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Shift-invariant subspaces
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D � t z P C : |z|   1 u, T � BD
Hardy space:
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f P L2pTq : f �
¸
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fneint
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Shift operator:
S : L2pTq Ñ L2pTq, pSf qpeitq � eit f peitq

Theorem (Beurling-Helson)

E closed subspace of L2pTq, SpEq � E ùñ E � φH2, |φ| � 1 a.e.

¿Geodesics joining shift-invariant subspaces of PpL2pTqq? Given unimodular
functions φ, ψ, we have to understand if

dimpφH2 X pψH2qKq � dimpψH2 X pφH2qKq
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L2 � L2pTq, L8 � L8pTq, P� � projection onto H2

Toeplitz operator

Given φ P L8, Tφ : H2 Ñ H2, Tφpf q � P�pφf q Infinite matrix

Properties: }Tφ} � }φ}8 ; T�
φ � Tφ ; kerpTφψq � ψH2 X pφH2qK

Theorem (Coburn’s lemma)

0 � φ P L8 ùñ kerpTφq � t0u or kerpT�
φ q � t0u

Theorem (E. Andruchow, E.C., G. Larotonda)

Let φ,ψ be unimodular functions. The following are equivalent:
1 kerpTφψq � kerpTφψq � t0 u
2 There exists a unique minimal geodesic in PpL2q joining φH2 and ψH2
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Injectivitiy of Toeplitz operators

M. Lee, D. Sarason (J. Math. Anal. Appl. 33, 529-523 (1971))

N. Makarov, A. Poltoratski (Invent. Math. 180, 443-480 (2010))

Sufficient conditions:

Tφψ invertible ùñ kerpTφψq � kerpTφψq � t0 u

The converse “ðù ” does not hold (example later)

Notation: C � CpTq, H8 :� L8 X H2

Sarason algebra:
H8 � C � t f � g : f P H8, g P C u

� H8 � H8 � C � L8 are subalgebras

� Well-defined notion of index for an invertible f P H8 � C
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Theorem (Invertible Toeplitz operators)

Given f P L8, then
1 Tf is invertible ðñ Tf is Fredholm of zero index
2 If f P H8 � C, Tf invertible ðñ f invertible in H8 � C, indpf q � 0

indpφψq � �indpTφψq � dim kerpTψφq � dim kerpTφψq
� dimpφH2 X pψH2qKq � dimpψH2 X pφH2qKq

Corollary (E. Andruchow, E.C., G. Larotonda)

Let φ, ψ be invertible functions in H8 � C. Then, we have the following:

indpφq � indpψq ðñ D! minimal geodesic in PpL2q joining φH2 and ψH2

Examples:

� z
�
pz�1{2q
1�z{2

	
H2 and z�1

�
pz�1{3q
1�z{3

	�
pz�1{4q
1�z{4

	�
pz�1{5q
1�z{5

	
H2

ù D geodesic

� zH2 and z�1H2
ù E geodesic
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f P H2 is inner if |f | � 1 a.e.

f P H2 is outer if spant fχn : n ¥ 0 u � H2, where χnpeitq � eint

Theorem (Inner-outer factorization)

For f P H2, f � fint fout (unique up to a constant)

Inner functions can still be factorized...

Blaschke products: a1, . . . ,an P Dzt0 u

bpzq � zk
n¹

j�1

aj

|aj |
aj � z
1� ajz

, z P D, k ¥ 0.

For infinite points a1, a2, . . ., we have the Blaschke condition

Convergent product ðñ
8̧

j�1

p1� |aj |q   8

Remark: Blaschke products are inner functions with zeros tajuj¥1
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Singular functions: Let µ be a finite positive measure on T and µ singular with
respect to the Lebesgue measure

sµpzq � exp

�
�
»
T

w � z
w � z

dµpwq



Remark: These are inner functions and sµ � 0 en D

Example: If µ is supported on t1u, then sµpzq � e
z�1
z�1

Theorem (Canonical factorization)

Every f P H2 is factorized as
f � λb sµfout ,

where λ P T, b Blaschke product, sµ singular and fout outer part of f
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For φ inner function, z P suppφq � T if z is a limit point of zeros of φ or z is in the
support of µ

Theorem (M. Lee - D. Sarason ’71)

Let φ, ψ be inner functions
1 sup(φ)zsup(ψ) � H ùñ kerpTφψq � t0 u
2 sup(φ)� sup(ψ) ùñ σpTφψq � D

Example: there exists geodesic between

φH2 �
8¹

j�1

p�1q �1� 1{j2 � z
1� p�1� 1{j2qz H2 and ψH2 � e

z�1
z�1 H2

Remark: Tφψ injective, dense range and non invertible
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Zero sets in RKHS
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Now we take H reproducing kernel Hilbert space (RKHS) consisting of
complex-valued functions on a set X . That is, for each w P X , there exists kw P H
such that

f pwq � xf , kwy , @f P H.

