x) = Sxep1p2 — 3x1p3 + &5 + 15053

written in Cartesian coordinates (x,x2) and conjugate momenta (p1, p2).

Its separation curve has the form
A+ hy = 2Ap? + A%,

i.e. it is the case of n =2, m =1 and V(x) = —V®(x).

The point transformation between Cartesian, Viete and separation coordinates is

as follows .
M+=—q=x, AMl=q= —ZX22~

o
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Example: non-autonomous Hénon-Heiles system

The Hénon-Heiles Hamiltonian is h;, so for the canonical form of the Poisson
tensor {x;, pj}= = 0jj, the related autonomous evolution equations are

(Xl)t1 = plv (X2)t1 = p27

(P1), = -3¢ — 333, (p1)s = —x1%e.

Here h; is the first integral so its Hamiltonian flow equations

1 1
(Xl)t2 = §X2PZa (X2)t2 = —XoP1 — X1 P2

2
1 1 1 1 1
(Pl)t2 = §P§ - §X1X227 (P2)t2 = —§P1P2 - ZXS - §X12X2

represent the symmetry of the Hénon-Heiles.
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Example: non-autonomous Hénon-Heiles system

Considered evolution equations have Lax representations
PiA + 3x0p2 A2 — ) — 12
L(A) = )
223 —2q X2 — (22 + LE) A+ P2 —pA— Lop
0 3 3P A=
Ui(\) = ENVACYES
“A-2x 0 N -—xA-xt -3¢ —ip
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Example: non-autonomous Hénon-Heiles system

Now, let us deform the original Hamiltonians in the following way. First, notice
that {E1,p1} =0, i.e. take Wo = —p; generated by the Killing vector

Z =(—1,0)" of the Euclidean metric in R2. Second, add to both Hamiltonians
the lower nontrivial positive separable potentials with coefficients depending on
evolution parameters, i.e. c3(t1, t)VG) + oo(ty, to) V(2.

Thus, consider the following deformed Hamiltonians

Hl(t) =h; + C3(t1, t2)V1(3) + Cz(f.']_7 t2)V1(2)
= %Pf + %pﬁ + Xf + %X1X§ + a3(ty, tz)(X12 + %X22) + ot to)xa,
Ha(t) = hy — p1 + c3(tr, ) VS + o, t2) V)

1 1, 2 1,4, 1,22 1 2,1 2
= 5XP1P2 — 3X1P3 — P1+ 16X + 7X1 %5 + 763(t1, t2)x16 + 36 (1, 02)X5

v

From the demand of the Frobenius condition (45) we immediately find that

as(ti, t) = 3ty, o(t, ) =t + 3t22, fia(t1, ) = —o(t1, ).
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Example: non-autonomous Hénon-Heiles system

Hence, the related non-autonomous evolution equations are
(X]-)t1 = P1, (XZ)t1 = p2,
(1), = —3x — 353 — 6tpx1 + 11 + 313,
(P2)y, = —Xx1%2 — %f2X2.
v
and
1 1
(Xl)tz =3%p — 1, (X2)t2 = 5X2pP1 — X1p2,
1.2 1,2 3, .2
(Pl);:2 = 5Py — 5X1X3 — ztaXp,
2 2
(pz)tz = _%plp2 - %X23 - %X1X2 - %t2X1X2 = % (t1 + 3t2) Xo.
w
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Example: non-autonomous Hénon-Heiles system

The matrices L(A, t), Ui(A, t) and Ux(A, t) with extra potential
3t,VO) 4 (t + 3t3) V) are as follows
piX + 1x2p2 M=\ — 13
— (2@ + 3¢ +6xta + 68 +20) A+ p3 T 2R
0 >
Ul()\; t) = 5
—A—2x1—3t, 0
ip1 Ix—1Ix
Uz()\; t) =
=N = (X1 + 31’2))\ = X12 = %X22 — 3x3tr — 3t22 = i _%Pl
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Example: non-autonomous Hénon-Heiles system

Now, because of explicit time dependence and the deformation of geodesic
Hamiltonian E; by W, = —p; term, we get

dL(X; t)

 — i L] = < R 8 ) zzxw,
dL(\; t) _ _ 0 A OUx(A; t)
g, ), L] = < —4)2 —2(x; +3t2)A 0 ) =2X 25»

