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Background of the talk

Symmetries on a manifold are encoded via the action of a Lie
group or a Lie algebra consistent with the underlyng geometric
structure. Symmetries in Mechanics is formulated in the context of
symplectic / Poisson geometry.

e (M,w) : a symplectic manifold — a smooth manifold M
equipped with a nondegenerate closed 2-form w

@ g : a Lie algebra that acts on M from the left by
g—X(M), {—&m
so that L¢,,w = 0 (V€ € g), equivalently
w([&,nlm, Cm) + w([n: v, Em) + w([C: Elm, nm) =0

for &,m,¢ € g.
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Hamiltonian symmetries for symplectic manifolds

The g-action is called a Hamiltonian action if there is a map
w: M — g*, called an equivariant momentum map, such that

© 16, = duf (V€ € g), where () i= ((x), &)
Q p is equivariant; (du)x(§m) = —adiu(x) (x € M)

The first condition is equivalent to

Em=X,e (V€ €g).

B The momentum maps of Kdhler manifolds are defined to be
those of symplectic manifolds.

B The momentum maps of hyperKahler or quaternionic Kahler
manifolds are defined in a way different from symplectic case.

Can we unite those momentum maps in a single framework ?
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Approach this matter by generalizing (equivariant) momentum
maps in terms of a Lie algebroid. ‘

Lie algebroid symmetries were discussed in

o A. Blaom
Geometric structures as deformed infinitesimal symmetries.
Trans. Amer. Math. Soc. 358(2006), no. 8.

@ C. Blohmann, M.C.B. Fernandes and A. Weinstein
Groupoid symmetry and constraints in general relativity.
Commun. Contemp. Math. 15(1) (2013)

@ M. Crampin and D. Saunders
Cartan geometries and their symmetries — A Lie algebroid
approach. Atlantis Stud. Var. Geom., 4 Atralntis Press (2016)



[e]e]e] lelelelele]e]
In physics,
@ A. S. Cattaneo and G. Felder
Poisson sigma models and symplectic groupoids: in

Quantization of Singular Symplectic Quotients, Progr. Math.
198 (2001)

@ A. Alekseev and T. Strobl
Current algebras and differential geometry. J. High. Energy
Phys. (2005)

A Hamiltonian Lie algebroid over (pre-)symplectic manifold is a Lie
algebroid together with a geometric structure that describes
generalization of hamiltonian symmetries. The notion of that
originally appears in

@ C. Blohmann and A. Weinstein
Hamiltonian Lie algebroids. Mem. Amer. Math. Soc. 295
(2024)
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Definition (Hamiltonian Lie algebroids over symplectic manifolds)

Let A be a Lie algebroid over a (pre-)symplectic manifold (M, w).
An element u € I'(A*) is called a (VA-)momentum section if

VA*M = —1,w
A together with p is called a Hamiltonian Lie algebroid if both

"My =0

and
(@) (a1, a2) = w(p(aa), plaz))

are satisfied.
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A Hamiltonian Lie algebroid has been extended to the one over

@ Multisymplectic manifolds
@ Y.H. & N. lkeda
Homotopy momentum sections for (pre-)n-plectic manifolds.
J. Geom. Phys. 182 (2022)
@ Y.H. & N. lkeda
Geometry of bundle-valued multisymplectic structures with Lie
algebroids. J. Geom. Phys. 203 (2024).

@ Poisson manifolds

© C. Blohmann, S. Ronchi and A. Weinstein
Hamiltonian Lie algebroids over Poisson manifolds.
J. Symplectic Geom. 22 (2024).
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Definition (Lie algebroid)
Let M be a smooth manifold. A smooth vector bundle A — M is
called a Lie algebroid if it is equipped with
@ a bundle morphism p: A — TM
@ a Lie bracket [-, -] on I'(A)
such that

[aa fﬁ] = f[Oé, /8] + ([’p(oz)f)/B
for any a, f € I'(A) and f € C®(M).

p is called the anchor map of A. It preserves Lie algebra structures.

p([a, B) = [p(a), p(B)] |
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Example (Lie algebras)

Any Lie algebra is a Lie algebroid over a point {x}.

Example (Tangent algebroids)

The tangent bundle TM of M is a Lie algebroid whose anchor is
the identity map of TM, and whose bracket is the commutatator
bracket on X(M).

