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dust particles moving on geodesics  tangents define vector field  
obeying geodesic velocity equation 

density  obeys continuity equation 

Xs

ρ

·ψ = − Xs(dψ) −
1
2

ψdiv(Xs)

·Xs + ∇Xs
Xs = 0

·ρ = − Xs(dρ) − ρdiv(Xs)

Let for a wave function  obeying the  amplitude flow equationρ = |ψ |2 ψ

we reverse usual concept 
and first solve for this  
for flow to time s

Xs

Convective derivative  of the divergence is the Ricci tensor
D
Ds

:=
∂
∂s

+ Xs

Ddiv(Xs)
Ds

= − Xj
; iXi

; j − XiXjRicciij

Beggs JGP 2020
 w/ Beggs LMP 2023

Wave function  on spacetime, s is external geodesic proper timeψ(x, t)

I Classical geodesic flows
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Figure 1. Kruskal-Szekeres diagram illustrating the four regions
of spacetime: Region I (exterior), Region II (black-hole interior),
Region III (parallel universe exterior), and Region IV (white hole
interior). The event horizons are at the dashed axes and the sin-
gularities are on the hyperbolas shown.
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Classical geodesic flows around a Schwarzschild black-hole

Kruskal-Szekeres UV coordinates
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to be chosen automatically. The code used to generate the plots is made available
in [12].

2. Preliminaries on Kruskal-Szekeres coordinates and geodesics

We briefly recap Schwarzschild spacetime and associated conformal transformations
adapted to the geometry near the black-hole horizon. The Schwarzschild metric
for a non-rotating black-hole in Lorentzian signature (� + ++) and natural units
(G = c = 1) is,
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Here rs is the Schwarzschild radius, and the coordinates are �1 < t < 1, 0 <

r < 1, 0  ✓  ⇡, 0  � < 2⇡. These coordinates are singular at the event
horizon at r = rs and instead we use Kruskal-Szekeres coordinates, which extend
the Schwarzschild metric analytically beyond the horizon and indeed into two other
parallel regions. We first change to timelike coordinate T and spacelike coordinate
X as follows (the angular coordinates are untouched).
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(principal branch) function:
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As shown in Figure 1, the Kruskal diagram in the T -X plane has four quadrants
separated by the event horizons now appearing as T = ±X:

• Region I (right quadrant): |T | < |X|, X > 0; the asymptotically flat exte-
rior of our universe (r > rs), where observers can escape to infinity.

• Region II (top quadrant): T > |X|, T > 0; the black-hole interior (0 < r <

rs), from which nothing can escape, leading to the future singularity.
• Region III (left quadrant): |T | < |X|, X < 0; another asymptotically flat

exterior (r > rs), interpreted as a parallel universe.
• Region IV (bottom quadrant): T < |X|, T < 0; the white hole interior (0 <

r < rs), a time-reversed black-hole from which matter emerges, connected
to the past singularity.

The r = 0 singularity is now spread along the hyperbolas T
2
�X

2 = 1 . General
curves of constant r are further hyperbolas, while constant t are straight lines
through the origin. A standard Kruskal diagram showing these quadrants can be
seen in Figure 1.

Finally, we move to null coordinates U = T �X,V = T +X where the U, V axes
are the event horizons. Using tortoise coordinates u = t � r

⇤
, v = t + r

⇤, where
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gularities are on the hyperbolas shown.
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Choose  and evolveX(0) = XU∂U + XV∂V
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Figure 12. Plots for (a) X(s) needed for the 2-bump collision
computed at res=0.003 and (b) the same after smoothing.

this single vector field evolve with s as a geodesic velocity field. The physical
interpretation of this is unclear for the reasons above (basically two particles or two
particle bunches is not how we think of a geodesic flow), but we can take any initial
X(0), so we are free to do this. The down-side, however, is that as the system
evolves, if at some point two wave functions or densities approximately coincide,
then they must both continue to evolve approximately the same, as there is only
one (shared) velocity vector field X. What this means is that we can, and shall,
model two particle ‘bumps’ meeting but they will tend to move together thereafter
rather than to actually cross each other. It is not impossible that they cross, e.g.,
if one has a very di↵erent shape from the other, but exhibiting this would appear
to take a much higher resolution than available.

4.3.1. Evolution of the interpolated velocity field and smoothing. To be concrete, we
let ‘particle 1’ be a positive  -bump centred at (�3.5, 2.5) with X1(0) the same type
as used in Figure 5. Let ‘particle 2’ be a negative  -bump centred at (�2.6, 2.2) and
X2(0) given by constant value 3 on U = Umin, i.e. with very di↵erent velocities.
We then tanth-interpolate these with

X
U (0) =

1

2
(1� tanh(3(U + 3)))XU

1 (U, V ) +
1

2
(1 + tanh(3(U + 3)))XU

2 (U, V )

as our initial velocity field. We set XV from X
U so as to be unit speed. We then

let X(0) evolve using res=0.003 with results as shown in Figure 12. We see that
the transition zone between the two regions moves towards the U = 0 horizon.
Here V ranges from Vmin = 1.5 to Vmax = 5. However, we also see that as s

increases, the solution rapidly develops numerical noise/ripples. The ripples also
grow in amplitude as we approach the V = 0 horizon and we have set Vmin = 1.5
to reduce their impact. They are not, however, caused by the edge of the domain
(where we do not impose any condition) since we can set Vmin = 0.5 and still have
substantially the same cross-section at a given V in the interior. Our approach to
these ripples is that they are numerical artefacts and should be smoothed out as
shown in the second row. The smoothing is done for each s by evaluating X

U on
a uniform (U, V )-grid, to each 2D dataset we apply a Gaussian convolution of a
fixed small radius and then re-interpolate this filtered data. The result is shown as
X

U
smooth(s).

This will be used to sweep one Gaussian
bump onto another so they collide
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Figure 14. (a) Two ‘particle’ bumps evolving with respect to
X(s) from Section 4.3.1. Up to s = 0.5, the displayed case of
evolving | |

2 where one of the  -bumps is negative is qualitatively
similar to case of two Gaussian bumps and evolving ⇢(s); (b) Cross-
section of | |2 at V = 2.9 for opposite sign initial  -bumps colliding
to a dipole; (c) Cross-section at V = 3.3 of initial ⇢-bumps colliding
to another bump. The trailing peaks or ripples in the two cases
are numerical noise.

expected to look very di↵erent from the second row of Figure 12, just a slightly
steeper transition as this was blunted by the smoothing.