So, the non-autonomous evolution equations have the following isomonodromic
Lax representation

dL(X;t) _ _ AUk(\; t) .
ot [ ) L )] + A= ==, k=12,

or the form (14) with m = 1.
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This way, a huge family of multi-parameter Painlevé-type systems have been
constructed, including Ps4, P; — Py, hierarchies. J
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Lecture 3 J

Autonomous restrictions of KdV hierarchy |
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Main message for lectures 3 and 4, more precise form
Autonomous restrictions of soliton hierarchies
The n-th autonomous restriction

uy, = Ki[u), uy, = Kolu], ..., wu, =Ky, Kipa[u] =0

of the soliton hierarchy u;, = Ki[u] = Ki(u, ux, Uxx, - . .) can be parametrized as an
appropriate classical Stickel separable system (investigated so far and published:
KdV, cKdV, AKNS)

Non-autonomous restrictions of soliton hierarchies

The n-th non-autonomous restriction

uy, = Kilu], uy, = Kolu], ..., u, = Kylul,

K=o+ a(ty,...,ta)) Ki+ ...+ an(tr,..., ty)Kn =0,

(N > n— 1) of the soliton hierarchy u;, = Kj[u] (where o is a suitably chosen
master symmetry of the hierarchy and a; suitably chosen functions of times t;)
can be parametrized as an appropriate Painlevé-type system (ongoing research,

not published anywhere)
CVEi

XV School on Geometry and Physics, June 22-26; 2



Bibliography

Recent results, concerning stationary systems of soliton hierarchies:

@ M. Btaszak, B.M. Szablikowski and K. Marciniak, “Stackel representations of
stationary KdV systems, Rep. Math. Phys. 92 (2023) 323-346

@ B.M. Szablikowski, M. Btaszak and K. Marciniak, “Stationary coupled KdV systems
and their Stackel representations”, Stud. Appl. Math. 153 (2024) €12698

@ M. Btaszak, K. Marciniak, B.M. Szablikowski, “Stationary systems of the AKNS
hierarchy”,J. Nonlin. Math. Phys. 32 (2025) article 89

and construction of non-autonomous soliton hierarchies:

@ M. Btaszak, K. Marciniak and B.M. Szablikowski, “Non-autonomous soliton
hierarchies”, Symmetry 17(7):1103, July 2025, DOI: 10.3390/sym17071103

XV School on Geometry and Physics, June 22-26, 2

Krzysztof Marciniak XV SGP, June 22-26, 2026 72 /110



Soliton hierarchy

By a soliton hierarchy we mean an infinite hierarchy of evolutionary PDE’s on M
with vector fields K, that are bi-Hamiltonian with respect to two compatible
Poisson structures my and

Uy, = K,,[U] = 7T0(5H,, = ’/Tl(SH,,,l, n = 1,2,.. .y

u=u(x,ty,t...), Kp[u] = Kn(u, tx, Uxx, . . .), with mo being invertible.

Then
K,=N""1Kq, n=23,...,

where N = 117, " has the zero Nijenhuis torsion (it is hereditary then) so that
[Kn, Km] =0, nnm=12....

(K; are mutual symmetries) and

Lk N=0, n=12,...,
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Cosymmetries

Corresponding sequence of 1-forms (cosymmetries):

Yo = 0H, = (NT)'IFYO7 n=0,1,...

K

where 79 = 6Hp and Nt = 71'0_17r1. Then v, = dH, with H, = f hndx . Define
now the infinite sequence of Poisson operators

7 = N¥mo, k=23,....

T are pairwise compatible and usually non-local. It follows that K, is
(n+ 1)-Hamiltonian

K,,:ﬂ'o(an:’]Tl(sH,,,l:...:’/T,,(SH(), n:1,2,....
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Hereditary algebra

If a scaling vector field oq allowed ( £,,K1 = pK1, p € R, L;,N = N) then one
can define master symmetries o, on M

o, = N"ay, n=-1,0,1,....
K, and o, constitute a hereditary algerba
[Kn, Km] =0, mn=12 ...,

[on, Km]l = (p+ m— D) Knim, n=-1,0,1,..., m=12 ...,
[on,0m] = (M= n)onim, iy 1 = — iy 00l - oo

where o_1 is defined by og = No_; and it is assumed to be Hamiltonian with
respect to mp

o_1=mooF

Then, all o, are Hamiltonian: o, = m,16F, n=-1,0,...
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Lax (isospectral) (zero-curvature) representation
Usually the hierarchy u;, = K,[u] can be obtained from the isospectral linear
problem
v, =LV
X I ) (15)
V., =UV, i=12 ...,

where L = L(X\, u), U; = U;(\, [u]) are 2 x 2 matrices depending on [u] and the
auxiliary variable A, s.t. Ay, = 0 for all /.

