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Third lecture: Homogeneous spaces related to Grassmannians
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Metric structure of homogeneous spaces of unitary groups
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Let A be a unital C*-algebra, A < B(H).

Unitary group of A:
Up={Ue A:UU* =U*U=1}

Lie algebra:
A =(Xe A: X =—-X*}

Theorem (Homogeneous spaces)

Let B < A be a C*- subalgebra of A such that Uy is a Lie subgroup ofU 4. Then the
following assertions hold:

Q@ O :=U4/Ugp is a manifold endowed with the quotient topology
© U4 acts smoothly and transitively on O as follows

U.A x O — O? (W’ [U]) = [WU]

© Forevery [U] € O the following maps are submersions

7T[U] ZUA i O, W[U](W) = [WU]
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Definition (Finsler metric on homogeneous spaces)

We consider homogeneous spaces O = U /U as above endowed with the
following Finsler metric: for [X] € T O,

[ Xpy := inf{]l2] - (dmpey)i(2) = [XT}

Remark: (dmpy;)s : A3 — Ty O is surjective, and ker(dmy)); = UB2"U* is the Lie
algebra of the isotropy group at [U] given by

Ty = {W ey : [UW] = [U]} = Ul U*

Then,
[X] € TiyO ~ A*/UBAU*, X e A"

and
(dmu)i(2) = [X] = Z=X+Y, YeUlsU*

X1y = inf{|X + Y| : Y e UBFU*}
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Qo

W
[U] Ua/Up
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» Any Z € A% is called a lift of [X] if (dmj))i(2) = [X].
» If, in addition, Z satisfies | Z|| = ||[X]||[u;, then Z is called a minimal lift of [X]

» Length functional: let v : [0,1] — O be a piecewise C' curve

1
Ly) = jo (D)ot

Theorem (Duran, Mata-Lorenzo and Recht '04)

Take [U] € O and [X] € Ty O. If there exists Z € A" minimal lift of [X], then the
curve §(t) = [e# U] has minimal length in the class of all the curves joining §(0) and
o(t) for |t| < 12T

Theorem (Duran, Mata-Lorenzo and Recht '04)

If B € A are von Neumann algebras, then minimal lifts do exist.

Remark: Minimal lifts may not exist in arbitrary C*-algebras. When they exist, it is in
general a difficult task to compute them explicitly.
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Projections with fixed difference
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‘H Hilbert space, B(H) algebra of bounded operators on H
P(H) (orthogonal) projections on H

Differences of projections

D={P-Q:P,QecP(H)}

For Ae D, set
Da={(P,Q eP(H)xP(H): P—Q=A}

Remark:

ker(A2 — I) = ker(A—I) @ ker(A+ 1)
= (ran(P) n ker(Q)) ® (ker(P) n ran(Q))

Furthermore,
H = ker(A) @ ker(A2 —h®Ho

where ker(A) = (ran(P) n ran(Q)) @ (ker(P) n ker(Q)), and H, is the generic part.
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Remark (Factorization of D4)
Using the decomposition H = ker(A) @ ker(A? — I) @ Ho, the set Dy is factorized as

Da = P(ker(A)) ® {A+} @ Da,

where P(ker(A)) are the projections on ker(A), A+ = Prer(a—1) — Prer(a+1) 1S
symmetry on ker(A? — [) and Ay = Az,

Remark: That is, (P, Q) € D4 is given by

P = E® Pyer(a-1) ® Po
Q= E® Prer(ar) ® Qo

where E € P(ker(A)), Po = Ply, and Qo = Q|
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Theorem (Davis ’58)

There is a bijection between the following sets:
Q Dy, = {(Po, Qo) € P(Ho) x P(Ho) : Po — Qo = Ao}
Q (V=V*=V"eB(Hy): AV =—VA}

Given Ae B(H), then A= P — Q for some P, Q € P(H) <= 3 V symmetry on
H' = ker(A? — I)* such that VA= —AV onH’
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Action on Dy: Take A = {X € B(H) : XA = AX} = {A} the commutant of A, and the
unitary group
Us={UeclU(H): UA= AU}

Then, U4 acts on Dy as follows:
U-(P,Q) = (UPU*, UQU*), UelUy,(P,Q)e Dy

Indeed, note
UPU* — UQU* = U(P - Q)U* = UAU* = A.

Put A := {X € B(Ho) : XAy = AoX} = {Ao}.

