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The notion of Lie-Rinehart algebra is the algebraic counterpart of
the differential geometric notion of Lie algebroid, which in turn is a
generalization of Lie algebras.
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Lie Algebroid (A, [, ]4,a4)

Definition

A Lie algebroid (A, [, ]4,a4) is a vector bundle A — M over a
manifold M, together with a vector bundle map a4 : A — T M,
called the anchor map, and a Lie bracket

[,]Ja: T(A) xT'(A) — T'(A), such that the following Leibniz rule
is satisfied

[Oé, fﬁ]A = f[OZ?ﬁ]A + aA(a)(f)ﬁa
for all a, 8 € T'(A), f € C®(M).

The anchor map is a Lie algebra homomorphism

aa ([a,Bla) = [aa(a), aa(B)].

[§ Paradines, J., Théorie de Lie pour les grupoides différentiables.
Relations entre propriétés locales et globales, C. R. Acad. Sc.
Paris, Ser. A, 264, 245-248, 1967.



Examples (A, [, ]4,a4)

[a, fBla = [l Bla + aala)(£)B,

Any tangent bundle A = TM of a manifold M, with a4 = id and
the usual Lie bracket of vector fields, is a Lie algebroid.

.

Any Lie algebra A = g, with trivial anchor a4 = 0, is a Lie
algebroid.
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Poisson manifold (M, {-,-})

Definition

A Poisson manifold (M, {-,-}) is a smooth manifold M (equipped
with a Poisson structure) with a fixed bilinear and antisymmetric
mapping {-,-} : C®(M) x C>*(M) — C>°(M), which satisfies
Jacobi identity and Leibniz rule

{{fvg}vh} + {{g’ h}7f} + {{hvf}vg} =0,

{f,gh}y ={f,9}h +g{f. h},
where f,g,h € C*°(M).

Poisson bracket can be written in terms of Poisson tensor
(meTl (/\2 TM) such that [r, 7]sn = 0) as follows

{f,9} =m(df,dg).
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Poisson tensor

In the local coordinates x1,29,..., 25y on M
N
B af 9dg
{fug}_ZJZZI ( )a 8]7]

Components of Poisson tensor are given by the formula
mij(x) = {xi, x5}
and satisfy

® Tij = —7sz‘,

Oy 5 O omjy,
® . Tsk +9 Tt s + g

s = 0.
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Lie—Poisson structure

@ Lie, Kirillov, Kostant, Souriau

(g,[-,-]) — a Lie algebra is a vector space g together with a bilinear,
skew-symmetric bracket [, ] : g x g — g (called the Lie bracket)
which satisfies the Jacobi identity

[[X7Y]vZ] + HZ7X]7Y] + [[Y7 Z]’X] =0,

forall XY, Z € g.
g* — dual space to Lie algebra g — Poisson manifold.
Lie—Poisson bracket for f,g € C*°(g*) is given by formula

{f:93(p) = (p, [df (p),dg(p)]),

where p € g%, df (p), dg(p) — linear forms on g*. However due to
the canonical isomorphism valid in the finite dimensional case
(g*)" = g we can identify them with elements of Lie algebra g.
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Linear fiber-wise Poisson structure

If (A,[-,-]a,a4) is a Lie algebroid then on the total space A* of
dual bundle A* % M there exists a Poisson structure given by

{fogq,goq} =0,

{ix,g0q} =aa(X)(9) oq,
{x, Iy} = lix y]as

where X, Y € T'(4), Ix(v) = (v, X(q(v))), v e A* and
f,9 € C®(M).
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Example A =T*M

Let (M,{.,.}) be a Poisson manifold, then its cotangent bundle
q" : T*M — M possesses a Lie algebroid structure

a* N

A=T*M TM

id

M M

given by
ar-p(df)(-) = {f,},
[de dg]T*M = d{f7g}7
where f,g € C*>°(M). In general form
[ale]T*M = '£7T#(a)5 - £7r#(ﬁ)a - Cl(?T(O[,/B))

for a, B € T(T*M), where 7% : I'(T*M) — T'(T M) is given by
77 (a)(-) = n(a,-) and apsy = 7.