4.3.2. Evolution of amplitude  bumps to a dipole vs evolution of density ⇢ bumps.
In this section, we solve the  evolution (3) with respect to the smoothed X(s)
obtained in the preceding section, except that we resample it with 0.02 intervals in
s and 0.1 intervals in U, V . This is purely to speed up the numerical solutions in
this section, without changing X

U too much. It consists of a step in X
U moving

towards the U = 0 horizon and looks identical to Figure 12(b) but without visible
ripples by the time we have done the resampling.

Relative to this velocity field, we take the initial  (0) to be a superposition of two
bumps of di↵erent phases (we chose to keep  real for simplicity, so one bump is
positive and the other is negative). The bump centres are located such that classical
geodesics with velocity starting with the value of X(0) at the two locations would
meet and cross-over near s = 0.65. Interestingly, this does not happen – the two
‘particles’ indeed move towards each other but when they collide they turn into and
continue to evolve as a real dipole. This is shown in Figure 14(a) for the run-up and
in cross-section at V = 2.9 in Figure 14(b) from s = 0.3 onwards. As an integrity
check (33), with ⇢ = | |

2 here, we find during the evolution that it remains constant
up to 2.8% over the full range of s discussed. Note that the positive and negative
 -bumps can never ‘catch up’ and still maintain their shape since to do so would
drastically reduce the norm due to overlap with opposite sign. The cross-section
images show some ambient trailing numerical noise at the used res=0.0005, which
should be ignored.

By contrast, we show the ⇢-evolution of two density bumps where each bump is
the | i|

2(0) of the previous wave-function bumps. (This is equivalent to two wave

ψ1, ψ2 initial Gaussian bumps in the UV plane

ψ(0) = ψ1 − ψ2 evolves to a dipole in (a) and cross-section (b)

ρ(0) = |ψ1 |2 + |ψ2 |2 evolves in (c ) to a merged bump

V

U

U

U



Ω
1 a((db)c)=(a(db))c bimodule

d : A → Ω
1 d(ab)=(da)b+a(db) Leibniz rule

  II Quantum geodesics 

Extend to DGA of differential forms Ω = TAΩ
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Quantum differential structures

 space of differential 1-forms for algebra A⌦1

∀a ∈ A,

 non-deg      ∫ : A → ℂ div∫ : χ = AHom(Ω1, A) → A

∫ (adiv∫(X) + X(da)) = 0

w/ Beggs & SM LMP 2023
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positive linear functional
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Quantum Levi-Civita connection T∇ = ∇g = 0

right conn on vect fields 

∇χ : χ → χ ⊗A Ω1

w/ Beggs book

Dubois-Violette & Michor JGP 1996



∫ Xs(ω*) − Xs(ω)* = 0 ∀ω ∈ Ω1

Lemma  Then   constant in s  ∫ ψ*s ψs

probabilistic picture

Need  `real’ with respect to Xs ∫

·ψs = − ψsκs − Xs(dψs)

velocity flow  ·Xs + [Xs, κs] + (id ⊗ Xs)∇χ(Xs) = 0

amplitude flow

κs =
1
2

div∫(Xs) flow divergence Xs ∈ χ

κs, ψs ∈ A
s ∈ ℝ
proper time

Beggs JGP 2020
w/ Beggs JMP 2024

⟨𝒪⟩ψs
=

∫ ψ*s 𝒪ψs

∫ ψ*s ψs

Quantum geodesic equations

Ex A = M2(ℂ)

Quantum geodesic flows and curvature Page 23 of 44    73 

plays the role classically of the quadratic form Xk Xr Rkr on X featuring in Proposi-
tion 3.2 for the convective derivative of div(X). By construction, if Xt is initially real
and obeys the secondary condition in Corollary 4.12 to stay real as it evolves, then
R(X) will likewise be a twisted hermitian element of the algebra, because the other
parts of (19) are. We therefore propose it as a ‘quadratic form’ version of the Ricci
tensor derived from looking at geodesic velocity vector fields but applicable on any
X ∈ X.

Corollary 4.17 If Xt obeys the geodesic velocity equation, then

∫ (
R(X)+ F(X) − div(X)2

)
= 0.

Proof We use (19) in

∫
Ddiv(X)

Dt
=

∫
d div(X)

dt
+ X(d div(X) = d

dt

∫
div(X) − div(X)2 = −

∫
div(X)2.

#$

5 Quantum geodesics onM2(C)

We take M2(C) with its standard differential calculus ! = M2(C)[s, t]/〈s2, t2〉,
where s and t are central and d f = (∂s f )s + (∂t f )t is given on f ∈ M2(C) by

∂s f = [E12, f ], ∂t f = [E21, f ].

The calculus is inner with θ = E12s + E21t , and d on higher forms is likewise given
by a graded commutator, in particular

ds = 2θs = 2E21st, dt = 2θ t = 2E12st .

There is a natural ∗ structure s∗ = −t , and we take lift i(st) = 1
2 (s ⊗ t + t ⊗ s).

Here, i((st)∗) = i(st) = i(st)† so commutes with ∗ rather than anticommuting as
required to ensure the usual reality properties of Ricci. Metrics are given by four
complex coefficients in the tensor product basis with condition for ‘reality’ g† = g of
the metric, see [2]. Here, we consider just the metric

g = s ⊗ s + t ⊗ t

as a sample in this moduli space. The QLCs for this are not unique but there is a natural
3-parameter moduli of inner connections defined solely by the generalised braiding
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From the above, the dual right connection on vector fields now simplifies to

∇X fs = ρ E21 fs ⊗ s − (ρ E12 + 2 E21) fs ⊗ t + ρ E12 ft ⊗ s − ρ E21 ft ⊗ t,

∇X ft = ρ E12 fs ⊗ s − ρ E21 fs ⊗ t + (ρ E21 − 2 E12) ft ⊗ s − ρ E12 ft ⊗ t,

σX(s ⊗ fs) = fs ⊗ s + ρ( ft ⊗ s − fs ⊗ t), σX(s ⊗ ft ) = − ft ⊗ s + ρ( fs ⊗ t − ft ⊗ t),

σX(t ⊗ fs) = − fs ⊗ t + ρ( fs ⊗ s − ft ⊗ t), σX(t ⊗ ft ) = ft ⊗ t + ρ( ft ⊗ s − fs ⊗ t).

In what follows, we adopt an index notation with a = s, t and

DbXa = ∂bXa + $a
bcXc

so that ∇XX = fa ⊗ bDbXa if X = fs Xs + ft X t ∈ X, where we sum over repeated
indices.

