Quantum and classical geodesic flows on a black-hole background
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@® What is quantum Riemannian geometry?
geQ'®,0, v:Ql-Ql®, 0! Shahaiage”
Leibnizrule = o:Q'®, Q! - Q' ®, Q! Quantum
graph C RG| D continuum Rlemann'an
geomerry | %= | QRG | 2 fgeometry Geometry
U
Quantum
groups
Q) Springer
@ Classical geodesics as velocity fields and Ricci tensor w/ Beggs LMP 2023

=P Amplitude flows around a black hole w/ Kumar arXiv:2603.03222, arXiv:2605.28582

@® Quantum geodesics Beggs JGP 2020

=P Generally covariant quantum mechanics W/ Beggs LMP 2026

@® A-B-bimodule connections and the master equation V(o;) =0



I Classical geodesic flows Beggs JGP 2020
w/ Beggs LMP 2023

@ dust particles moving on geodesics =9 tangents define vector field X,
obeying geodesic velocity equation

XS +Vy X, =0 we reverse usual concept
S and first solve for this X

densit obeys continuity equation .
Y P 4 Y €9 for flow to time s

p = —X(dp) — pdiv(X)
@® Let p = |w|*for a wave function y obeying the amplitude flow equation

1
W = — X(dy) — ?/deV(XS)
D 0

=P Convective derivative e =5 + X, of the divergence is the Ricci tensor
\) \)
Ddiv(X)) o o
= — X, X" . — X'X/Ricci;
Ds b /

® [Wave function y(x, r) on spacetime, s is external geodesic proper time
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w/ Kumar arXiv:2603.03222
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@® Kruskal-Szekeres UV coordinates
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@® Choose X(0) = XYd, + XV9, and evolve
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@® V1-¥, initial Gaussian bumps in the UV plane

® w(0)=y; —y, evolves to adipole in (a) and cross-section (b)
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|2 evolves in (c ) to a merged bump

® »0)= |y |*+|w



[IF@uantum geodesics | Quantum differential structures

e (! space of differential 1-forms for algebra A

drop the (graded) commutativity but keep:

0l a((db)c)=(a(db))c bimodule
d: A — Q! d(ab)=(da)b+a(db) Leibniz rule
{Z adb} = 0l surjectivity

@® Extend to DGA of differential forms 0 — TAﬂl/Z —3,0" d2
(generated by A, dA)

0

@® *DGA antilinear graded-involution commutes with d
o I:A — C non-deg = div;:y = AHom(Ql,A) — A

[(adivf(X) + X(da)) =0 Va € A,

w/ Beggs & SM LMP 2023

positive linear functional



ge N 0! ds2 = Zg/wdx”dx” w/ Beggs book
A
with bimodule map inverse (| ) : Ql @ Ol — A \;\ ‘ /\/
Dubois-Violette & Michor JGP 1996 ) ol o ot )
v 0l - 0leol V(fw) = df @w + fVuw Vie A
A w e Q!

o0 - 0len! V(wf)=ocwadf)+ (Vw)f
A A

bimodule connections extend to tensor products

g
: g
Viw®dn) =Vw®n+ (c®id)(w® Vn) v Vv
Vg = + 5 =0
=P metri tibilit
metric compatibility U N g{l e

® Tv: 0l - Q? Tv =AV —d torsion tensor

Quantum Levi-Civita connection Ty = Vg =0 -VV)( X =X @y Q!

right conn on vect fields



DNV Q@ = My(C)s, t]/(s>, t?) ds = 2E,st, dt = 2E|,st
g=sRSs+1R1 sk =—t, s1eQ! fs» f; dual basis of y
Vafs =pEn fs®s—(PEnn+2E)fiQt+pEnfi®s—pEyfit

ox(s® fs) = fs ®s+p(fi ®s — fs®1)  Example of l-param QRG p € iR

etc.

: : Beggs JGP 2020
Quantum geodesic equations w/ Beggs JMP 2024

Ky = EdiV ((X) flow divergence X, €x
' : K, W, €A
X, + [X, k] + (1d ® X,) V;((Xs) = (0 velocity flow R
W, = —yk, — X (dy,) amplitude flow proper time

® Need JXS(w*) ~X(w)*=0 VoeQ! X, ‘real’ with respect to [

Lemma Then [w;“z/fs constant in s Il//;X< @WS

I <@>‘/’s= >x<
=p probabilistic picture Il//s Y




Ex Quantum geodesic flow on M,(C) w/ Beggs, LMP 2022

. 1
® X°- 5[([]312,)(8] + [E21, X)), X*| - [E12, X°]X® - [ B2, X°) X'

Xt . — (E21XSXSIO — (2E21 + pElg)XSXt + ElQXtXSp — E21Xtti)

® =—[Fp2, ] X° ~ [Eay, ] X" — bk

Im(psi)

Re(psi)

| O) does not stay real.

w(0) = <0 i




Generally covariant quantum mechanics RUAEESMRIgIPE

® (M, g)a (pseudo) Riemannian manifold
A=D(M) algebra of differential operators gen by C*(M), Vect(M)