Let w be a closed 2-form on M. TM & R is a Lie algebroid with
bracket on X(M) & C*>°(M) by

Xaf, Yogl:=[X Yo (Xg] - Y[fl+w(X,Y))

and with the natural projection to TM as the anchor.
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Example (Action algebroids)

If M is endowed with a Lie algebra left action © : g — X(M),

[, 8](2) = [(2), B(2)] — ©(c(2))25 + ©(B(2))-x

defines a Lie algebra on I'(g x M) = C>(M,g). Then, g x M is a
Lie algebroid with anchor p(a(x), x) := —©(a(x))x-

Example (Cotangent bundles on Poisson manifolds)

If (M, ) is a Poisson manifold, M defines a Lie bracket on Q*(M)
as

& n} = Lngen — Lngy§ + d(<f AN, ”>),

where &, n € QY(M). For f,g € C®(M),
o d{f, gtn = —{df, dg}.
o [MF(df), M¥(dg)] = MF({df, dg})
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A associates with a differential operator 84, named A-differential
operator of degree +1, defined by

(@40) (a1, -, akra)
k+1
_Z ’+1£p(041 9(0[1’... N TR 704k+1))

E l+ ~ v
=+ 19 [Oé,,CKJ] Qp, -, Qjy e ,O[j,"' 7ak+1)7
i<j

where 6 € I'(AKA*) and a1, --- ,axy1 € T'(A).

O PARAY) B pakany B p(akt gy 2

Example (de Rham differentials)
If A= TM, 3™ is just d : Q*(M) — Q*+1(M).
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E-valued n-plectic geometry

@ M : a smooth manifold.

@ E : a vector bundle over M with a vector bundle connection
VE.

° dv the covariant exterior derivative of VE.

E

% Q*"Y(M, E) a5, Q* (M, E) Q'+1(M E)y %

Definition (E-n-plectic structure)

Let n = 1. An (n+ 1)-form w € Q"*1(M, E) on M is called an
E-valued n-plectic form (or structure) if both d&w = 0 and
non-degenerate in the sense that, at each point x € M, the
following map is injective:

Wi M — N"TEM Qg Ex, X — 1xwy.
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We call M equipped with w an E-valued (pre-)n-plectic manifold
and denote it by (M, w, E, VE).

(Pre)symplectic manifolds, (pre)-n-plectic manifolds,
Polysymplectic manifolds and V-symplectic manifolds.

v

Example 2 (Lie groups)

A compact connected Lie group G is a gG—vaIued pre-1-plectic
manifold, where w = d\g and VE = d.

Example 3 (Curvature 2-forms)

Let E be a vector bundle over M with a connection VE. A
curvature RE € Q%(M, EndE) of VE is an EndE-valued
pre-1-plectic form on M.
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o M :=(M,w,E,VE) : an E-valued (pre-)n-plectic manifold.

Definition (Covariant Lie derivatives)

For o € QK(M,E) and Xi,- -+, X, € X(M). define

(LXP)(X, - X)
k

=VE(p(Xi,- -, Xk)) —_Zso(xl,--- XX X))

Proposition (Extended Cartan's formulas)

@ LY =1x0dE +dE oy

@ yx,y) = LYy —1y oLy

@ (LX0dg)p = (1xRE) Aw+(d§ o LY)p




Homotopy Momentum Sections
[e]ele] ]

Definition (pseudo-Hamiltonian)

¢ € Q" 1(M, E) is said to be a pseudo-Hamiltonian if there exists
a vector field X, € X(M) such that d€¢ = 1x_ w. X, is the
pseudo-Hamiltonian vector field corresponding to .

pHam" (M) : the set of all pseudo-Hamiltonian (n — 1)-forms.
For ¢, € pHam""1(M),

{0, ¥} == 1x, 1,0 = ix,ax,0 € Q"H(M, E). J

In general, {p, 1} fails to be a pseudo-Hamiltonian since

Uy xo)w = AE{0, ¥} —1x, (¥ A RE) +1x, (¢ A RE). |
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(E-valued) homotopy momentum sections

Given
@ M : an E-valued (pre-)n-plectic manifold (M,w, E, VE).
o A : a Lie algebroid over M with a connection V4,
VA T(A) — QY (M, A) :=T(T*M® A).

Set

Q4(M) = T(ATAY),  Q%(M,E) = [(ANA* @ E) J

and

QP9(M, A)E := N(APT*M @ Hom(A9A, E))
= QP(M) @ coo(my QU(M) @ coo(my T'(E) J

for each p 20,9 = 1.
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Extend V4 to a connection on A9A* ® E (g > 1) as

(V§*®E(9 ® S)) (0, ,aq)
q
::V)I:;(H(al,'-~ ,aq)s) = Ze(al,'-‘ ,V?a,-,--- ,Qq)S,
i=1
where 0 ® s € QY (M, E), o, ,aq € I'(A) and X € X(M).