Proposition 5.2 ∇∇(ẽv) = 0. Moreover, writing Yab = DbXa for brevity,

F(X) = YabYba + ρ (YtsYss + YssYts − Ytt Yst − YstYtt )+ ρ2 ((Yst + Yts)2 − (Yss + Ytt )2)

R(X) = −2(Xs Xt + Xt Xs)+ 2ρ
(
(Xs)2 − (Xt )2 +

(
bsbt − csct −asct − csdt
asbt + bsdt bsbt − csct

) )

+ ρ2
( −b2s + b2t + c2s − c2t (as + ds)(bt + cs) − (at + dt )(bs + ct )

−(as + ds)(bs + ct )+ (at + dt )(bt + cs) −b2s + b2t + c2s − c2t

)
,

where

Xs =
(
as bs
cs ds

)
, Xt =

(
at bt
ct dt

)
.

Proof We first calculate, with ∇̂ = σ−1
X ∇X,
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( fs ⊗ s) = ρ($t
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st )s + ρ($s
tt − $t

ts)t
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ẽv(id⊗ ev⊗ id)(∇XX ⊗ ∇XX) = YabYba
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Figure 1. Quantum geodesic on M2(C) with its Ricci flat connection ⇢ = i
and a geodesic vector field given by ↵ = � = � = 1,� = 0. We plot the matrix
entries on the complex plane of the resulting amplitude flow  (t) ∈M2(C) with
initial  (0) = id. The outer curves are the diagonal entries and the inner ones
o↵-diagonal.

5.3. Quantum geodesic flows for ⇢ = i. For a concrete example, we set ⇢ = i (for a Ricci flat
curvature) and first solve the improved auxiliary equation (20) with a 4-parameter solution

X
s = �e⇡i

4 (d − a) c + ib
b + ic e

⇡i
4 (d + a)� ; a, b, c, d ∈ R

We now let these parameters vary in time and find that (18) is

ċ = 0, ḋ = 0, ȧ = 2bd, ḃ = −2ad
which is simple harmonic motion, so we have a 4-parameter geodesic velocity field

X
s = �e⇡i

4 (� − (↵ cos(2�t) + � sin(2�t)) � + i(� cos(2�t) − ↵ sin(2�t))(� cos(2�t) − ↵ sin(2�t)) + i� e
⇡i
4 (� + (↵ cos(2�t) + � sin(2�t)))� , X

t = −Xs∗

for initial values ↵,�,�, � of a, b, c, d respectively.
Relative to this, we have to solve the amplitude flow equation (21) where

 = � � cos(2�t) − ↵ sin(2�t) e
⇡i
4 (↵ cos(2�t) + � sin(2�t))

e
−⇡i

4 (↵ cos(2�t) + � sin(2�t)) −(� cos(2�t) − ↵ sin(2�t)) � .
A numerical solution for ↵ = � = � = 1,� = 0 and  (0) = id the identity matrix is shown in
Figure 1. One can check to within numerical accuracy that the o↵-diagonal entries of  vanish
at t = n⇡�4 for all odd n in the range and at these points Im 11 = Re 22. Meanwhile at t = n⇡�2
for all n in range, one has  11 =  22,  12 = (−1)n ̄21 and  12 = rne(−1)n ⇡i

4 for real rn. We have
marked t = ⇡�4 and t = ⇡�2 as examples. Looking from a coarser perspective out to large t, we
also see that the diagonal entries of  precess in an approximate circle while the o↵-diagonal
entries remain near to 0 and repeatedly return to it. This reflects the initial starting point. One
can further check that while the squared absolute values of the 4 entries of  clearly vary in time
(as the square of the distance from the origin in the complex plane), their sum remains constant
at 2, in line with our probabilistic interpretation with respect to ∫ = 1

2Tr
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  does not stay real. ψ(0) = (1 0
0 1)
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5.2. Quantum geodesic flow equations on M2(C). As before, we write X = fsX
s + ftXt

but with components now time-dependent and we set

 = 1

2
div(X) = 1

2
[E12,X

s] + [E21,X
t]

along with � = 1
2Tr in view of Proposition 5.1. The reality condition on vector fields from

Theorem 4.7 comes down to

(Xs)∗ = −Xt

since & = id, while the geodesic velocity equation is

Ẋ = 1

2
�([E12,X

s] + [E21,X
t]),X� − (id⊗X)∇X

= 1

2
�([E12,X

s] + [E21,X
t]),X� − fsX(dXs) − ftX(dXt) − (id⊗X)((∇fs)Xs) − (id⊗X)((∇ft)Xt).

We have

(id⊗X)((∇fs)Xs) + (id⊗X)((∇ft)Xt)
= fs�E21X

s
X

s
⇢ − (2E21 + ⇢E12)Xs

X
t +E12X

t
X

s
⇢ −E21X

t
X

t
⇢�

+ f t�E12X
s
X

s
⇢ −E21X

s
X

t
⇢ − (2E12 −E21⇢)Xt

X
s −E12X

t
X

t
⇢�

and thus

Ẋ
s = 1

2
�([E12,X

s] + [E21,X
t]),Xs� − [E12,X

s]Xs − [E21,X
s]Xt

− �E21X
s
X

s
⇢ − (2E21 + ⇢E12)Xs

X
t +E12X

t
X

s
⇢ −E21X

t
X

t
⇢�(18)

Ẋ
t = 1

2
�([E12,X

s] + [E21,X
t]),Xt� − [E12,X

t]Xs − [E21,X
t]Xt

− �E12X
s
X

s
⇢ −E21X

s
X

t
⇢ − (2E12 −E21⇢)Xt

X
s −E12X

t
X

t
⇢� .(19)

We first look at the content of the auxiliary condition in [5] which is su�cient but not necessary
for real geodesic evolution.

Lemma 5.3. If X ∈ XL
is real then �X,X(X ⊗X) =X ⊗X holds only if X = 0.