The compatibility condition, that is the condition for existence of a common
multi-time solution W(x, ty, ta,...), for the problem (15) is

(Vi) = (We)x, i=1,2,..., (16a)
(Vo) = (We)e, i j=1,2.... (16b)

What gives what
(162) <= Ly, = [U;, L] + (Uy), <= uy, = Ki[u] (17)

(16b) <= (U), — (U)),, + [U;, U] = 0 <= [Ki, K] = 0
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Lax representation for master symmetries o;

The (non-commuting) hierarchy of master symmetries can be obtained from the
following deformed linear isospectral problem

v, = LV,
. 18
{\uﬂ:v,-w—xﬂwh i=-1,01..., (18)

where L = L(\, u) is the same L as in (15) while V; = V;(), [u]) are some
matrices depending on [u] and X such that A, = 0.

The system (18) has, for each i, a solution W(x, 7;) so that

(W)r, = (W) = Ly = Vi ]+ (Vi), ~ NPy = ur = oif] |

For a curious person: since the fields o; do not commute we clearly cannot expect
that (W), = (V). Instead we have

(Vi)ry = (Vi) [V, VI N T VA= XNTHV))x = (1 =) Vigy, i j==1,0,....
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KdV hierarchy

The KdV equation
1

Uy = ZUXXX + §uu
is a member of the bi-Hamiltonian chain of nonlinear PDE's
uy, = K, == modH, = mdH,_1, n=12,.. (19)

where the two local Poisson operators are
1,5 1 1
o — 8)(, T = Zax + EU({?X + Eaxu.
The hierarchy (19) can be generated by the recursion operator and its adjoint
_ 2 - T P 1.4
N = mymy? —76 +u+ - uX8 N:ZGX—l—u—Eaxu
in the sense that

Kn+1:NnK17 ’7n:dHn: (NT)n’707 n:1727"' .
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KdV hierarchy

In particular, we find that that the first vector fields (symmetries) K, are:

K1:UX,
1
K2 = ZUXXX + EUUX7
K 1 +5 n 5 " 15,
= —Usx + —UU3x + —UxUyxx + — U Uy,
3716 T g 8
K*iu +1uu +Euu +3—5u u +35u3+35uuu +§u2u +—5
4 — 64 7x 32 5x 32 x Udx 32 xx U3x 32 'x 38 x Uxx 32 3x 16

the first conserved one-forms (co-symmetries) ~, are

70:2a
71 =4,

1, .30
72—4uxx 4U,

1 +5 n 5 2+5 3

= — Uy + Ul + —U —u,
BT 16T g 167 8

—iu +luu +1uu +21u +35u2u 35uu +3—5u4
T4 = g ox g Utk g tixlax gy o g Uthe 35 64"
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KdV hierarchy

The first Hamiltonian densities h,, of H, = f hy, dx are

1 1 1
ho = 2u, h1:§U2, h2:—§u§+zu3,
1 5 5
hs = — 2 —u? xx —
3 3 uXX+32u u +32u,
1 7 35 7
hy = ——— 12 DR 222 LS
4= gt T g T g T g
First few master symmetries o,:
o_1 = 1
00 = U+ o Xy,
1 1 1
01 = 5l + §XU3X +u® + 5 XUl + Zuxax_lu.

The symmetries K; and master symmetries o; of the KdV equation generate the
hereditary algebra (75) with
1

1 that
=_ so tha Km=m— —.
P=3 2
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Isospectral Lax representation for KdV hierarchy
It has the form (17):

Lt(. = [U,‘7 L] + (U,')X i=1,2

0 1
L_<)\—u O)’

and with the auxiliary matrices

15 —3 () Vi ) :
U":_ 2 1) x i )\n—l—l7 n:1727.”.
22 (R TR

with

U — —%ux )\—i—%u
2 = 2 1 1,2 1 1
A —§u)\—§u _ZUXX ‘—‘UX

Us = — A — e (use + 6uiy) A2+ Ful + 3 (ue + 3u?)
(Us)2 U+ = (use +6uuy) )7
with (Us)12 = A® — 2uA? — F (o + U)X — Ftiax + Jut + 202 + 305
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The Lax formulation for master symmetries of KdV
hierarchy