Cyclic Lie-Rinehart algebras



Lifting of a Poisson structure from M to T'M

If (M,{,}) = (M,n) is a Poisson manifold, then the manifold 7'M
possesses a Poisson structure given by

{foq,90q¢}rm =0,

{lag, g0} ={f, 9} oq,
{ldf7 ldg}TM - ld{fhg})

where lgr(v) = (v,df (qar(v))), v € TM and f,g € C°(M). Let
x = (x1,...,2N) be a system of local coordinates on M. Then the
Poisson tensor 7€ on the manifold 7'M associated with 7 has the
form

o B 0 ‘ 7ré(9x)
TN w0 | S 2 e )

in the system of local coordinates
(x,y) = (x1,...,xN,y1 = ldxl,...,yN = lda:N) on TM.
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The complete lift, the vertical lift

9 0
7T(X) = Z ,W](X)Gaci A @7
1<i<y
4
N
i 0 0 . 0 0
C — ] _— ] —
T (%, y) 1<Zi;j (W (%) Oz A Ay + 7 (x) Ay A Ol

N or
+

s=1

ey = 3w

1<i<j

o s 0 | Wéx)
Oxs (x)y ayz A ayj> - 7T(X) Zivzl T;(X)ys

Aaayj:‘“ 7r<0x>>
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Lifting of Casimir functions from M to T'M

Let cy,...,c., where r = dim M — rank 7, be Casimir functions for
the the Poisson structure w, then the functions

N

ac; )
¢; and ldci:Z£ys, i=1,...m
s=1 s

are the Casimir functions for the Poisson tensor 7€ . )

[ J. Grabowski, P. Urbanski, Tangent lifts of Poisson and related
structures, J. Phys. A: Math. Gen., 28, 6743-6777, 1995.
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Example: Lifting of a Poisson structure from so(3)

Let us consider the Lie algebra s0(3) of skew-symmetric matrices
[X,Y] = XY — Y X. The Poisson tensors can be written:

0 —x3 a9
7T1(X): T3 0 —x1 ], Cl(X):x%-i-.%%-i-{L‘%.
—xo I 0
The Poisson structures on T (s0(3))" are given by tensors
0 0 0 0 —XI3 i)
0 0 0 x3 0 -z
0 0 0 —xI9 il 0

9(X,Y) =

0 —x3 @ 0 —ys w2
x3 0 —x1| y3 0 -
-T2 X1 0 | —y2 wmn 0

Moreover the Casimirs are given by
1
a1(X) = af + a3 + a3, gldey = T1y1 + aya + w3ys.

In this case we recognize the Lie-Poisson structure of ¢(3).
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Lie algebroids with a Poisson structure

Let (A,[-,-]a,aa) be a Lie algebroid and assume that

mel (/\2 A) satisfies [m, 7|4 = 0. Then (A, 7) is called a Lie
algebroid with a Poisson structure.

Let us define

[, Blx = £108 — £ 250 — d (7, B)),

for a, 8 € T' (A*), where £ denotes the Lie derivation defined by
£xa(Y) =aa(X)a(Y) — a([X,Y]a),

for X,Y € T(A) and 7 : A* — A is defined by 7fa(-) = n(a,-),

and set a4+ = ay o 7t.
Then (A*,[-, -]z, aa+) is a Lie algebroid.
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Substitution T = X A Y

We rewrite

[aaﬁ]ﬂ = "Eﬂ'ﬁaﬁ - "671—11505 - d(ﬂ'(O&,,B)) )
forrof the form =X AY

[, Blr =B(Y)Lxa —a(Y)ExS — (B(X)Eya — a(X) Ly )
=la, flx,y — [o, Bly,x-

General situation
[Oé, /B]X,Y +A [av /B]Y,X-
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Substitution T = X A Y

For m of the form 71 =X AY

[, Blr =B(Y)Lxa—a(Y)ExP — (B(X)Eya — a(X) Ly )
Z[()z, “B}X,Y — [a, 6])/7)(.
General situation

o, Blxy + A, Bly,x.

[§ A. Dobrogowska, G. Jakimowicz, Generalization of the concept
of classical r-matrix to Lie algebroids, J. Geom. Phys. 165,
1-15, 2021.
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On some constructions of Lie algebroids on the

cotangent bundle of a manifold

It is well known that if M is a manifold then T'M is the tangent

algebroid of M, with the identity map as the anchor map and the
standard commutator of vector fields. However, we will use these
fields and give the construction of another algebroid structures.

Suppose that M is a manifold and X,Y € I'(T'M) are vector fields
such that [X,Y] = fY, f € C°(M). Then (T*M,[-,"]xy,axy)
is a Lie algebroid, where the Lie bracket and the anchor map are
given by

[, Blxy = B(Y)£xa— aY)£x5,
aX7y<O¢) = —Oz(Y)X,

where o, B € T'(T*M).
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The Poisson structure on the tangent bundle T M

In local coordinates (x,y) when X = Zf\il v (x) B(Zi and
Y = Zf\il w'(x) aii the Poisson tensor is given by formula
0 | v(x)w’ (x) \
T e | 2 (22 uT 0 w0 ((2200) ) |
w(x)v' (x A 8m5xw x) — w(x &st Y
where v = (v!,... o) and w' = (w!, ..., w).
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Substitution T = X A Y

General situation
[(M, [))]X,Y + A [O(, B]Y,X-
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On some constructions of Lie algebroids on the

cotangent bundle of a manifold

In addition, we will get a similar structure by swapping vector fields
X,Y. Moreover, if we take a linear combination of these
structures, we will again obtain a Poisson structure. The same
thing also happens on the level of the Lie algebroid.