Proof. Looking at the coe�cients of �X,X(X ⊗X)−X ⊗X = 0 we get one entry ⇢(Xs
X

t+Xt
X

s) =
0 so if ⇢ ≠ 0 thenX

s
X

t+Xt
X

s = 0. There is another entry −(Xs
X

t+Xt
X

s)+⇢(Xs
X

s+Xt
X

t) = 0,
so if ⇢ = 0 we still get Xs

X
t +Xt

X
s = 0. In the case of real X this means Xs∗

X
s +Xs

X
s∗ = 0

which requires Xs =Xt = 0. ⇤

Thus, this condition is too strong. Instead we proceed with X real but the minimal ‘improved’
auxiliary condition on it such that the flow remains real. This is obtained by applying ∗ to the
equation for Ẋs and requiring to get the equation for Ẋt, and comes down to

(20) {E12,{Xs
,X

t} − ⇢((Xs)2 − (Xt)2)} + ⇢ �[E21, [Xs
,X

t]]}� = 0
on remembering that ⇢ is imaginary. If ⇢ = 0 then we need E12 to anticommute with {Xs

,X
s∗}

which is a positive operator and hence must be real and symmetric. One can show that this
requires {Xs

,X
s∗} = 0 so we are back with the auxiliary equation case. Therefore, real solutions

in the sense X
s∗ = −Xt at all times t can exist only with ⇢ ≠ 0.

After solving for X, we then solve the amplitude flow equation ∇E = 0 for  (t) ∈ M2(C),
which amounts to

(21)  ̇ = −[E12, ]Xs − [E21, ]Xt −  .

·Xt = . . .
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equation for Ẋs and requiring to get the equation for Ẋt, and comes down to
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(M, ) a (pseudo) Riemannian manifoldg

A=  algebra of differential operators gen by  D(M) C∞(M), Vect(M)

Local coordinates   Heisenberg algebra{xμ, pν = ∂ν}

𝔥 =
1

2m
(gμν pμpν − λΓμpμ) + V(x) ∈ D(M)

[xμ, pν] = λδμ
ν, λ = − iℏ

ΩD(M) nonassociative at order  in presence of curvatureλ2

Generally covariant quantum mechanics Page 3 of 65     9 

denotes the L2(M) inner product. The basic idea of the paper is to transfer quantum
mechanical ideas from the operator side in the image of ρ to the smooth geometric side
of D(M) where we can aim to use tools of (noncommutative) differential geometry.
We view this as motivation for our definitions on D(M), with the further study of
their connection to the operator side a topic for further work, as it would need rather
different tools of functional analysis.

In the case where M is space and time is external, the picture we have in mind does
appear to be in line with the time-independent case of what is usually called quantum
mechanics on curved spacetime in the sense of [14], except that this is usually done
as a Schrödinger equation, whereas we lift the evolution to theD(M) level. But when
M is spacetime, the physical interpretation of our results is less clear for two reasons,
both of which we start to look at in examples and applications towards the end of the
paper. The first is that ‘wave functions’ ψ on spacetime are not something usually
considered in physics. The second is that whereas the concept of one particle moving
along a geodesic entails a proper time s as geodesic parameter, we are effectively
extending this to some kind of collective proper time with respect to which evolution
take places. Hence, our quantum mechanics-like evolution with respect to s is not
actual quantum mechanics in any conventional sense, although it has parallels. What
has sometimes also been referred to as quantum mechanics in curved spacetime is
fields obeying the minimally coupled Klein–Gordon or Dirac equation viewed, where
possible, as quantum mechanics-like with respect to a global time coordinate. See,
for example, [15] for an early work on this view around a Schwarzschild black hole.
There are issues in the Dirac case about what is left of coordinate invariance, see [1]
and related works. In our case, by focusing on stationary states under s we arrive at
a similar point of considering solutions of the Klein–Gordon equation (but not for a
particle of fixed mass) which is then comparable to these works. Finally, this circle of
ideas should not be confused with quantum field theory on curved spacetime, which
is quite well understood using operator algebra methods at least when M is globally
hyperbolic (the main issue in general is lack of a unique vacuum state), see [19, 22]
for relatively recent reviews. We do, however, obtain classical geodesic motion in the
! → 0 commutative limit, and hence, with the above caveats, the present work fills a
certain quantum mechanics level gap between classical geodesics on M as in GR, and
quantum field theory on spacetime M using operator algebra methods.

We turn now to the principal results of the paper and where they can be found. In
order not to overpromise, let us say right away that the key thing we find, in Sect. 4, is a
curvature obstruction to an associative differential exterior algebra#D(M) onD(M) of
the type needed. This obstruction, which appears in a breakdown of Jacobi identities at
order λ2, is in line with curvature obstructions in [5] in a different context. It is also at
this order that we see the appearance of the Ricci tensor in our resulting commutation
relations

[X , ξ̂ ] = λ (∇̂Xξ) − λ

m
θ ′ (gµν ξµ ∇νX) − λ2

2m
θ ′(Xρ ξµ gµν Rνρ + gµν Xρ ;ν ξµ;ρ

)
.

(1.1)

123

 corresp to ̂ξ ∈ Ω1
D(M) ξ ∈ Ω1(M )
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Here, X is a vector field, ξ is a 1-form on M , ξ̂ is its image as a 1-form in "1
D(M)

,
∇ is the Levi-Civita connection, also indicated by a semicolon, and Rµν is the Ricci
curvature. The parameter m will play the role of a particle mass, and the element θ ′

is a central 1-form on D(M) as in [7, 30] which will be understood as a proper time
interval. The way that these commutators emerge is that we ask that the Schrödinger
representation extends to a representation of the whole exterior algebra

ρ : "D(M) → Lin(L2(M)) (1.2)

still typically with unbounded operators. Since the composition of operators (where
their domains allow) is necessarily associative, "D(M) would also have to be associa-
tive if ρ were to be injective. However, this is not the case, and instead, all the terms
that lead to nonassociativity of the calculus are in the kernel of ρ. On the other hand,
searching for ρ to the extent possible does lead to a full set of commutation relations,
of which (1.1) is one, between elements of D(M) and their differentials in "1

D(M).
This step-by-step derivation of a generally covariant set of commutation relations is
achieved in Sect. 3. The method used is the same as in [7], namely to write down a
natural (covariant) form of Hamiltonian h and ask that evolution given by commutator
with this matches up with what we expect for the quantum geodesic flow. The Jacobi
identity issue is then covered in Sect. 4.