Denote by d“v‘l*®E a covariant exterior derivative of VA ®F

dg ®F - QPI(M, A)F — QPFLI(M, A)E.
Remark that

o d&®E(n® ¢) = dn® ¢ + (~1)Pn A VASEY,
° dé*®E = VA'®E when p = 0.
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Define an R-linear map U™ : X(M) — QY (M, TM) as

BMX = p(Vka) + [p(a), X]

 —

for a € I'(A), X € X(M). Then, U™ is shown to be a Lie
algebroid connection on TM.

Lie algebroid connection

An A-connection U on a vector bundle B is defined to be an
R-linear mapping

U8 :I(B) — I'A*®B), s+ UPs
which satisfies

U5(fs) = FU5s + 1,(0)(df) s

for any a € I'(A),s € I'(B) and f € C>®(M).
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Extend U™ to a Lie algebroid connection on AP T*M & E by

(G M EMm@9)) (X1, Xp)

p
P(Oc)( Xy, ’XP)S) - ZU(Xl, T 7Uc7v—MXi’ e, Xp)s,s
i=1

v

where n®@s € QP(M) @ I'(E), o € I'(A) and Xy, -+, X, € X(M).

Denote by 85 M®E an A-covariant exterior derivative of 7 M®E

a5 MOE L QPa(M, A)E — QPItL(M, A)E,
Remark that

0 35 ME(9® ¢) =040 ® ¢+ (~1)90 ANUT MEEG,
o U"ME — VE( ) when p = 0.
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(a5 (1 © 0)) (X1, . Xps1)
p+1 )
_Z )i~ 1VA®E(77(X17~-,X,-,'--,Xp+1)¢>)

+Z D) Hn([Xi, X, Xe, - Xy Xy oo Xpp1) 6,
i<j
where ) € QP(M), ¢ € QY (M, E) and X1, -+, Xp41 € X(M).
°
(05 MEO ® @) (ar, - age)
g+1
_Z 1)I IUT*M®E(9( 1,0 Gy vanrl) 90)

+Z I+19 [Oé,, OZ_,] ag, - a&i7"'7dj7"'7aq+1)907
i<j
where § € Q% (M), o € QP(M,E) and o, -+ , g1 € T'(A).
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Let k, m € N with k £ m. Define an operator
e QM(M, E) = Q" K(M, E) @coo(my T'(AFA*)
by

(15(17 ® s)) (Qa, -+ Q) = Yp(ag)Anp(a) T ® S € Qm=k(M, E) J

Definition (E-valued homotopy momentum section)

An E-valued homotopy momentum section with respect to
(A, VA) is a formal sum p = Y2778 pk with g € QRn—K(M, A)E
satisfying
n
(d«é*®E + 5£*M®E) p= Z(—l)n+1_klz+1_kw.
k=0
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Alternative description of homotopy momentum sections

An E-valued homotopy momentum section is a formal sum
[t = S"4_g 1k satisfyng
o 3 MOEpy = (—1)" 1ty € QOTH(M, E)
o fork=1,2,--- ,n—1
dé*@EMk_l 4 6(75'*M®E'uk _ (_1)n+1—k22+1—kw

o dg ¥y, 1 = —upw € Q"1 (M, A)E,

where
o we Q"YM, E) : E-valued (pre-)n-plectic form.
o foreach k=0,1,--- ,n—1
fix € QEM=K(M, A)E = QK (M) @ coouy Uy (M, E)

Definition

Let S be a subset of I'(A). We say that p is a homotopy
momentum section on S if the above conditions holds for any
element in S.
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0,n+1
QE

agT
V.A*®E

0,n 1,n
QE QE

. :
ow] e

yA*E . dA QF

1—k,k
e . —> QZ—+ ?
E%T 8T*M®ET ST*M@)ET
8] 18]
* A*QE A*QE
2 VAT®E . 1o d d 1.2
o I, e ST, 5 o
5%T 8£*M®ET 6£*M®ET EZTJ*M(X)ET
* A*QE A*QE A*QE
01 VA®E 11 d d —11 d 1
QE7 ~ QE’ BN - ~ Q’é ) v ’E
E * * * *
VPT Ry M®ET Ry M®ET o7 M®ET Ry M®ET

vE 0 4% dg n—10 d% 0
ey — Qp —— -+ —— Qg 7 —— Q
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1-plectic case

QO2(M, A)E

T*MRE
g e |

QOL(M, A)E Y iy, A)E

o VA®E = —lw e QM(M, A)E
o O MOE L = Bw € Q4 (M, E)
The 2nd formula can be expressed as

(@5 MEE po)(ar, a2) = w(p(a), p(ez))

for ag, ap € I'(A).

