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Why revisit the Aharonov–Bohm (AB) effect?

Paradigmatic example of topology in quantum mechanics.

Experimental reality settled since Tonomura et al. (1982).

Ongoing debates: role of gauge potentials vs. fields, information–theoretic
angles.

Our twist: derive AB–like gauge structure purely from topology via Affine
Covariant Integral Quantization (ACIQ).
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AB: Overview

The Aharonov–Bohm (AB) effect shows that electromagnetic potentials can
influence quantum states for particles even in regions where the corresponding
fields vanish.

Classical: Only E, B affect motion.

Quantum: Potentials A, ϕ have physical consequences.
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Experimental Setup

Electron beam split into two paths.

A solenoid lies between paths; B ̸= 0 inside,
but zero outside.

Outside: A ̸= 0, B = 0.

∆φ =
e

ℏ

∮
A · dℓ =

eΦ

ℏ

Proposed:
Aharonov&Bohm,
Phys. Rev. 115
(1959)

Confirmed
experimentally:
Tonomura et al.
PRL 48 (1982)
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Physical Implications

Potentials have observable effects (not just fields).

Quantum theory is nonlocal.

Gauge potentials are physically relevant.

JP. Gazeau et al. ( 1University of Bia lystok, Poland 2Université Paris Cité, CNRS, APC, France 3Instituto de F́ısica, UFRJ, Brazil 4Department of Physics, Worcester Polytechnic Institute, Ma, USA )A Purely Geometrical AB Effect July 5 2025 6 / 19



Infinite solenoid: classical picture

Infinitely long, infinitesimal–radius coil along
e3.

Particle of charge q confined to transverse
(x1, x2) plane with basis e1 , e2.

∼ Outside region is punctured: origin
removed.

A
Vector potential (Coulomb gauge)

Asol =
Φ0

2πr2
(−x2, x1) , Φ0 = const.
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Hamiltonian on the punctured plane

H0(x,p) =
1

2m

(
p− qAsol

)2
, x ∈ R2

∗.

Standard canonical quantization fails: translation symmetry broken.

Need quantization that respects dilations + rotations: enter SIM(2).
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The similitude group SIM(2)

Elements (a, θ,b) act as

(a, θ,b) x = a R(θ)x+ b , R(θ) =

(
cos θ − sin θ
sin θ cos θ

)
.

New variables q =
1

a
, q = (q, θ) , b ≡ p.

Phase space Γ =
{
(q,p) ∈ R2

∗ × R2
}
≃ SIM(2).

SIM(2) group structure: (1, 0) (unit),

(q,p)(q′,p′) =

(
qq′,

p′

q∗
+ p

)
, (q,p)−1 =

(
q−1,−q ∗p

)
,

where q,p are viewed as complex numbers.

Non–unimodular: left Haar d2qd2p.
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ACIQ in one slide

UIR of SIM(2): (U(q,p)ψ)(x) =
e ip·x

q
ψ

(
x

q

)
for ψ ∈ H = L2(R2

∗,d
2x).

Choose weight ϖ(q,p) such that

Mϖ =

∫
Γ

d2qd2p

4π2
ϖ(q,p)QU(q,p)Q , Qψ(x) = xψ(x) .

is bounded, self-adjoint, unit trace (i.e., ϖ(1, 0) = 1)

Resolution of identity:∫
Γ

d2q d2p

cMϖ

Mϖ(q,p) = 1H , Mϖ(q,p) = U(q,p)MϖU†(q,p) .

Covariant map

f 7→ Opϖf =

∫
Γ

d2q d2p

cMϖ

f (q,p)Mϖ(q,p) , Opϖf =1 = 1H .

Key benefit: geometry/topology enter via choice of weight; no ad hoc gauge fields.
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Covariance of the map

Quantization map is covariant with respect to the unitary 2-D affine action U:

U(q0,p0)Op
ϖ
f U†(q0,p0) = OpϖU(q0,p0)f ,

with

(U(q0,p0)f ) (q,p) = f
(
(q0,p0)

−1(q,p)
)
= f

(
q

q0
,q∗0(p− p0)

)
,
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The technics

With

Ω(q) :=
∫
R2

∗

d2x
x2 ϖ̂p (q,±x) obeying 0 < Ω(1) <∞,

and where f̂p is the partial 2-D Fourier transform of f (q,p) with respect to
the variable p

the action of Opϖf on ϕ in C∞
0 (R2

∗) is given in the form of the linear integral
operator

(Opϖf ϕ)(x) =

∫
R2

∗

Aϖ
f (x, x′)ϕ(x′)d2x′ ,

where the kernel Aϖ
f reads as

Aϖ
f (x, x′) =

1

cMϖ

x2

x ′2

∫
R2

∗

d2q

q2
ϖ̂p

( x

x′
,−q

)
f̂p

(
x

q
, x′ − x

)
,

and the constant cMϖ is given by

cMϖ = 2πΩ(1) .
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Emergent quantum operators

With Ω(q) :=
∫
R2

∗

d2x
x2 ϖ̂p (q,±x) obeying 0 < Ω(1) <∞, and where ϖ̂p is the

partial 2-D Fourier transform of ϖ with respect to the variable p, one obtains

Opϖp = P+
i

Q∗

(
2 +

∇Ω(1)

Ω(1)

)
, P = −i∇∇∇ , Qψ(x) = xψ(x)

Opϖp2 = (P− qAϖ(Q))2 +
Kϖ

Q2
.

Affine vector potential Aϖ(Q) = − i

qQ∗

(
2 +

∇Ω(1)

Ω(1)

)
.

Centrifugal scalar potential Vϖ(Q) =
Kϖ

Q2
.
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AB gauge field from topology

with the example of well localised about SIM(2) unit (1, 0) :

ϖ(q,p) ∝ e−ν(q+1/q)eiµ arg q

(
1− q

p2

2σ2

)
e−q p2

2σ2 ⇒ flux quantised when

µ ∈ Z.
one obtains

Aϖ(Q) =
Φϖ

0

2πQ2
(−Q2, Q1), Φϖ

0 =
2πℏµ
q

.

No external solenoid required: AB phase emerges from punctured topology.
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Role of the scalar potential

Repulsive Vϖ(Q) regularises the origin; ensures essential self–adjointness.

Physically acts like a “centrifugal core”, preventing wave-function leakage
into the singularity.
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Extensions & open questions

3-D analogue: affine quantization on R3
∗ × R3 (possible link to magnetic

monopoles!).

Experimental signatures of the scalar barrier in mesoscopic rings.

Other topologically non-trivial manifolds (e.g. genus g surfaces).
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Take-away messages

1 Affine symmetry of the punctured plane naturally yields AB-type vector
potential.

2 No need to postulate external gauge field: topology (and ℏ!) do the job.

3 Scalar potential is not a bug but a feature; secures well-posed quantum
dynamics.
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Thank you!
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