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The same group appears in different areas of physics, mathematics and
quantum computing under different names:

@ group of symmetries of quantum kinematics in finite-dimensional
quantum mechanics

@ normalizer of the Weyl-Heisenberg group
@ group of symmetries of the Pauli grading of the operator algebra

@ Clifford group (introduced in 1998 by D. Gottesmann in his investigation
of quantum error-correcting codes.)

We will use the viewpoint of the finite-dimensional quantum mechanics for the
definition.

Finite-dimensional mechanics is motivated by approximating the configuration
space of the real line (R) by a finite set of points (Z,). This is the single
n-level system with the Hilbert space C".

More generally, the configuration space is identified with a finite abelian group
A="Zn, @+ P ZLn,. This is the composite (n,...,ni)-level system (of
mutually independent subsystems) with the Hilbert space C"' ® --- ® C"* of
dimension N =nq - - ng.
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What are the position and momentum operators?

NOTICE: Since in finite-dimen. space no self-adjoint operators Q and P fulfill
the identity [Q, P] = ikl (as Tr(QP — PQ) = 0 # Tr(ihl)), the unitary
operators, fulfilling an analogical group commutator relation, are rather used.

In the single n-level system (A = Z,): the position and the momentum unitary
operators have the following forms in the standard basis:

1 0 0 ... 0 010 ... 0
0 wn 0 ... 0 0 0 1 0
2
Qn: 0 0 Wy e 0 ,Pn:
: - : 0 00 1
0 0 0 .. wrt 1 0 0 0
27i/n

, and their group commutator relation is

[Pry Qn] = PaQnPy Q0 = wil,.

where w, = ¢

In the general composite (n1, ..., ny)-level system (with A = Zyn, & -+ ® Zp, )
the i-th component, for ¢ = 1,..., k, has the position and momentum unitary

operators of the form
Inl ®"'®Ini,1 ®Pn1 ®Ini+1 ®®Ink

Inl ®"'®1ni,1 ®Qn1®In1+1 ®®Ink
where ® is the Kronecker product of matrices.
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The Heisenberg group (sometimes called generalized Pauli group) is defined as
Hing,ong) = N PLQIL ® - ®@ PRk QIk | in, ju, - ..k, ji € Z,X € UL},

and it is a subgroup of the unitary group U(N) for N = ny ... ng.

The Clifford group consists of all unitary operators U such that their action of
inner automorphisms leaves the group Hn,,... n,) invariant:

n) =AU €U U - Hng,oimp) U™t = Hing,omi) }

,,,,,

i.e., it is the normalizer of the Heisenberg group H(,,,... n,) in the unitary
group U(N).

Since these inner automorphisms (Clifford operations), are not affected by
phase factors, it is natural to study the projective Clifford group as the quotient

where ~ means the equivalence of matrices up to a scalar multiple. Similarly
we define the projective Heisenberg group

that is isomorphic to Zil PP Z%k.
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The acting of 6(711,4--,%) on ﬂ(m,---,nk) = Zfbl DD Zik can be described by

a matrix group, a sort of symplectic group, that we denote as Spy,, It
holds that

Sngl

C(n1,...,nk)/H(n1,4.4,nk) = C(n1,.4.,nk)/H(n1,.4.,nk) = Sp[nl,m’nk]

and we obtain the (natural) short exact sequences

1— H(nl,...,nk) L> C(nl,...,nk) L) Sp[nl7
and o o _
1= Hmyeng) — C(n17-~-7nk) — Sp[

MY yeeny
A natural question for such sequences is:
Is the middle group a semidirect product of the groups on the egdes?

Several important symmetry groups have a structure of a semidirect product:
© Galilean group (symmetries of classical mechanics)
@ Fedorov groups (symmetries of crystal lattices)
© Poincaré group (symmetries of Minkowski spacetime in special relativity)

@ Poincaré-Heisenberg group (describing quantum mechanical systems
under relativistic symmetries)

and other groups (Bondi-Metzner-Sachs group in general relativity and string
theory, gauge-spacetime symmetry groups etc.)
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It is well known, that for an abelian group A = Z,, & - - @ Z,, of an odd
order, i.e., when |A| = n1---ny is odd, the Clifford and the projective Clifford
group admit the semidirect structure.

For |A| even, the answer seemed to be known also, as this case in the literature
is usually treated with help of a metaplectic group (a double cover of the sym-
plectic group) and half-integer lattices states ("ghost states") are used. There
are also special results confirming the non-existence of the semidirect structure
(e.g., for ny = --- =ny, k > 2). But a general proof seemed to be missing....

Theorem (K, Tolar 2023)

C, is a semid. product related to its natural exact sequence iff n # 0 (mod 4).