A usual momentum map for symplectic manifold is a momentum
section on the constant sections of the case where A =g x M,
VA=d, E=MxRand n=1.
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2-plectic case

Q%3(M, A)E
8(‘[}'*M®ET
Q2(M, A)E Y25, 12, A)E
5(7}'*M®ET ng*MQ@E
VA" QE dA*®E
QLM A)F — QVY(M, A)F T— Q2Y(M, A)E

° 8(7;*M®E,uo = —zﬁw € Q3 (M, E)
° VA*@EMO + ESZ'/;*M@E'ul — le)w c Ql’2(M,A)E
° dé*®E,u1 = —zzw € Q>1(M, A)E
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Example 4

Let (M,w) be a (pre)-n-plectic manifold endowed with a g-action.
Consider A=gx M and E= M x g.
If each iy € QK""K(M,g x M) (k=0,1,--- ,n— 1) satisfies

UM (uk(an, -+ s an))
n—k

= Z(_l)i+1/’ék([a7 Oéi]; Qq, - 75“) to 704n—k)7
=1l

then p = ZZ;(l) L4k is a homotopy momentum map introduced in

o M. Callies, Y. Frégier, C.L. Rogers and M. Zambon
Homotopy Momentum Maps. Adv. Math. 303 (2016)
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Consider a symplectic structure on R?" by
w=S""_(expx; + exp(—y;)) dx; A dy;.
Define a connection on TR?" by

Aii = —2dy;, Aitnitn=2dx, (i=1,2,---,n)
Aisni=—dyi, Aiign=dx; (i=1,2,---,n)
Aj =0 (otherwise)

Then, the differential 1-form

= E?:l(exp(_)/i)dxi + exp x;dy;)

is a bracket-compatible momentum section.
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HyperKahler case

A hyperKahler manifold is a 4n-dimensional Riemannian manifold
(M, g) endowed with three almost complex structures /1, b, I3
which satisfy

ly0lp=—0pid +€apcle (a,b,c=1,2,3).

Associate symplectic forms

wa(X,Y) :=g(lLX,Y)
Any hyperKahler manifold is considered as an R3-valued 1-plectic
manifold, w® =33 w; @ e;, E =M x R3 and VE = d.

@ G : a compact Lie subgroup of the isometry group ~ M,
properly and freely.

e Lxw; =0 (X: a Killing vector field, Lxg = 0)
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Let pj: M — g* (i = 1,2,3) be an equivariant momentum maps
for the Hamiltonian G-action. Remark that each p; satisfies

Q u,wi= du? (V¢ € g).
O (dui)elEm) = —adzu(x) (x € M).

Definition

A momentum map of hyperKahler manifold is defined to be the
map p: M — g* @ R? by = (p, pi2, 13)-

Theorem (H & lkeda, '24)

A momentum map 1 of a hyper-Kahler manifold is an R3-valued
homotopy momentum section on the space of g-valued constant
functions with respect to (A =g x M, V4 = d).
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") Remark that V4 = VE = d and U] M*F = —VE for ¢ e g.
Then,
(V£2E (i @ €) (&) = V(i er) — ni(Vier)
= duf(X)e;

for any constant section £ of g x M and X € X(M). On the other
hand, from the definition of a momentum map,

(pwi(€)) (X) = wi(p(£), X) = —wi(ém, X)
= —dp§(X).

Consequently,
ARQE
C 1%
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By the definition of a momentum map,

i (ni @ e7) = =V, (uler) + Vi, (pa(€)er) — pi([€, n))e;
= 2wi(ém, nm)ei — pi([€, n])ei.