— 2¢i X
2 <()\— u)@;la,- — %(O’,’)X %0’,

i=—1
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Stationary autonomous systems of KdV hierarchy

Definition
The n-th stationary KdV system consists of the first n evolution equations from
the KdV hierarchy together with its (n + 1)-th stationary flow:

Uy = K17 U, = K27 coog Uy, = Kna Kn+1 =0 (20)

@ The stationary condition K11 = 0 provides a constraints/restriction on the
infinite-dimensional (functional) manifold on which the KdV hierarchy is
defined, reducing it to the finite-dimensional submanifold, n-th stationary
manifold:

My ={lu] e M[Krp1 =0},  dimM,=2n+1,

parametrized by the 2n + 1 jest variables u, uy, . .. U@2n)x
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The autonomous invariant manifold S

By the Frobenius condition, the finite dimensional autonomous submanifold
S C M defined by our autonomous constraint

Km[u] =0

is invariant with respect to all the vector fields K;, i = 1,...,n in the sense that
the trajectories of all K; that start in S remain in S. Moreover, K; are tangent to
S.

Important remark

Using the constraint K, = 0 and its differential consequences we can eliminate
higher-order jet coordinates from the fields Kj, which turns the first n equations
uy, = Ki[u] of the KdV hierarchy into the autonomous dynamical system

étl = Xl(é)a coog gtn = Xn(g) (21)

defined on S. Moreover, (21) is Frobenius integrable

[X,X]=0, ij=1,...,n.
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Lax equations for the n-th stationary KdV system

@ The constraint K11 = 0 can be obtained by imposing - on the linear
problems (15) - the constraint

wtn+1 = )\m/’[/w

or equivalently
UpaV = 2\"pv. (22)
It quickly yields L; ., = 0 and thus K,;; = 0.
@ The factor A™ in (22) is a matter of later convenience.
@ This yields the finite sequence of Lax equations of the stationary cKdV system

Lax equations for stationary cKdV system

d
dtk n+1

with the constraint Cp11 = 0 applied.

[Uk7 n+1]7; k:1727...7n,

@ Note that U,11 plays now the role of the Lax matrix.
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Characteristic equation of U,,; - a Stackel system is unfolding

Non-trivial solutions to (22) exist if and only if the characteristic equation
det (Upt1 — A"ul) =0,

is satisfied (remind: here U, is restricted to K,i1 = 0). It has the form of the
spectral curve

A2ntl 4 Z ATk = \2m 2. (23)
k=0
where
]k
h = ~ 16 2 - [29n—i(Yirk)oc = (Ya=i)x(Vitk)x + AUVn—iVitk] + a Z%4+17i+k~
Constants of motion
ho, - .., h, are constants of motion of the stationary system (20)
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First form of stationary KdV system

0= ,Cn+1 =ToYn+1 =0 = Y11 +¢c=0 (24)
The above constraint defines a foliation of M,,, of codimension 1:
M, = Mo
ceR

First integrated form of the n-th stationary KdV system (20)

uy = Ki, uy, = Ko, e uy, = Kp, Ynir1 + ¢ =0, (25)

It is a system of n ODE's on the 2n-dimensional leaf M,, . endowed with the jet
coordinates u, Uy, . .., U@2n—1)x-

Miracle |
In the “Beautiful theorem” below we will parametrize this system as the Stackel
system given by
)\2n+1 LN+ Z Hk/\"_k _ #27 (26)
k=1

This curve is identical with (23), with m =0, and with Hx := he, k=1,...,n.

v
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Second form of stationary KdV system

1 1 _

0= Kn+1 = T1Yn = EPYH(’)/n)xx - Z(’}/n)i + U’)/,% +4¢c=0 (27)

Yields the alternative foliation
Mn - U Mn7(_—-.
CER
Second integrated form of the n-th stationary KdV system (20)
1 1 _

up = K1, uy, =Kz, ., uy, =Ky, Evn(%)xx = Z(%)i +uyi+46=0

(28)
on the 2n-dimensional leaf M, = endowed with the same set of jet coordinates
Uy Uy, - -« U2pn—1)x-

Miracle Il

In theorem below we will parametrize this system as the Stackel system

NP AT ) AR = 2, (29)
k=1

This curve is identical with (23), with m = 1, and with Hy := hy_1,k=1,...,n.