To complete the noncommutative geometry behind the quantum geodesic requires
a technical component of a suitable ‘bimodule connection’ ∇ with respect to which
our geodesic velocity field X on D(M) in Proposition 5.5 should be autoparallel.
This appears to be rather complicated and is deferred to further work. It is expected
to exist at least to order λ2 as a globalisation of the one in [7] for the flat case, but
meanwhile the geodesic flow itself is still defined in line with X found to this order
in Sect. 5. Section 4 also identifies natural elements of "1

D(M) that are in the kernel
(and likely span it over the algebra, although we do not prove this). In the relativistic
case without external potential V , and working to order λ2 and (for convenience) with
local coordinates, these are

dxµ − θ ′

m

(
gµν pν − λ

2
'µ

)
, (1.3)

dpµ − θ ′

m

(
'ν

µσ gσρ(pν pρ − λ'τ
νρ pτ )+

λ

2
gαβ 'ν

βα,µ pν − V,µ

)
, (1.4)

where pµ = ∂µ as a local vector field when viewed locally in D(M) and mapping
to λ ∂

∂xµ in the Schrödinger representation, and 'µ = 'µ
νρgνρ is a contraction of

the Christoffel symbols. Therefore, if we set (1.3)–(1.4) to zero in order to kill the
nonassociativity in the calculus, and if we interpret θ ′ = ds as ‘proper time’ s then we
can interpret (1.3) as definition of pµ in terms of dxµ

ds , in which case (1.4) becomes

d2xµ

ds2
= −'µ

νρ
dxν

ds
dxρ

ds
+ λ

2m
Cµ

ν
dxν

ds
+ O(λ2) (1.5)

123

Schrödinger repn
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the Christoffel symbols. Therefore, if we set (1.3)–(1.4) to zero in order to kill the
nonassociativity in the calculus, and if we interpret θ ′ = ds as ‘proper time’ s then we
can interpret (1.3) as definition of pµ in terms of dxµ

ds , in which case (1.4) becomes

d2xµ

ds2
= −'µ

νρ
dxν

ds
dxρ

ds
+ λ

2m
Cµ

ν
dxν

ds
+ O(λ2) (1.5)
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Here, X is a vector field, ξ is a 1-form on M , ξ̂ is its image as a 1-form in "1
D(M)

,
∇ is the Levi-Civita connection, also indicated by a semicolon, and Rµν is the Ricci
curvature. The parameter m will play the role of a particle mass, and the element θ ′

is a central 1-form on D(M) as in [7, 30] which will be understood as a proper time
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(the order λ2 term can also be computed), where

Cµν = −gαβ (gµγ &ν
γα,β + gνγ &µ

γα,β )+ gµ j&ν ;β − gνβ&µ;β + &αβµ&ν
αβ − &αβν&µ

αβ ,

see Proposition 5.3. The combination of derivatives here is different from that in the
curvature, and indeed, Cµν does not transform as a tensor (it could possibly be better
understood in terms of jets, although we have not done this). Moreover, (1.5) becomes
an operator equation in the ‘Heisenberg picture’ when viewed in the Schrödinger
representation, where these relations hold. The equations (1.5) are coordinate invariant
and can be computed in any coordinates, but the separate terms in isolation do not
transform simply, both because of&µ

νρ andCµν , and because the dxµ
ds do not commute

with functions. In the non-relativistic version where M is space and θ ′ = dt for an
external time s = t , and with an external potential V in the Hamiltonian, we similarly
recover noncommutative versions of Hamilton–Jacobi equations of motion on the
curved space with order λ corrections. Also note that real vector fields are not invariant
under ∗ due to a divergence correction (see Sect. 2.3) but can be corrected so as to
be invariant. Doing this to the pi associated with local vector fields ∂i and applying
the representation ρ then recovers the hermitian momenta in (5.31) of [14] in the case
where M is space.

From (1.5), we can see as promised that geodesic motion as in conventional GR
is contained in our algebraic set-up at zeroth order. Indeed, for λ = 0, (1.3)–(1.4)
are a standard cotangent bundle approach to geodesics flows as used, for example, in
[12]. The difference is that we ‘quantise’ this picture by providing order λ corrections
needed for a coordinate-invariant ‘Heisenberg picture’ onD(M) as the global version
of the Heisenberg algebra. We shall see that order λ is also relevant to the Schrödinger
representation andKlein–Gordon operator on ‘wave functions’.We also explained that
while the differential calculus on D(M) is nonassociative at order λ2, the equations
setting (1.3)–(1.4), i.e. the geodesic equations, are required to kill this associativity
obstruction in presence of generic curvature. This is a new ‘anomaly cancellation’
derivation of classical geodesic motion (rather different from the principle of least
action) and is a conceptual outcome of the paper even at the zeroth order. As explained,
the physical meaning of the order λ level is less clear not least due to the interpretation
of the time parameter s. On the other hand, some kind of proper time parameter like
this would seem to be unavoidable it we want to ‘quantise’ geodesic motion.

At a more practical level, Sect. 6 computes the main elements of the formalism for
some important special cases: (a) the flat case but now in any coordinate system due to
our geometric approach (here the differential calculus is strictly associative as usual),
(b) the case of a compact Lie group such as SU (2) = S3 computed in a left-invariant
basis, and (c) a Schwarzschild black hole background with its usual coordinates. This
provides a sanity check on the general results in earlier sections. Section 7 consid-
ers applications of the formalism, focussing on the case where M is spacetime and
without an external potential. This section can be understood directly from (1.3)–(1.4)
as derived in the preceding sections of the paper. We look at these operator geodesic
equations and an Ehrenfest theorem for their expectation values. On the other hand,
our ‘Heisenberg picture’ flow on D(M) has a corresponding ‘Schrödinger picture’
evolution on ‘wave functions’ ψ but now on spacetime with the Klein–Gordon opera-
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`Heisenberg picture’ geodesic equations arise to maintain associativity 

quantum geodesic flow on D(M) at least in flat spacetime case 

−λ
∂φ
∂s

= (−
ℏ2

2m
□ + V )φ  again `wave fn’ on spacetimeφ ∈ L2(M)

Klein-Gordon fields = stationary modes for KG flow 

(or smooth version in practice)

V = 0
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Killing vector. This extends ideas in [7] to the curved static case. The big difference
is that in pseudo-quantum mechanics the ‘quantum mechanics time’ is the geodesic
parameter time s as explained above and not the spacetime coordinate t . We work in
geometric units where the speed of light is c = 1. We continue to focus on a black
hole as representative of our methods.