On the other hand,
((dpi)x(Emlx)s mmlx) = (A" (Emlx) = =(@i)x(Emlxs mmlx)-
(—adgpi(x), n) = —(ui(x), [ nl) = = (x).
So, the condition (du;)x(ém) = —ad¢u(x) is equvalent to
WM = wi(em, ) (1 =1,2,3).
Therefore,

(Osp)(€,m) = w(ém, nm) = z(pz)w. O
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Quaternionic Kahler case

Let

e (M,g) : a 4n-dimensional Riemannian manifold (n > 1).
A quaternionic structure is a collection of locally (1, 1)-tensors
{Jfa),Jéa),Jga)}a on each U, C M satisfying

I 0 S = —5,pid + £apc S (a,b,c =1,2,3).

Transition functions J{®) = Tagjl(f) are elements in SO(3). One
has a three-dimensional subbundle @ C End TM.

Definition

M together with Q is said to be almost quaternionic.

Suppose that g satisfies

g(IX,JY) =g(X,Y) for any J € I'(Q).
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Q can be regarded as a subbundle in A>T*M by an isometric
embedding Q < A2 T*M.

@ w; : a nondegenerate 2-form associated to J;
wa(X,Y):=g(LX, Y) (a=1,2,3)
@ V& : the Levi-Civita connection with respect to a metric g.
Then, the 4-form

oN = Z?:l wij N\ wj

is defined globally on M.

Definition

(M, g, Q) is called a quaternionic Kahler manifold if VE@" = 0.

V¥ induces the de Rham complex sequence

Q) % ai(m.9) a5, Q2(M.Q) A
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@ £ : the Lie algebra of Killing vector fields £,,0" = 0.
0 Oy =3 (ww)@w (VeR)

Theorem (K. Galicki & H. B. Lawson '87, '88)

Suppose that the scalar curvature of M is not zero. Then, for any
V € R, there exists a unique section fy, € I'(Q) which satisfies
VEéfy = 0Oy.

Definition (K. Galicki & H. B. Lawson '87, '88)

A momentum map f for M is defined to be a section of 8 ® Q
satisfying V&fy = ©y for any V € &.

How can we describe the momentum map of G.-L.'s in the context
of homotopy momentum sections ?




Symmetry for non-symplectic manifolds
00080

Define
e O:= Z?:l wi®w;, O(X,Y)= Z?:l wi(X, Y)wi.

Proposition

A quaternionic Kihler manifold M is a Q-valued 1-plectic manifold.

-~ Sketch of the proof ~

© is non-degenerate from the non-degeneracy of each w;. The
closedness follows from

d%@ = Z?:l <dw,~ + Z?:l aji N\ CUj> ® wj

and the structural equations.
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Consider E = Q, A= A.
Theorem (H & lkeda, '24)

The G.-L. momentum map f is a Q-valued homotopy momentum
section if

f[Vl,VQ] = {fV17 fVQ} ; V]_, V2 € .ﬁ

Conversely, if p € I'(R* ® Q) is a Q-valued homotopy momentum
section, then y is the G.-L. momentum map.

-~ Sketch of the proof N

o V&fy =0y <— V&f = Zild@
o (35 MERF)(Vi, Vo) = V¥, fu, — V§, Ay — vy

= —2Zwi(V1, Va)w; — f[Vl,Vz]-
L _J
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Reduction of V-1-plectic manifolds

@ V : real vector space of finite dimension.
e (M,V) : a V-valued symplectic manifold.
o A : a Lie algebroid over (M, V) endowed with VA,
o pelI'(A*® V) : ahomotopy momentum section.

Lie algebroid action
A Lie algebroid action of A on a smooth manifold N consists of a
smooth map J: N — M, and a Lie algebra homomorphism
0: I'(A) — X(N) which satisfy the following conditions:
o Vo€ I'(A), Vf € C®(M) o(fa) = (J*F)o(a).
o VaeI'(A),qge N p(a)J(q) = (dJ)q(g(a))q

A

A acts on (M, V) by the anchor map p, i.e., J=id : M — M and
o=p:I'(A) — X(M).

A




Reduction
0@0000

B Assume that the zero locus of u
o M, =p10)={xeM|u=0€ A*y®@V}CM
is an embedded submanifold of M such that

XM, +1Impy = T M.
Then, one has
Ay = ew, {2 € Aclpla) € TM)
B A, associates with the characteristic distribution of p
M, > x — D, (x) = span{p(a)x | € I'(A,)} C T M,.
B The set of the local flows of vector fields in D, by

&y = {¢7 | the local flow of X = p(a) for some a € I'(A,,)}



B The pseudogroup generated by &,
Pu = {idMu}U{ G0 ol | by € Euor(gy) L e Su}
B P,-orbit through x € M, is the set
Py x = {¢e(x)| ¢t € Py, Dom gy 3 x, },

where ¢t:¢élo-~-o¢ﬁk for t = (t1,--- , tx) € R,
We say that x,x" € M,, are P,-equivalent

x~x &L 3p, e P, x' = ¢e(x).