Theorem (Andruchow, Corach, Recht ‘19)

U 4, acts transitively on Da,

Corollary (Andruchow, Corach, Recht ‘19)

Dy, is connected. The connected components of Dy are parametrized by the rank
and corank of projections in P(ker(A)).
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Geometric structure of the components of D4 can be reduced to that of Dg,

In the Hilbert space Ho ~ £ x L,
I 0 c? CS
Fo = (0 o)’ Q"_(cs s?
where C = cos(I') and S = sin(l"), where I'* =T and ¢(I') < [0, 5]

2 _
:>A0=P0—Qoz<8 CS)

—-CS &2
Then, we obtain
XY
Ao = {Av} = {(Y Z) X, Y, Ze{l}Y, C(X—2)+2SY = O}

We write U 4, for its unitary group
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Isotropy group:

Lipy,a) = {U €Uy, : UPU* = Py, UQyU* = Qu}

w o0 A
(2 weinr) -

is the unitary group of the von Neumann algebra

| xo

Important remark: By the above charecterizations, it follows that the Lie algebra of
Us (i.e. B3) is closed and complemented in the Lie algebra of U4, (i.e. A3").
Indeed, a continuous projection is given by

g(F’o,Qo) : Agh g Agh

. X Y\\_[(ix+2 o0
P \\y z))~ 0 1X+2)
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Theorem (Andruchow, Corach, Recht ‘19)

The following assertions hold:
Q Dy, ~ Ua,/Up is a homogeneous space
Q If Ay — | has closed range, then D, is a submanifold of B(Ho) x B(Ho)

Remark: For the second item we construct a continuous local cross sections for the
map induced by the action

7w Ua, — Day, m(U) = (UPU*, UQoU™).

The construction needs the partial isometry in the polar decomposition of the
operators of the form /| — P — Q = Vp |/ — P — Q|. The map associated to the polar
decomposition is not continuous in general.

Infinite Grassmannians and operator theory



Curves of minimal length with respect to the quotient Finsler metric in D4, ?
Remarks:
1) Ag and B are both von Neumann algebras.

2) The following inequality holds:
Ix-2 v
Y HZ-x)

Minimal lifts have the form: B — (L Y)

=X

5229

l

for all D.

Y —-L
Curve (locally) minimal along its path: 6(t) = (e Pye~F, e Qye—1F)

Furthermore, in this case we have the following

Theorem (Andruchow, Corach, Recht ‘19)

Every pair of points in Da, can be joined by a geodesic of minimal length.
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Projections with fixed commutator
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Commutators of projections

C={[P,Q]: P,QeP(H)}

For AeC, set
Ca={(P,Q) eP(H)xP(H):[P,Q] = A}

Theorem (Li ‘04)

A is a commutator of two orthogonal projections if and only if A is an antihermitian
operator such that |A| < 3 and A is unitarily equivalent to its adjoint.

Set A = {A}'. The unitary group U4 acts on C4 as follows
W. (P, Q)= (WPW* WQW?*), Wely, (P,Q)eCa.

Note
[UPU*, UQU*] = UPQU* — UQP)U* = UAU* = A.

We consider orbits as follows:

Op.a) = {(WPW*, WQW*) : W € U}
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If A= [P, Q], then
ker(A) = (ker(P)nker(Q))®(ker(P)nran(Q))®(ran(P)nker(Q))®(ran(P)nran(Q))
Assumption: From now on, we suppose ker(A) = {0}
Recall that H = ker(A) @ H, (‘Two projections thm’)
Fix (Po, Qo) € Ca. Then, after a unitary conjugation by the Two projections thm,
2
(s o) @ (& €)

where C = cos(I') and S = sin(I"), where I'* =T and o(I") < [0, 5]

After another conjugation,

1(1 1 1( 1 e2r
Po_z(/ /)’Q"_2<e2‘fr /)

iCS 0
— A= [P0, Qo] = <’0 _,CS)
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UAZ{WEU(H)UAZUA}={<\Q \(32>2V1,V2€u{cs}/}

Isotropy group:

Zipy.qy) = LU €Us : UPU* = Py, UQoU* = Qo}
w o

Theorem (E.C., M. Chaile ‘26)
O(py,a0) = Ua/Up is a homogeneous space.

Remark:
1) {T'} < {CSY. The reversed inclusion may not hold

2) The key point in the above thm is to give a (continuous) projection from {CS}’
onto {I'}/
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Theorem (E.C., M. Chaile ‘26)

The following hold:
@ If{CS} = {I'}Y, then the exists a minimal geodesic joining any pair of points.
Q If{CS} # {I'}Y, then there exists (locally) minimal curves along their path.

Remark: There is a characterization of when {CS} = {I'} in terms of the spectral
measure of
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Thanks for your attention
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» Given Py — Qp = Ao, take S= Py + Qo — I = Py — (I — Qu), then
ker(S) = (ran(Py) n ker(Qy)) ® (ker(Py) n ran(Qy)) = {0}.

The polar decomposition S = V|S| = |S|V gives a symmetry V = sign(S) such that
VP, = QoV and VQO = P,V because SPO = Q()S and SQO = Pos

VAy = V(Py — Qo) = (@ — Po)V = —AgV.

» Conversely, take V symmetry on #Hq such that VA; = —Ag V. Define

’
Py = §(I+Ao+(/—Ao)1/2v), Q=35

It can be proved that Py, Qy € P(Ho) and Ay = Py — Qy

—_

(1= Ao+ (1= Ag)'2V)

» The correspondence is indeed a bijection
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