Local coordinates {x*,p, = 0,} = Heisenberg algebra

1 [(x*,p,] =Ad¥,, A =—ih
® h=—0"pp,—A"p,)+Vx) e DIM)
2m

= QD(M) nonassociative at order 12 in presence of curvature

[Xa é’-] = A (VXS) T ZQ/ (g,uv S,u VUX) T % 9/(X'0 s,u g,uv Rv,o + g,uv X'O;v S,u;,o)

. ) ) é? S Q})(M) corresp to £ € Qlm)
® 0 : puy — Lin(L°(M)) Schrodinger repn

o’ A
oo (g, ).
" e kerp

0’ A
dp,u — % (Fv,uaggp(pvpp — )\Ffv,opr) + Egaﬁ Fv,Boz,,u Pv—Vu

Jacobiator factors through ker p



Generally covariant quantum mechanics (ctd)

® O =ds dZxH dx" dx” A dx"
V=0 ds? Pds  ds + 2m - ds +

CHY — —go‘ﬁ(g“yf’”ya,,g + gv)/rliya,ﬁ) 4+ gll«jrv;ﬁ _ gVﬂF'““;,B 4+ Faﬁll«rvaﬁ _ Faﬂvruaﬂ

"Heisenberg picture’ geodesic equations arise to maintain associativity

@® quantum geodesic flow on D(M) at least in flat spacetime case

(w/ QRG in the curved case partly known) w/ Beggs JMP 2024

=P ‘Schrodinger picture’ Klein-Gordon flow with potential V € C*(M)

—A—=(C—0+V)e @ € L*(M) again “wave fn’ on spacetime

(or smooth version in practice)

Klein-Gordon fields = stationary modes for KG flow




Ex Schwarzschild black hole atoms V=0 and fixed frequency p,/h modes

- , Q.= ey, 0,9)

A‘w ( f A+ V)Y 2
—A—=(— p rs _

2m H Vepr(r) :=—(1— =) 1 &

r 2m

as

@ atom-like stationary states = certain solutions of the KG equations
sin(ar + B)

2 (i) For ExG = —% W (r) ~
(—%A + Verp)¥ = Eggr (i) For Exg < —£5. ) ~ e;ﬁ

2m’

(i) like (ii) but bounded
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fractal behaviour approaching the horizon

@® Also atomic modes inside, with discrete spectrum for Neumann at r = 0



Black-hole KG flow

horizon located at r¢ = 1

Initial Gaussian bump at r = 10 gets swallowed by black-hole releasing "horizon modes’
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0 -ttt

1.0F
108
106
104

10.2F

L L
0.5 1.0 15 2.0 25 3.0

ly |

(wlw)

@ S = - (In( )

70F
6.5
6.0
55F

5.0

0.5 1.0 1.5 2.0 25 3.0




Other results w/ Kumar arXiv:2605.28582

iS(s, x) W cX, slowly varying
® Eikonal/WKB ansatz @(s,x) = e 7 y(s,x)

S real, fast varying

ﬂago = " §+ - (vS)?) = hQD h —VHSV L os
s om P ->¢( +%( ))_5_ ¥+ (@D‘l‘ Mw+—( )w)
(1) S+ (VS2=0 = X"+ XIV,X"=0 xr = Lyeg

2m m

(2) 4+ XPV ) + = (V X"p =0

So KG flow = classical quantum geodesic flow

Ddiv(X)
Ds -

® Aharonov-Bohm phase effect for motion past a black-hole

. in context reduces to the Raychaudhuri eqns

o s arises as the proper time of any particle’ in the flow




lHIFVIaster equation | A-B bimodule connections Beggs |GP 2020

w/ Beggs book
Ve:E->FEopQl |og:Q®aFE > EopQy

Ve(eb) =e®db+ (Vga)b Ve(ae) =g(da®e) +aVge

ifp:(E, V) —» (F,Vy) V(@) :=Vedp—(¢pQid)Vy: E—> FQzQ;

2-category of "differentiable’ bimodules

Objects: diff algebras (A, Q!,d)

Mor(A,B): category of A-B-bimodules w/ con (£, V, o) with 2-Mor bimodule
maps ¢ with V(@) = 0 and usual (vertical) composition

Qg : Mor(B, C) X Mor(A, B) = Mor(A, C)
= E F
F E Rp F rF o E F

E \Y% g = /
V - \V/ E EQF — o
(horizontal) composition — £®F ‘ ?\ + / /GF E/ ; /GF



® If Q!and Qj have right bimodule connections then both sides of 65 have
tensor product right A-B-bimodule connections. o QU E o o E

[/ /
N

Propn V (oy) a bimodule map (eg 0) iff y
Y

Yang-Baxter or braid relations hold

E Q} Q} Ql Qj

B = C*(R), QL classical Vpds =0, op(ds®ds) =ds ®ds

Vey = (f + wi, + X(dy) Qp ds Vey =0
amplitude flow

op(da @, ) = X ((da) .w) @z ds V(on) =0

V(og) =0 —pp colouredYB velocity egns (+...)

braid relations
¥ 3 “

quantum geodesics €= 7= quantum jet bundles integrable systems???
w/ F.Simao LMP 2023

E=AQB3Sy =—p =

= Noncommutative var calculus on lattice w/ FSimao arXiv:2508.02628

=P |exactly conserved lattice energy-momentum Thank You