The required reduction at the noncommutative geometry level is to restrict to func-
tions independent of t and quotient by the time coordinate case of (1.3),(1.4), i.e.

mdt = gttθ ′∂t , d∂t = 0 (7.6)

to order λ. As explained in Sect. 6.3, the vector field ∂t ∈ D(M) appears in the classical
limit as the ‘energy’ pt and the first of (7.6) withm interpreted as the mass of a particle
imposes that θ ′ = ds for the proper time in the classical approximation and for the
chosen signature. This is part of classically imposing (1.3) whereby

−ds2 = gµνdxµdxν = θ ′2

m2 gµνgµαgνβ pα pβ = −θ ′2

for a particle of mass m, but we need only impose it for one of the time coordinates to
identify θ ′ as proper time, i.e.with the right time dilation factor.We still have a quantum
geodesic flow on this reduced algebra that still lands on the Schrödinger equation and
is now closer to the conventional one for quantum mechanics. This reduced algebra
can be elaborated along the lines of [7], although we do not do so here as we do not
need it explicitly.

The second of (7.6) means we can represent the reduced algebra (and hence the
original algebra) on fixed frequency or more precisely fixed ‘energy’ pt elements of
the form

e
pt t
λ ψ(r , θ,φ), (7.7)

now with such wave functions also varying in s. Here ∂t ∈ D(M) in the noncommu-
tative geometry acts as λ ∂

∂t and hence has value pt on the above modes. Such modes
are not normalisable and hence not precisely in L2(M) but it is useful to include them
in the discussion (there are standard ways to deal with this issue more precisely). The
associated quantum geodesic flow/spacetime Schrödinger equation on these modes
then looks like

− λ
∂ψ

∂s
:= − !2

2m
!ψ = (− !2

2m
) + Vef f )ψ, (7.8)

where

Vef f (r) := −(1 − rs
r
)−1 p2t

2m
,

) := (1 − rs
r
)

∂2

∂r2
+ 1

r
(2 − rs

r
)

∂

∂r
+ 1

r2

(
∂2

∂θ2
+ 1

sin2(θ)

∂2

∂φ2 + cot(θ)
∂

∂θ

)
.

This has been set up to resemble some kind of quantum mechanics for a particle of
mass m on a 3-manifold with the spatial part of the metric plus an induced radial
force potential. Although this only looks like (and isn’t) what is normally meant by
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Fig. 3 Spherically symmetric l = 0 evolution eigenfunctions for the pseudo gravatom with p2t /2m = 0.5.
a shows oscillatory mode (i) with eigenvalue EKG = −0.49, exponentially divergent mode (ii) with
EKG = −0.51 and exponentially decaying ‘atomic’ mode (iii) with EKG = −0.51. b and c shows the
fractal nature of all three modes approaching the horizon, where successive close ups look the same

The latter is the same as for the angular part of the Laplace equation onR3 and solved
as usual for integral l by Legendre polynomials Pm

l (cos(θ)) where pφ = m! and

m = 0, 1, · · · , l (these functions combine with the e
pφφ

λ to spherical harmonics as
usual). So the only difference for us is the radial equation (7.11).

Note that if we take rs = 0 in the 2nd term on the left of (7.11) and work to order
rs in the 1st term then we obtain the usual equation for an energy E eigenstate of a
hydrogen atom, with the correspondence

EKG + p2t
2m

= E, rs p2t = me2

2π!2ε0
,

wherem is the reduced electron mass (that takes into account the mass of the nucleus).
e is the electron charge and ε0 the vacuum permitivity constant. Recall that the ground
state of the hydrogen atom is spherical (the wave function is purely radial) and up to
normalisation is of the form, with energy

ψ(r) = e− r
a0 , a0 =

4π!2ε0
me2

, E = − !2

2ma20
. (7.13)

Our case is more complicated, but we can expect some similarity in view of the above.
Some solutions are shown in Fig. 3 for rs = pt = m = 1 and pφ = 0 (the higher

spin modes follow a similar pattern). In this case ψ again depends only on the radius.
The radial equation depends critically on EKG and we find that:

(i) For EKG ≥ − p2t
2m , there are real oscillatory modes which (up to normalisation)

are well approximated for large r by

ψ(r) ∼ sin(αr + β)

r
.

There is a free boundary condition resulting in a phase shift of the form β as stated
for large r .
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quantummechanics, it has the merit that the KG flow/spacetime Schrödinger equation
is coordinate invariant; we are only choosing to look at it a certain way with respect to
a chosen coordinate time (and then extending to allow plane waves in this direction).
With this discussion, we are nevertheless led to a precise setting were we can ask
for ψ to be L2 on position space and use standard quantum mechanical methods and
language. As in quantum mechanics, one can either solve this directly by integrating
the first order PDE (7.8) or one can look for eigenvalues EKG and eigenfunctions of
the evolution operator, i.e. such that

(− !2

2m
" + Vef f )ψ = EKGψ,

which amounts to (7.7) solving the KG equation ! = m2
KG
!2 with ‘square mass’

m2
KG = −EKG2m.

We may potentially be interested in all the eigenvalues EKG , not only negative ones,
since there is no specific massive KG field in the picture and we are just using the
KG wave operator ! to define the flow. We illustrate both the direct numerical PDE
method and the eigenfunction method, and can consider the latter as

(
− !2

2m
" + Vef f +

p2t
2m

)
ψ = Eψ; !ω = −pt =

√
m2

KG + 2mE,

for ψ(r , θ,φ), where we subtracted the rest energy to match conventions of the ordi-
nary time-independent Schrödinger equations. We will find solutions ψE for E < 0
that are much like those of a hydrogen atom. Also, to align with ordinary quantum
mechanics, we will be interested in pt ≤ 0 or equivalently ω ≥ 0 as explained in
the introduction, see [10]. The asymptotic form of solutions of the KG equation in a
Schwarzschild background is known analytically in terms ofWhittaker functions [39],
and exact solutions for more general Kerr black holes were noted in [11] in terms of
Heun functions. These can also be solved for exactly using MATHEMATICA, which
is the approach we take. In both cases, graphs are presented in units with ! = 1.

7.2.1 Direct integration in the radial case

The simplest solutions are for ψ = ψ(r) constant in θ,φ. Then we can solve this
numerically see Figs. 1 and 2. Calculations are for rs = −pt = m = 1 and are done
numerically for r ∈ (1.000001rs, 50rs) with Neumann boundary conditions of zero
radial derivative along the horizon edge. Figure 1a, b studies the case of an initial
Gaussian centred at 10rs showing complex oscillations in ψ and a gradual diffusion
of the probability density |ψ |2. Part (b) shows the same model in close up nearer the
horizon and extending a little further in geodesic time s. We see the emergence of
further probability density waves when the region of disturbance reaches the horizon,
at around s = 0.65. Whereas parts (a)–(b) have the initial Gaussian centred far from
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Killing vector. This extends ideas in [7] to the curved static case. The big difference
is that in pseudo-quantum mechanics the ‘quantum mechanics time’ is the geodesic
parameter time s as explained above and not the spacetime coordinate t . We work in
geometric units where the speed of light is c = 1. We continue to focus on a black
hole as representative of our methods.