o
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Stationary autonomous KdV systems are Stackel systems
In (Btaszak, Szablikowski, Marciniak 2023) we proved

Beautiful theorem

The stationary systems (25) and (28) are equivalent to Stickel systems generated
by separation curves (26) and (29), respectively. The invertible transformation
between Viete coordinates (gj, pi)i=1,....» of Stackel systems and jet coordinates
(U, U, ..., U2n—1)x) takes the form

1 1~ ,
E'Yia pi = EZ(Gml),‘j(’yj)xu i=1...,n, (m:071)7 (30)
j=1

qi =

where G,, are contravariant metrics defined by H; and Hi, respectively.

The map (30) has been derived from the comparison of Lax matrices of both
representations, as we know U,11 in jet coordinates, and in Viéte coordinates

n n

Unia[1,2] = > go-iX,  Unia[1,1] = —% > lZ (Gm)" p,-] A"
i=0

r=1 Li=1
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Example 1
Autonomous constraint of KdV with 7y and n = 2.

The system consists of two first KdV flows

t — Ky = Ux, U, = Ky = ZUXXX + Euuxa

and the autonomous constraint 3 + ¢ = 0:

1u +5uu 5u—|—5u—i—c 0.
16U T gl T gt T 3 -

It is Stackel system generated by the separation curve
A+ X2+ Hod + Ho = 12,

where in Viete coordinates (g, p)

Hy = 2pip> + qip3 — q1 — 5 + 3102 + ca,
Hy = p; + (ai — @2)P5 + 2q1p1p2 — 41 G2 + 2G15 + Cqa.

Viete coordinates and separation coordinates A; are related by the following point
transformation: g1 = —A1 — A2, g = A1 Ao,
90/110
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Example 1

The invertible transformation between jet coordinates and Viete's coordinates are

—1u —1u +3u2 —1u +1uu —1u
q1_27q2_8xx 8 7.D1_16xxx 4 X7p2_4X'

Lax representation

dL(\;
B _ e Lval, k=12
tk
where
| — —p2A — p1— G1p2 N+ g+ g
Mg+ (- @A =P -G 2@ +c pAtpt+ap)’
T\ -2q1 0)° T \WV—gAt i -2 p )
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Lecture 4 J

Non-autonomous restrictions of KdV hierarchy )
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Non-autonomous restrictions of KdV hierarchy

Definition

For a given m > —1, the n-th non-autonomous restricted system of the KdV
hierarchy is the set of the first n systems from the KdV hierarchy, together with

the non-autonomous constraint KC,,, = 0:

uy, = Kylul, ..., uy, = Kpful, =@, (31)
N
]CmZO'm+Z7'J'(t1,...,t")l‘<j N =max{n+1,n+ m}
j=1

with 7j = Kj_mti—m + 0, j=1,...,N.

Frobenius condition

The above choice of 7; is necessary and sufficient for the Frobenius condition for
Ki, ..., Ky, K to hold:

oK .
8—ti+[K,-,IC]—O, i=1,...,n,

v
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The non-autonomous invariant manifold S

By the Frobenius condition, the finite dimensional non-autonomous (i.e.
times-dependent) submanifold S C M defined by our times-dependent constraint

Kty ..ty [u]) =0

is invariant with respect to all the vector fields K;, i = 1,...,n in the sense that
the trajectories of all K; that start in S remain in S, in spite of the fact that K;
are not tangent to S.

Important remark

Using the constraint &C,;, = 0 and its differential consequences we can eliminate
higher-order jet coordinates from the fields K;, which turns the first n equations
uy, = K;[u] of the KdV hierarchy into a non-autonomous dynamical system

£t1 = Xl(é-? t)v AR gtn = Xn(§7 t) (32)
where t := (t1,..., t,), defined on S. Moreover, (32) is Frobenius integrable,
oX; 04

L+ [x, ] =0, ihj=1,...,n.
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Lax formulation for non-autonomous constrained KdV
systems

Lax pair for u, = K,

V. =W,V — A"y, v, =LV, L= U,

where

N
W= Vn+ > _ 71U,
i=1

Compatibility condition

[0r = Wi+ A0\, L= 04] = Ly — Wi, L] = Wam)x + A" =0

Lax equation for u, = IC,,

Ly = Wy L]+ Wm)x = A" Ly = L [K] -

v
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Lax representation for non-autonomous constrained KdV
systems