Conjecture (K, Tolar 2023)

Let A be a finite abelian group of an even order. Then the following conditions
are equivalent:

@ C(n,,...,n;) is a semidirect product related to its natural exact sequence
(With H(nh---,nk))'

) 5(711,4-4,%) is a semidirect product related to its natural exact sequence
(With H(nlw-,nk))'

@ |A| =2 (mod 4).
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Definition (of the semidirect product)

Let H and S be groups and ¢ : S — Aut(H) be a group homomorphism into
the group Aut(H) of all automorphisms of H.

The (outer) semidirect product H X, S is defined as a group with the
underlying set H x S and the multiplication defined by the formula

(u,a) - (v,b) = (u - ¢(a)(v), ab)
for all (u,a), (v,b) € H X S.

Example: The group Aff(V) of all affine symmetries of a vector space V'

is generated by all linear symmetries and all translations, i.e., a general
symmetry is
fa,a(@)=tu+ A% VZeV

where @ € V and A € GL(V'). There is an isomorphism
Aff(V) 2V x, GL(V), where p(A)(d) = Aud
fa,a— (4, A)

because

fa.ao f5.8(%) =i+ A(U+ BT) = (@ + AV) + ABT = fayp(a)@),48(5)-
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For a short exact sequence of groups

1 H—*2G—7"=S5S 1
the following are equivalent:

(i) There is a group homomorphism ¢ : S — Aut(H) and a group
isomorphism ® : H X, S — G such that ®(u, 1) = v(u) and
m(®(1,a)) = a for every u € H and a € S.

(ii) The sequence is right-splitting, i.e., there is a homomorphism ¥ : S — G
such that 7o ¢ = ids.

1 H—G—"— S 1
In particular, ¢ can then be expressed by means of ¥ in the form
p(a)(u) = v (¥(a) - v(u) - 9(a) ")

forallue Handae S.
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Theorem (K, Tolar 2026)

The Conjecture holds, i.e.,

for | A| even, both Clifford and projective Clifford groups are natural semidirect
products if and only if |A| = 2m, where m is an odd number.

The key parts of the proof:

@ exact sequence for Clifford group splits = exact sequence for projective
Clifford group splits

@ reducing the number of components of the system:
For 1 < £ < k: exact sequence for é(nl,“.,nk) splits = exact sequence for
C(n1,4.4,n5) Sp“tS

© exact sequence for E(nym) does NOT split for n = 2 (mod 4) and
m = 2 (mod 4)
This was proved with help of relations between 5 generators of the
symplectic group Sp[n,m].

@ exact sequence for E(n) does NOT split for n = 0 (mod 4) (proved in
2023)

Note: In the course of finishing the manuscript we found a paper by C. Galindo
(2026) in which our Conjecture is proved using methods of finite group
cohomology.
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Some related comments:

@ Systems of different dimensions in their subsystems are considered in asym-
metric entanglement theory (Horodecki 1997) or quantum cryptography
(Bechmann-Pasquinucci and Tittel 2000).

@ It has been proven by Raussendorf, Okay, Zurel, Feldmann (2023) that

a standard discrete Wigner function constructed from an operator basis is
strictly Clifford-covariant and simultaneously represent Pauli measurements
positively iff the dimension is odd.
This shows that the existence of a semidirect structure of Clifford groups
and the existence of Clifford-covariant Wigner functions are NOT equiva-
lent notions. The case when these notions do not coincide is the case of
dimension 2m, with m being an odd number.

@ It was proved by Feng and Luo (2024) that the Clifford orbit approach
and the stabilizer group approach are equivalent if and only if the system
dimension is square-free.

So the special single case of the dimension 2m, where m is odd, raises the
question of which other theoretical relations and applications (apart from the
semidirect structure) this case may allow.
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Thank you for your attention!
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Definition of the symplectic group Sp,

ny
Let Spn,,...,n,) be a set consisting of k x k matrices H composed of 2 x 2
blocks of the form

7 .
(H),;; = mAij, where A;; are 2 X 2 matrices over Z.

An adjoint H* € Sj; ... n,] Of H € Sjn, ... n,] is defined by
(H)ij = goageimny Aji for 6,5 € {L,..., k}.

We consider Si,, ,....n,] as a monoid with the usual multiplication of matrices
and a congruence = defined as

H=G < DH=DG (mod lem(ni,...,nx)) for H,G € Sp,,... ny]
where D = diag(WIg, ceey w&) Denote by [H] the
congruence class of H.

The symplectic group Spy,, ., is now defined as

k

Sp[nly-u,’ﬂk] = { [H] ‘ H e S[”lﬁ---ankh H*JH = J}.

where J = diag(Jg, 500 Jz) € S[nl,“wnk] and Jo = < _01 (1) >

v
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