The required reduction at the noncommutative geometry level is to restrict to func-
tions independent of t and quotient by the time coordinate case of (1.3),(1.4), i.e.

mdt = gttθ ′∂t , d∂t = 0 (7.6)

to order λ. As explained in Sect. 6.3, the vector field ∂t ∈ D(M) appears in the classical
limit as the ‘energy’ pt and the first of (7.6) withm interpreted as the mass of a particle
imposes that θ ′ = ds for the proper time in the classical approximation and for the
chosen signature. This is part of classically imposing (1.3) whereby

−ds2 = gµνdxµdxν = θ ′2

m2 gµνgµαgνβ pα pβ = −θ ′2

for a particle of mass m, but we need only impose it for one of the time coordinates to
identify θ ′ as proper time, i.e.with the right time dilation factor.We still have a quantum
geodesic flow on this reduced algebra that still lands on the Schrödinger equation and
is now closer to the conventional one for quantum mechanics. This reduced algebra
can be elaborated along the lines of [7], although we do not do so here as we do not
need it explicitly.

The second of (7.6) means we can represent the reduced algebra (and hence the
original algebra) on fixed frequency or more precisely fixed ‘energy’ pt elements of
the form

e
pt t
λ ψ(r , θ,φ), (7.7)

now with such wave functions also varying in s. Here ∂t ∈ D(M) in the noncommu-
tative geometry acts as λ ∂

∂t and hence has value pt on the above modes. Such modes
are not normalisable and hence not precisely in L2(M) but it is useful to include them
in the discussion (there are standard ways to deal with this issue more precisely). The
associated quantum geodesic flow/spacetime Schrödinger equation on these modes
then looks like

− λ
∂ψ

∂s
:= − !2

2m
!ψ = (− !2

2m
) + Vef f )ψ, (7.8)

where

Vef f (r) := −(1 − rs
r
)−1 p2t

2m
,

) := (1 − rs
r
)

∂2

∂r2
+ 1

r
(2 − rs

r
)

∂

∂r
+ 1

r2

(
∂2

∂θ2
+ 1

sin2(θ)

∂2

∂φ2 + cot(θ)
∂

∂θ

)
.

This has been set up to resemble some kind of quantum mechanics for a particle of
mass m on a 3-manifold with the spatial part of the metric plus an induced radial
force potential. Although this only looks like (and isn’t) what is normally meant by
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tative geometry acts as λ ∂
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geometric units where the speed of light is c = 1. We continue to focus on a black
hole as representative of our methods.
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geodesic flow on this reduced algebra that still lands on the Schrödinger equation and
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Fig. 3 Spherically symmetric l = 0 evolution eigenfunctions for the pseudo gravatom with p2t /2m = 0.5.
a shows oscillatory mode (i) with eigenvalue EKG = −0.49, exponentially divergent mode (ii) with
EKG = −0.51 and exponentially decaying ‘atomic’ mode (iii) with EKG = −0.51. b and c shows the
fractal nature of all three modes approaching the horizon, where successive close ups look the same

The latter is the same as for the angular part of the Laplace equation onR3 and solved
as usual for integral l by Legendre polynomials Pm

l (cos(θ)) where pφ = m! and

m = 0, 1, · · · , l (these functions combine with the e
pφφ

λ to spherical harmonics as
usual). So the only difference for us is the radial equation (7.11).

Note that if we take rs = 0 in the 2nd term on the left of (7.11) and work to order
rs in the 1st term then we obtain the usual equation for an energy E eigenstate of a
hydrogen atom, with the correspondence

EKG + p2t
2m

= E, rs p2t = me2

2π!2ε0
,

wherem is the reduced electron mass (that takes into account the mass of the nucleus).
e is the electron charge and ε0 the vacuum permitivity constant. Recall that the ground
state of the hydrogen atom is spherical (the wave function is purely radial) and up to
normalisation is of the form, with energy

ψ(r) = e− r
a0 , a0 =

4π!2ε0
me2

, E = − !2

2ma20
. (7.13)

Our case is more complicated, but we can expect some similarity in view of the above.
Some solutions are shown in Fig. 3 for rs = pt = m = 1 and pφ = 0 (the higher

spin modes follow a similar pattern). In this case ψ again depends only on the radius.
The radial equation depends critically on EKG and we find that:

(i) For EKG ≥ − p2t
2m , there are real oscillatory modes which (up to normalisation)

are well approximated for large r by

ψ(r) ∼ sin(αr + β)

r
.

There is a free boundary condition resulting in a phase shift of the form β as stated
for large r .
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Our case is more complicated, but we can expect some similarity in view of the above.
Some solutions are shown in Fig. 3 for rs = pt = m = 1 and pφ = 0 (the higher

spin modes follow a similar pattern). In this case ψ again depends only on the radius.
The radial equation depends critically on EKG and we find that:

(i) For EKG ≥ − p2t
2m , there are real oscillatory modes which (up to normalisation)

are well approximated for large r by

ψ(r) ∼ sin(αr + β)

r
.

There is a free boundary condition resulting in a phase shift of the form β as stated
for large r .
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(ii) For EKG < − p2t
2m , solutions typically diverge exponentially to ±∞ at large r ,

ψ(r) ∼ eαr

r
.

(iii) For EKG < − p2t
2m and carefully chosen initial conditions, the mode in (ii) can

be suppressed leaving solutions approximately of the form for large r ,

ψ(r) ∼ e−αr .

The case (iii) has a finite norm but the other two are not normalisable with respect
to the same r2dr measure as above, due to large r contributions. Remarkably, all
solutions are non-singular as r → rs . The large r frequency/exponential factor is

α =

√
|2mEKG + p2t |

!
.

Wesee that the pseudo-gravatomwave functions for l = 0match the usual hydrogen
atom at large r , based on the ‘atom-like’ type (iii) modes, but their behaviour near
the horizon is completely different. Namely in the figure parts (b), (c), the modes
are shown again in close up (the type (iii) ‘atomic’ mode is plotted but the other two
increasingly coincide aswe near the horizon).We see that the evenmore close-ups look
the same, a phenomenon that persists on iterating more close-ups all the way down
to machine precision. Thus the solutions, while bounded and not divergent, oscillate
infinitely quickly as r → rs and acquire a fractal nature. This is to be expected due to
the time dilation approaching the horizon. Note that the horizon modes in Sect. 7.2.1,
while they look superficially like type (i) here, are not eigenstates. In fact, they are
complex and decay much faster (namely what appears to be more like 1/r2 at large
r ).