Spectral representation for IC,,, = 0

W =A™y,

Lax pairs for the system (31)

V. =UV, i=1,.,n,
AT = Wb
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Lax representation for non-autonomous constrained KdV
systems

Isomonodromic Lax formulation for non-autonomous constrained
system

The compatibility conditions (V4,), = (V»),, vield
[ati - U,', Wm - >\m+18>\] = (Wm)ti - [Ul'v Wm] - >‘m+1(Ui)>\ =0

and thus the isomonodromic Lax formulation for our non-autonomous constrained
system on § is

W) = [Ui, W] + X™HU)N, i=1,...,n. (33)

v

Remark

Note that equation 7 in (33) contains not only the corresponding equation
us, = K; of the reduced system but also the constraint ICp, = 0 itself.
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The case 0_1

In this lecture | will only take up the case m = —1. Remind: o_; = 1.

@ Then
Koi=o1+7nKi+ ...+ 71 Koy,

e K_1 is Hamiltonian with _1 = mgl'_1, with

M1 =x+7%+ ...+ Tot1Vnt1 = X + Fnt1.

7; specify to

1 3 1
T0 = 51’14—0&0, 1 = 51.'2-}-0[1, ceey Tp—1 = <n - 5) thtan—1, Tan = Qp,
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Since g = 9y, the constraint
Fri1+c=x+9,1+c=0 (34)

yields a co-rank one Hamiltonian foliation of S into the leaves S, given by (34),
so that
s=Js.,
C

where each leaf S, is invariant with respect to all K;.

We will now attempt to restrict the first n flows of the KdV hierarchy to leaves SC.)
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The integrated non-autonomous KdV system
Definition

For any given ¢ € R, the n-th non-autonomous system of the KdV hierarchy
restricted to the leaf S is the set of the first n systems from the KdV together
with the non-autonomous constraint (34), that is, the system of the form

uy, = Kilu), ..., u, = Kp[d], M 1+c=x+H1+c=0. (35)

v

Remark

Using the constraint above and its differential consequences we can eliminate
higher order jet coordinates from K;[u] which turns the first n equations in (35)
into a non-autonomous Frobenius inegrable finite dimensional system on S¢:

gtl = X1(§)7 ©oog gtn = Xn(£)7 5 S SC (36)

oXi 9%
3tj ot;

+ [Xi,Xj] =0, ij=1,...,n.

We will sometimes denote the vector fields X; on S, obtained by this elimination
procedure as Kils"" SO that X’ = K’|SC XV School on Geometry and Physics, June 22-26, 2
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Lax formulation of the restricted KdV system on S,
L. = [U, L] + A™(U)y, i=1,...,n. (37)

where

]LEWmlsca UkE Uk|$c k:1,...,n.
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Towards the non-autonomous version of the beautiful
theorem

We will now parametrize the system (36) as a Painlevé-type system. We will need:

Ausxiliary Stackel system

n+1 n
D aA TR T HATE = 2, (38)
k=0 k=1
n+1 n+1
ap = ZTiTn+1—i + Tat1(x + ), Ik = ZT"T"+1+’<—"7 l=k=n+tl,
i=0 i=k

The Hamiltonians of this system, given canonical Viete coordinates
1 n+1
T n+i
Hi= 5P AkGop—l—Z;a;V,f ) k=1,....n
=
Here Gy is a Stackel metric, Ax are its Killing tensors and V,Er), r € Z, are basic
separable potentials. The geodesic term in Hy will be further denoted by Ej.
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The non-autonomous beautiful theorem
On the leaf S, the transformation given by

1. 1~ l1y e :
qi:§’7i7 pIZEZ(GO]-)U(’YJ)Xv I:17"'an7
j=1

between the jet variables and the canonical Viete coordinates, transforms the
Frobenius integrable system (36) into the Painlevé-type system with Hy given by:

He = ) ci(t) (Hk—i + wi—i), k=1,...,n, (39)

where Hy are the Hamiltonians of the auxiliary Stackel systems (38),

k—1
o(t) =1, c(t) = Z(—l)rJr1 Z Tnt1—iyTn+l—ip * " Tntl—ip,
r=0 i+...+ir=k
and n
Wy = Z (n—i+1)qisk—n—2pi = Y/ p,
i=n—k+2

with the vector fields Y being particular Killing vectors of the metric Gg.
v
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The non-autonomous beautiful theorem continued

The isonomonodromic Lax representation of this Painlevé-type system is

dL

L k=1,...,n.
dt [Uk, ]+(Uk))\7 ) , N

where IL and Uy are reductions of the isomonodromic Lax representation of the
restricted KdV system to S. (see (37)).