Let X,Y € I'(TM) be such that [X,Y]| =0, then a structure
(T*M, [, -]3\(7},, aé{,y) is a Lie algebroid, where the Lie bracket and
the anchor map are given by

[, Blxy = o Blx,y + Ao, Bly,x
=pY)Exa—aY)£xB+A(B(X)Lya —a(X)Lyp),
aﬁ‘gy(a) =axy(a)+ Aayx(a) = —a(Y)X — Aa(X)Y

and X\ is a real parameter.
o
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In the case when A = —1, the assumption of [X,Y] = 0 can be
weakened. It is sufficient to assume that [X,Y] = fX + gY, where

f,g€e C®(M).
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The Poisson structure on the tangent bundle T M

This structure also leads to the Poisson bracket. In the local
coordinates expression of the Poisson structure is the following

tensor
7-@\(,Y (Xv Y) =
0 v(x)w' (x) + Mw(x)v " (x)

)
T | T ( s 0T (x) — () ()

/
Ml (x| + A (g;z<x>mx>—u<x><§;<x>) >>y

In this construction, the block vw ' + Awv " is symmetric for A = 1
in contrast to the construction of the Poisson bracket from the
algebroid bracket of differential forms. Moreover, this block is
antisymmetric for A = —1 and it is also a Poisson tensor on
manifolds M. In this case it is a complete lift of 1 = X A Y.
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Let us consider again the Lie algebra s0(3) of skew-symmetric
matrices. Thus on s0(3) we have the linear Poisson structure
3 0 0 9 O 9 40 0

TX) =2 i N o T 5 N o8 T 52 N o

Observe that defining the vector fields

20 a0 9 30 0

X — v
T ot T g2 oz3’ ozl’ 0x?

we can split the above Poisson tensor into two terms
T(X)=XAY+UAW.
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We obtain the following splitting
XANY+UAW

L T

XCAyV —YCAXxV U AwY —wCaAUuvV

S |

(X AY)C (U AW)C

\/

X/\Y+U/\W
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We obtain the following splitting

100 3 / \ 2 1,2 .3
95,179 <z” > 95,190 <y’ > 095,10 < z° > 93,10 <z ,y", Y>>
e(2) = 93,6 051® <zl + a2 >

Cyclic Lie-Rinehart algebras



The particular case of above construction A =g

Because a Lie algebra g can be thought of as a Lie algebroid over a
point, so we have the opportunity to construct a Lie bracket on the
dual space g* of g.

If (g,[-,]) is a Lie algebra and X,Y € g such that [X,Y] = cY (or
[X,Y] =0) are fixed, then (g*,[-,-|x,y) is a Lie algebra, where

[a, Blxy = a(Y)adx B — B(Y)adxa,

(or (g*, [ ]3\(Y> is a Lie algebra, where the commutator is

constructed as follows

[, Blxy = a(Y)adi B—B(Y)adka+ (a(X)ady B — B(X)ady ),

for a, B € g*
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Note that when A\ = —1 the bracket can be rewritten as
[, 8%y = —a(X)adi B+ a(Y))ady 3

+8(X)adya — B(Y)adya = [a, B,

It is a formula for the r-bracket or classical r-matrix. If r =Y A X
the assumptions of corollary can be weakened. In this case we
obtain a Lie bracket if r satisfies the Yang-Baxter equation or some
of its modifications (modified Yang-Baxter equation). It means that
rf . g* — g given by r¥()(B) = r(a, B) satisfies the condition

(allr*(8), r*(adim)]))+ (Bl (adg), r(a))Had [ (), F#(B)]) = 0

for all a, B,y € g* and Z € g. Then we can think about the
formula as a generalization of the notion of classical r-matrices by
introducing a parameter A € R.
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Classical R-matrix

One of the important tools of the integrable systems theory is the
so-called classical R-matrix. Given a Lie algebra (g, [-,-]), a linear
operator R : g —> g is called a classical R-matrix if the R—bracket
1

is a Lie bracket. The Lie algebra g equipped with two Lie brackets:
[,-] and R-bracket [-,-|r is called a double Lie algebra. A certain
class of R-matrices can be obtained from the modified Yang-Baxter
equation

R([R(X), Y]+ [X, R(Y)]) — [R(X), R(Y)] = ¢[X,Y].
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Generalization of the concept of classical r-matrix