Thus, the probability density |ψ(r)|2 of the l = 0 modes, unlike the case of a
hydrogen atom, does not simply decay but rather, approaching the horizon, forms
bands of increasingly small separation. In the example, we see these density peaks for
the ‘atomic’ type (iii) mode at:

35, 15, 5, 1.5, 1.03, 1.0013, 1.00006, · · ·

in units of rs . This banding will be present in any coordinate system. Banding, i.e.
the wave function crossing zero, is a feature of some higher l modes in the case of
the hydrogen atom, but we see it already and in a fractal form here. Indeed, the radial
structure of the modes for small l > 0 in our case appear to qualitatively identical to
the l = 0 case, while the angular structure of the higher l modes is the same as for a
hydrogen atom. Note, however, that neither E nor EKG are forced to be quantised. For
the hydrogen atom, the exponential form ψ(r) = e− r

a0 for the ground state in (7.13)
implies the stated value of a0 to avoid a divergence in the eigenvalue equation at r = 0,
while the stated relation between E and a0 comes from the eigenvalue equation at large
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Fig. 1 a Evolution of ψ(r) initially a Gaussian centred far from the horizon at 10 rs showing complex
waves and diffusion of the Gaussian probability density with motion of the peak towards the horizon b the
same model but in close up near the horizon showing appearance of horizon modes at time s = 0.65. c
Evolution of an initial Gaussian centred at 1.4rs close to the horizon. Units of rs = 1

Fig. 2 a Cross sections of the model in Figure 1a, b showing close-ups of the emergence of probability
density waves when the Gaussian tail starts to interact with the horizon, at around s = 0.65. Note the
different scales in the plots. By s = 3 these horizon modes are all that remain. b The same model in larger
view showing the Gaussian bump absorbed at s = 1.4 into the horizon modes. c The expected value 〈r〉
and d the probability density entropy both increase throughout the process

the horizon, part (c) shows evolution of an initial Gaussian at 1.4rs , i.e. near to the
horizon. It is significant that this is not particularly singular in our set up where our
region terminates just above horizon.
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16 KAUSHLENDRA KUMAR AND SHAHN MAJID

We now use the complex-envelope WKB/eikonal ansatz

�(s, x) =  (s, x)eiS(s,x)/~, (54)

where S is a real rapidly varying phase and  is a slowly varying complex envelope.
This eikonal phase S should not be confused with phase # of the slow envelope  
which gets convectively transported by (4).

Since � is a scalar, one simply has

�̇ = eiS/~
✓
 ̇ +

i

~ Ṡ

◆
, rµ� = @µ� = eiS/~

✓
rµ +

i

~ rµS

◆
, (55)

where a second covariant derivative on the second part gives

⇤� = eiS/~
✓
⇤ +

2i

~ r
µSrµ +

i

~ (⇤S) �
1

~2 (rS)2 

◆
. (56)

Substituting this result for the box operator on � along with the first part of (55)
into (53) yields,

 

✓
Ṡ +

1

2m
(rS)2

◆
=

~2
2m

⇤ + i~
✓
 ̇ +

1

m
r

µSrµ +
1

2m
(⇤S) 

◆
. (57)

Thus, we have the leading O(1) term producing the Hamilton–Jacobi equation for
the eikonal phase S:

Ṡ +
1

2m
(rS)2 = 0. (58)

If we define the covector and vector fields as

pµ := rµS, Xµ :=
1

m
r

µS =
1

m
pµ, (59)

and di↵erentiate (58) covariantly we get

@sp� +
1

2m
r�(p

µpµ) = 0 =) @sp� +
1

m
pµr�pµ = 0. (60)

Now pµ = rµS is a gradient of a scalar, hence

r�pµ = rµp�. (61)

Using this relation in (60), substituting p� = mX� (59), raising the index produces,

@sX
⌫ +Xµ

rµX
⌫ = 0. (62)

This is precisely the geodesic velocity equation (1). The numerical velocity fields
displayed in Figure 2 are not of this eikonal-gradient special form; the discussion
here is only a semiclassical comparison.

Now moving on to the next order O(~) in (57), one obtains after imposing (58),

 ̇ +Xµ
rµ +

1

2
(rµX

µ) = 0, (63)

which is exactly the amplitude-flow equation (19). We can ignore the residual O(~2)
term in this semiclassical analysis. Related WKBJ derivations of the Hamilton–
Jacobi equation, the continuity equation for the leading amplitude density, and
amplitude/spin transport along the associated mechanical trajectories were given
by Stachel and Plebański [20].
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III Master equation

2 EDWIN BEGGS AND SHAHN MAJID

where the ‘generalised braiding’ � ∶ ⌦1⊗A⌦1 → ⌦1⊗A⌦1 is assumed to exist and is uniquely
determined by the second equation.

There is an analogous theory of left bimodule connections with left and right swapped. In
this paper, as in [5], we prefer right connections and denote any left ones by tilde, ∇̃. We will
also have recourse to XL = A hom(⌦1

,A), the space of left quantum vector fields defined as left
A-module maps X ∶ ⌦1 → A. Similarly XR = homA(⌦1

,A) is the space of right vector fields i.e.,
right A-module maps. These both carry bimodule structures, e.g. XL has

(a.X.b)(!) = (X(!.a))b
for all ! ∈ ⌦1 and a, b ∈ A.

2.2. Geodesic velocity field equations. The notion of a bimodule connection applies more
generally [2] to any A −B bimodule E with ∇E ∶ E → E⊗B ⌦1

B
and

∇E(eb) = e⊗db + (∇Ea)b, ∇E(ae) = �(da⊗ e) + a∇Ee

for all e ∈ E, a ∈ A and b ∈ B, for some bimodule map �E ∶ ⌦1⊗AE → E⊗B ⌦1
B
. Moreover, a

bimodule connection extends to tensor products in the manner seen for ∇g = 0 above, so both
domain and codomain of �E have tensor product connections given one on E, a connection ∇ on
⌦1 (it does not have to be a QLC), and a connection on ⌦1

B
. We define a geodesic di↵erential

bimodule as the above data such that the following, where ⇠ ∈ ⌦1.

(1) ∇∇(�E)(⇠⊗1) = (�E ⊗ id)(id⊗�E)�(id − �L
−1)∇L(⇠)⊗1�
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