Remark

The theorem above means that the system (36) is Hamiltonian, with the
Hamiltonians H; given by (39), and also Frobenius integrable, meaning

X, OXy, o
8tj 8ti + [ Hi; 5 HJ:I ) 1) ) , N
where Xy, = Xj|s. = X;, which also implies
OH; 8HJ ..
H;, H;} = f;(t J=1...,n 40
S g TEE}=G(E, i " (40)

Note that f; do not depend on the space variables.

o
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Example 2

The second (n = 2) constrained KdV system is: uy, = uy, u, = %U3X + %u u, and

3 1 5 5 5 54
O=T_1+c=x+t1+c+ —tuy+ —lsy + Ul + —Uu> + —U.

2 16 8 16 * 8
In the (g, p) representation
—Eu —lu +§u2+§t —iu +1uu —lu
q1*27q2*8xx 3 227p1*163x 4 X7p2*4xa
the isomonodromic Lax representation of this system takes the form
0
(]L)tk [Uk?L] Uk7 k = 1727
where
. 0 1 . —p2 A+ g1
b= ( A=2q 0 ) Uz = (/\2q1>\q%2(72+3t2 p2
—p2A — q1p2 — p1 N+art g
L =

M — 12 + (g — 2g2 + 312) A

A+ +
—p3— @} +2q1q2 —3taqr +x+ t1 + ¢ P2 qp2 T P1
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The auxiliary Stackel system takes the form
det(L — pul) = 0 <= A5 + 36X 4+ (t 4+ c)A2 + Hi\ + Ho = 1,
so that

Hi = 2p1p2 + @15 — 41 + 34102 — @5 + 3t2(q2 — 47) + (x + c + 1) e,
Hy = P} 4+ 2q1p1p2 + (47 — 2)P3 — G102 + 20105 — 3taqi1qa + (x + ¢ + 11)qa.
The Hamiltonian H; are
Hi=H, Ho=Hr+wr, wr=po.
The Frobenius equation (40) becomes

OH; OH,
_— H;, H>} = 3t,.
ot ot + {H;,Hy} =3t

The system above can be considered as the second system from the P, hierarchy.
Taking higher n we obtain higher flows of P; hierarchy. J
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Painlevé-type hierarchies constructed by two different
methods

One can ask the question whether Painlevé-type hierarchies, such as P34, Py — Py
constructed by non-autonomous restrictions of soliton systems and by deformation
of Stackel systems coincide?

The answer is positive but both constructions use different evolution parameters.
If we denote evolution parameters of the n-th Painlevé system, constructed by
deformation, by (i, ..., t;) and evolution parameters of the same Painlevé system,
constructed by appropriate non-autonomous restriction of soliton hierarchy, by
(t1, ..., ty), then both sets of evolution parameters are related by the non-linear
but invertible transformation

ti =t + fi(te, s tn), ..., ti = & + fni(Fig1, s Bn)s - ,tnzfn

for the case with og. For the case o_; additionally f, ,—1(%,) =
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We have reached our conclusion:

The following relations can be demonstrated

| soliton  hierarchies |

autonomous constraints,” \( non-autonomous constraints
= deformation . s
Stackel systems| == | Painlevé-type systems|
v
Moreover, this diagram commutes }
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Conclusions and perspectives

@ During these lectures | attempted to present a new emerging perspective on
the relationships between three major classes of integrable systems: classical
separable (in the sense of Hamilton—Jacobi theory) Stackel systems, soliton
hierarchies, and Painlevé type systems.

@ We have constructed explicit (and non-autonomous i.e. times-dependent)
maps between these three types of systems

@ We have created these maps using Lax formulations of the systems
considered, in order to get unique (one to one) maps (comparing spectral
curves only would give too few conditions on the maps)

@ This research hopefully opens a new perspective on Painlevé-type systems,
especially in the context of their hierarchies.

@ Taking higher o, is an open problem. At the moment we have succeeded
with constructing our maps for m = 0 as well.

@ A nest step would be to perform similar program for multi-component soliton
hierarchies (cKdV, cHD, AKNS,...)
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Thank you for your attention |
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