From the Stefan-Sussmann theorem,

e D, is integrable, and each D, (x) is the tangent space to the
leaf of the singular foliation associated to D.

@ D, is invariant with respect to P,,:

(d¢e)«(Du(x)) = Du(¢e(x)), x € Dom .
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The tangent space T,(P, - x) is expressed as
span{ (d6e)y (y(0y)) | &1 € Py @ € I(A), x = 6e(y) }

Let W C T,M. Define an w-orthogonal space W* of W as
={ue T,M|Vv e TuM wy(u,v) =0y }.

If dimV =1, dim T,M = dim W + dim W and W = (W¥)~. J

Let u be a V-valued homotopy momentum section.

TeM,, C ker(VA @V )N (Dy(x))”

hold at each x € M,,.
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Denote the orbit space by P, by
M, = M, /P,.

@ a natural projection m, : M, — M,
@ a natural inclusion ¢: M, — M

Theorem (H & lkeda, '24)
Suppose that

Vor € Py, Vx € Dom ¢y;  (Pjw)x = wy

Then, M, is a V-presymplectic manifold whose V -presymplectic
structure w, is characterized uniquely as
*

Kk
WHWM—LW.
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~ Sketch of the proof ~

Construction of w,
For any u,v € T\M,,

(W) (@, ¥) := wx(u, v),
where i1 = (dm,,),(u) and v = (dm,),(v)

Well-definedness of w,,

If ' and v/ are tangent vectors of M, to 2’ = ¢(z) such that
(dm)x(u) = (dmu)«(u') and  (dm,)x(v) = (dm)«(V),

then

wyr (U, V') = wy(u, v) + "the term including {u®, p?}(x')"
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Compatible momentum sections

Given data:
@ M : an E-valued 1-plectic manifold (M,w, E, VE).
o A : a Lie algebroid with a connection V4.
o 1 Q%(M, A)E : E-homotopy momentum section.

Definition
We say that p is compatible with A if y satisfies

Va € T(A);  (tq 0 VA®E)u = (VE 014)p.

Here, 1, stands for the interior product by « € I'(\A) defined by
(Zae)(le t 7Xk) = ea(Xb T an) = <9(X17 t 7Xk)7 Oé>

where X1, , Xk € X(M) and 6 € QK(M, A*) with k > 1.
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If 11 is compatible with A, we have

VE'LLO‘ = —lp(a)W and (5£*M®Eﬂ)(aaﬁ) = W(p(a)’p(ﬁ))'
for any a, 8 € I'(A).

Proposition

If a homotopy momentum section v is compatible with A, it holds
that

’u[avﬁ] — {MO‘7 /J;B}

for any a, 8 € I'(A), and moreover, the set
IW(E) = {p*|a e I'(A)} C I'(E)

is a Lie algebra with respect to the bracket {-,-}.
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Reduction with compatible momentum sections

e (M,V) : a V-valued symplectic manifold.
o A a Lie algebroid over (M, V) endowed with VA.

o ue€I'(A*® V) : a homotopy momentum section compatible
with A.

B Assume that the zero locus of u
o M, :=pu10)={xeM|ux)=0€ A"y @V}C M
is an embedded submanifold of M.

B A associates with the characteristic distribution of p
M > x — D,(x) := span{p(a)x | € I'(A)} C T(M.
B The set of the local flows of vector fields in D, by

&, = {¢¥ | the local flow of X = p(a) for some o € I'(A)}
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. X X Xj Xjy—
’Pp — {ld/\/l}U{ Sotllo' . -osptkk | k € N, thjJ S EPOI’ ((,Dtjj) 1 € gp}
Furthermore,
° 7)2 = {SOt €Pylpops = O’Domtp:} cPy
] P/?'X:: {@t(x)‘@t EPS,DOHI Lt BX,}; X € M

For each z € My, PO -z = L(z) N My, where £(z) means the leaf
by D, containing z.

Theorem (H & lkeda, '24)
Suppose that

Vo € 732, Vz € Domps; (piw), = wy

Then, M, =M,/ 772 is a V-presymplectic manifold whose
V'-presymplectic structure w, is characterized uniquely as
*

_ %
prp—b w.
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Thank you very much for your attention.
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