The function kw is the reproducing kernel for w P H, and the two-variables function
K pz,wq � kw pzq is the reproducing kernel for H

Examples:

a) Hardy space of the disk: H � H2 � H2pDq, X � D

H2 �
$&
%f P HpDq : }f }H2 :�

�
sup

0 r 1

1
2π

» 2π

0
|f preitq|2dt

�1{2
  8

,.
-

�
#

f P HpDq : f pzq �
8̧

n�0

anzn satisfying
8̧

n�0

|an|2   8
+

The reproducing kernel for H2 is given by

K pz,wq � 1
1� w̄z

, z,w P D, ‘Szegő kernel’
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b) Bergman space of the disk: H � A2 � A2pDq, X � D

A2 �
#

f P HpDq : }f }A2 :�
�»

D
|f pzq|2dxdy


1{2
  8

+
, z � x � iy

�
#

f P HpDq : f pzq �
8̧

n�0

anzn satisfying
8̧

n�0

|an|2
n � 1

  8
+

The reproducing kernel for A2 is given by K pz,wq � 1
p1�w̄zq2 , z,w P D

c) Segal-Bargmann space of the plane: H � F1 � F1pCq, X � C

F1 �
#

f P HpCq : }f }F1 :�
�»

C
|f pzq|2e�|z|

2
dxdy


1{2
  8

+

�
#

f P HpCq : f pzq �
8̧

n�0

anzn satisfying
8̧

n�0

n! |an|2   8
+

The reproducing kernel for F1 is given by K pz,wq � ezw̄ , z,w P C
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Geodesics joining zero sets in PpHq? Given a � tajuN
j�1 and b � tbjuM

j�1 points in X ,
we study if there is a geodesic in PpHq joining the following zero sets in H

Za � tf P H : f pajq � 0, j � 1, . . . ,Nu

and
Zb � tf P H : f pbjq � 0, j � 1, . . . ,Mu

Proposition (E. Andruchow, E.C., A. Varela ‘21)

The following assertions hold:
1 There exists a minimal geodesic joining Za and Zb if and only if N � M
2 If N � M, then the minimal geodesic is unique if and only if

det
�
K paj , biq

�
i,j�1,...,N � 0.

Otherwise, there are infinitely many minimal geodesics joining the subspaces.
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Case of infinitely many points? Take two infinite sequences a � tajuj¥1 and
b � tbjuj¥1 in X . We consider only the RKHS space H � H2pDq (Hardy space)

Remark: a � tajuj¥1 and b � tbjuj¥1 in D must satisfy Blaschke condition
8̧

j�1

p1� |aj |q   8 and
8̧

j�1

p1� |bj |q   8

Infinite Grassmannians and operator theory



Then we rewrite the zero sets as follows

Za � BaH2 and Zb � BbH2,

where Ba and Bb are the Blaschke products associated to a and b, respectively.

Remark

tz P T : z is limit point of au X tz P T : z is limit point of bu � H ùñ
D! minimal geodesic joining Za and Zb (Sarason Lee)

Theorem (E. Andruchow, E.C., A. Varela ’21)

Given n P t0, . . . ,8u, there exist two disjoint sequences a � tajuj¥1 and
b � tbjuj¥1in D with the following properties:

a and b satisfy Blaschke condition.

ĺım aj � ĺım bj � 1

dimpZa X ZK
b q � 0 and dimpZK

a X Zbq � n

In particular, there exists a (unique) geodesic joining Za and Zb if and only if n � 0.
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Uncertainty principle
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Theorem (D. Donoho, P. Stark’89 )

Let I, J � Rn be Lebesgue-measurable sets of finite measure and let f P L2pRnq,
}f }2 � 1, be such that»

RnzI
|f pxq|2dx ¤ ϵI ,

»
RnzJ

|̂f pξq|2dξ ¤ ϵJ .

Then,
|I| |J| ¥ p1� ϵI � ϵJq2

We then consider PI and QJ the projections on L2pRnq defined by

PI f � χI f , QJ f � pχJ f̂ qˇ

where χL is the characteristic function of the set L

Remark: The proof of the above theorem has two main stages

1.
a|I| |J| � }PIQJ}HS (Hilbert-Schmidt norm)

2. }PIQJ} ¥ 1� ϵI � ϵJ
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Theorem (E. Andruchow, G. Corach)

Let I, J be measurable subsets of Rn with finite measure. Then there exists a unique
self-adjoint operator XI,J satisfying the following:

1 }XI,J} � π
2

2 XI,J is PI-codiagonal
3 eiXI,J PIe�iXI,J � QJ

4 If γ : r0, 1s Ñ PpL2pRnqq is a C1 piecewise curve joining PI and QJ , then

Lpγq �
» 1

0
} 9γptq}dt ¥ π

2

Ideas: Apply E. Andruchow’s characterization together with

ranpPIq X kerpQJq � kerpPIq X ranpQJq � t0u, }PI �QJ} � 1.

These conditions were proved by A. Lenard ’72
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Corollary (E. Andruchow, G. Corach)

With the previous notations, we have

}PIQJ} � cospγpXI,Jqqa|I| |J| � }PIQJ}HS � } cospX q}HS, where X� � X is defined by

XI,J |kerpXI,JqK �
�

0 iX
�iX 0

�

Furthermore, the spectrum of XI,J has the form

σpXI,Jq �
!
�π

2
, 0,

π

2

)
Y tµn : n ¥ 1u Y t�µn : n ¥ 1u,

where 0 is an infinite eigenvalue, µn ¡ 0 are finite eigenvalues and µn Õ π
2 .
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Thanks for your attention
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Note that
!

eint?
2π

)
nPZ

is an orthonormal basis of L2 and
!

eint?
2π

)
n¥0

is an orthonormal

basis of H2.

For φ P L8,

φ �
¸
nPZ

φn
eint
?

2π

the Toeplitz operator is given by

Tφ �

�
�������

φ0 φ�1 φ�2 φ�3 . . .

φ1 φ0 φ�1 φ�2 . . .

φ2 φ1 φ0 φ�1 . . .

φ3 φ2 φ1 φ0 . . .
...

...
...

. . .

�
������
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