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Introduction

* The idea is to factorize the Hamiltonian

In terms of two first-order differential operators

B* = % (?% + B(fﬂ))

In order to solve the eigevalue equation

Hy(z) = Ey(z)

with appropriate boundary conditions
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Introduccion
Origin of the method (physicist): in 1935 Dirac
factorized the harmonic oscillator

In 1940 Schrodinger addressed the hydrogen
atom through the factorization method

Between 1941 and 1951 Infeld focussed in the
method, ending up with his seminal paper with a
classification of the potentials that can be solved
through such a technique

In 1984 Mielnik introduced the generalized
factorization to generate new families of solvable
potentials departing from the harmonic oscillator




Introduccion
In 1984 DF applied the generalized factorization to
the hydrogen atom, Andrianov set up the
connection between factorization and Darboux
transformation, and Nieto realized the connection
between factorization method and SUSY QM

In 1985 Sukumar formulated the generalized
factorization for a general solvable potential and
an arbitrary factorization energy, as well as the
corresponding iterations

Departing from 1984 our group at Cinvestav has
done important contributions to the subject
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First-order intertwining
o ————

Suppose we have 2 Hamiltonians H, H and a
first-order differential operator B fulfilling

HBT =B'H
1 d?
~ 1 d? N
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First-order intertwining
o ————————

Thus, the following equations must be fulfilled
B+p2=20V—-¢ = V=%l+%2—|—e
B +B=2(V-¢ = V=-E4+8.4c
—V=V-p

aking the change g = «//u it is obtained

—“7” + Vu = eu
he following factorizations as well arise

H=B" Bt +e¢

H=B"B™ +e¢
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First-order intertwining

o ——
The seed solution « must be nodeless for avoiding
singularities in 5 = ¢ < Ey
If H is a given solvable Hamiltonian with
eigenfunctions ¢, and eigenvalues E,, then H is a new
solvable Hamiltonian with eigenfunctions v,, and

eigenvalues E, such that

?Z . B+¢n
" VE, —¢€

E,=E, if ¢+# Ep

~

En1=FE, it e=Ey

he following options for spectral manipulation arise
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First-order intertwining
C I —

Deleting the ground state: this spectral
manipulation appears if u = g, € = Ey for which

En1=E,, n=12...

Creating a new ground state: this manipulation
appears if v is a ngdeless seed solution such that
e < Ey. Thus, Sp(H) = Sp(H)U{e}

However, we cannot create a level at ¢ > E; by

using the first-order intertwining since singularities
appear in s
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Second-order intertwining
TGS,

Suppose now that

HBt = BtH
BY =1 (£ - )4 +())

hus
/ 2
y=54+L -2V +4e +e
1" 12 / 2 o 2
V=Ll -L+T+%+ a5 lata)
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Second-order intertwining
I ——_— ,—_ ,

If V' Is given we need to solve the second-order
non-linear differential equation for ». Using the Ansatz

/

W =—n" +20n+ 2

It turns out that ¢ = +(e; — e9); thus
n = —n?+ 20610+ 2(e1 — €2)
i = =1 + 202 — 2(e1 — €2)

y subtracting these equations we will get

__ 2(e1—e)
= """8=75

here
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Second-order intertwining
O ——_ : .

Bi+p2=2(V—¢) i=1,2

In terms of the corresponding seed solutions «; of the
Schrodinger equation we will get

W' (u1, uz)
W(uy,u2)

7’]:

here are two possible cases: ¢; # e, and ¢; — €. Our
nterest in this talk is the last case, called confluent
lgorithm
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Confluent second-order intertwining
-

For the confluent algorithm it is fulfilled

= —n+ 261

Solving this equation for n we will get

o2 | B(z)dx
wo + f62f5(x)d$dx

n terms of the Schrddinger seed solution u(x)

77:

L vw v
wo + [w?(x)dz  w(w)
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Confluent second-order intertwining
.,

where
w(x) = wy —I—/ u?(y)dy

n order to avoid singularities in n we must choose u(x)
uch that

O
lim u(z) =0, I;= / u?(y)dy < oo or

T—r 00O
Zo

Zo
lim wu(x) =0, [I_= / u?(y)dy < oo

T—r—0O0
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Confluent second-order intertwining
C——

In the first case the domain of wy where w(z) is
nodeless is wy < —1I,; In the second case it will be

wo > I1_; 1f u Is one bound state of A both conditions
are fulfilled, thus in this case the wy-domain will be the
union of the two previous domains

Depending of the choice of u several spectral
manipulation possibilities arise

Isospectral: if e = E,,, u(x) = ¥, (x), and wy IS
inside the regularity domain = Sp(H) = Sp(H)
Deleting one level: if e = E,,;, u(z) = ¥ (), and wy
is one of the borders of the regularity domain

= Sp(H) = Sp(H)/En
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Confluent second-order intertwining
o ——

Creating one level: if e < Ey, u(z) is nodeless and
vanishes either to the right or to the left, and wy is
Inside the corresponding regularity domain

= Sp(H) = Sp(H) Ue

Isospectral: if ¢ < Ey, u(x) is nodeless and vanishes
either to the right or to the left, and w is one of the

borders of the regularity domain = Sp(H) = Sp(H)
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Confluent second-order intertwining

Let us stress that w(x) is proportional to W (u, v)
with » such that (H — ¢)u = 0 while v fulfills:

(H —€)v=u

By deriving (H — ¢)u = 0 with respect to ¢ we can
see that o.u Is a particular solution =
W(u,v) = Wy + Wi(u, Ocu)

Thus, we can use either the integral formula or the
differential one for this algorithm for calculating the

new potential V/
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Example: harmonic oscillator
o —

The general solution to the SE for V(z) = £- with
a = (1— 2¢)/4:

w(z) = e~ 2 [1Fi(a, 3;22) + Cx1Fi(a+ 5, 3;22)

The eigenfunctions v,, associated to the eigenvalues
L =n+ % are:

Yn(z) = \/ — =T Hla)

f we delete the ground state we must use the FOI and

?

hoose ¢ = Ey = 3 and u(z) = ¢p(x) < e~ 7. Thus:
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Example: harmonic oscillator
o ————————

—~

V(z)=2*+1

On the other hand, for ¢ = —3 we recover the
otentials derived by Mielnik in 1984

2 2V6_§ /
Vie) =5 - (ﬁ[l + uErf(x)]> —1
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Example: harmonic oscillator

-2+

First-order SUSY with e = —3
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Example: harmonic oscillator

Confluent second-order SUSY with ¢ = 2
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Conclusions

We have shown that the confluent algorithm allows
to create one new level at an arbitrary energy
position on the real axis as compared with the
initial spectrum

It allows as well to delete one arbitrary energy
level of the initial spectrum

The confluent algorithm represents one of the
simplest tools for manipulating spectra of
one-dimensional quantum mechanical systems
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