Ultimately this concept can be extended to the level of arbitrary
r € g®g. If we define mappings r,7 : g* — g such that

r(a) =r(a,-), F(a) = r(-, ) then we obtain the following
generalization:

Assume that the map r satisfies the condition
(al[F(v),z(8)]) + (Bllz(a), 7(7)])

+(1l[e(a), 2(B)]) = 0,
for all o, B,y € g*. Then

[, Blr = ady ()8 — ady g

is a Lie bracket on g*.
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A new look at Lie algebras

Lie bracket has a form
[OZ?ﬁ]X,Y = <B7Y>(ld§(04 - <Oé,Y>CLd}B,

for a, B € g*, where X\ Y € g fulfill [X,Y] = fY. It means that
Lie algebra structure of g gives Lie algebra structure on g*.
However, as it was shown the bracket can be generalized to the
linear space V* to the form

[, Bl(pw) = B0)F*(a) — a(v) F*(8),

where o, 5 € V* F € End(V') and v is an eigenvector of F.

[§ A. Dobrogowska, G. Jakimowicz, A new look at Lie algebras, J.
Geom. Phys. 192 (2023), 104959.
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Eigenvalue problem

We present some constructions of a Lie bracket on a space V*
having a pair: linear mapping and its eigenvector. A pair (F,v)
gives a Lie bracket on a dual space V*:

If V is a vector space, F': V. — V is a linear map and v € V is an
eigenvector of the map F, then (V*,[-,-](r.)), is a Lie algebra,
where the Lie bracket is given by

[, ¢l(Fw) = (V) F () — (v) F™(9)
for v, € V*.
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We can identify V and V* with RY with the canonical basis
{e1,e,...,en} (i.e. V ~ V* ~RN), so that the pairing between
V and V* is given by the scalar product. Then the Lie bracket can
be rewritten in the form

[u, w](Fpy = (w|v)FTu — (u|v)FTw  for u,w € RY,

where (-|-) is the scalar product in RV,
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Cyclic Lie-Rinehart algebras

@ (-,-): L x N — R is a duality pairing of two R-modules L, N;
e Ey € End(L), Dy € End(N),Xy € Der(R) and ¢ € L and
n,yo € N satisfying the conditions that the mapping

LxL—R, (l1,0)— ({1,y0){l2, Do(yo))

is symmetric and we have

Xo((6;n)) = (Eo(£),n) + (¢, Do(n)).

If we define the anchor
@i L= Ta, a(b) = (t,y0) Xo
then the mapping
LxL— L, (l1,0g) v Ly-ly:=Vyly=(l1,y0)E0({2)

defines the structure of a pre-Lie-Rinehart algebra on L
([l1, 1] = by - bo — Lo - £1).



field of real numbers: R K
algebra of smooth functions: C*°(M,R) R
Lie algebra of tangent vector fields: T'(T'M) Der(R)
space of differential 1-forms: Q'(M) Hompg(Der(R), R)
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Dy = adx = [X’ ]

Ey= £y,
Xy = X,
Yo=Y,

[, Blxy =BY)Exa —
aX7y<O¢) = —Oz(Y)XX. (Y)OEXB’

Dy =F,
Ey = F*,
X():O,
Yo ="

[, @l(rw) = () () = P (v) ().
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@ (-,-): L x N — R is a duality pairing of two R-modules L, N;
e Ey € End(L), Dy € End(N), Xo € Der(R) and ¢ € L and
n,yo € N satisfying the conditions that the mapping

LxL—R, (1,0)— ({1,y0){l2,(Do)?*(y0))

is symmetric and we have

Xo({£;n)) = (Eo(£),n) + (£, Do(n)).

If we define the anchor
a: L —Tgr, a(l):= (¢ y0)Xo
then the mapping
LxL — L, (l1,02) — l1-ly := Ny la = ({1,y0)Eo(l2)— ({1, Do(yo))la

defines the structure of a pre-Lie-Rinehart algebra on L
([01, 1] = by - bo — Lo - £1).



In the special case K =R and R = C*°(R) we have
(X, [X,Y]]=cY for X =4 and Y = g%, c(t) =t for all t € R.
For the R-module Q}, the Lie bracket has the form

[fdt, hdt] = —g(t)Du(f, h)(t)dt

for all f,h € C*°(R), where Dy denotes Hirota's operator which
acts on the pair of functions f and & in the following way

Dy (f,h)(t) = < : d) FORD| = f(OhE) — FON ().

dt di

This operator is used in the method of finding soliton solutions for
non-linear equations, as for the example KdV.

Lie-Rinehart algebra structures on the space of differential forms
Q}, have been constructed before in the algebraic theory of Dirac
structures, motivated by the study of integrability of certain
nonlinear differential equations.
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Thank you for your
attention
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