Mechanics on algebroids

Janusz Grabowski

(Polish Academy of Sciences)

May 30, 2021

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 1/27



Plan of the talk

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 2/27



Plan of the talk

@ The classical Tulczyjew triple

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 2/27



Plan of the talk

@ The classical Tulczyjew triple

o Euler-Lagrange equations

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 2/27



Plan of the talk

@ The classical Tulczyjew triple
o Euler-Lagrange equations

o Tulczyjew triples for algebroids

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 2/27



Plan of the talk

The classical Tulczyjew triple
Euler-Lagrange equations

Tulczyjew triples for algebroids

Digression on field theories

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 2/27

/



Plan of the talk

The classical Tulczyjew triple
Euler-Lagrange equations
Tulczyjew triples for algebroids
Digression on field theories

Tulczyjew triples for strings

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021



Plan of the talk

The classical Tulczyjew triple
Euler-Lagrange equations
Tulczyjew triples for algebroids
Digression on field theories

Tulczyjew triples for strings

Lagrangian and Hamiltonian formalism for strings

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021



Plan of the talk

The classical Tulczyjew triple
Euler-Lagrange equations
Tulczyjew triples for algebroids
Digression on field theories
Tulczyjew triples for strings

Lagrangian and Hamiltonian formalism for strings

Example: Plateau problem

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021



Plan of the talk

The classical Tulczyjew triple

Euler-Lagrange equations

Tulczyjew triples for algebroids

Digression on field theories

Tulczyjew triples for strings

Lagrangian and Hamiltonian formalism for strings

Example: Plateau problem

Some references

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021



Plan of the talk

The classical Tulczyjew triple

Euler-Lagrange equations

Tulczyjew triples for algebroids

Digression on field theories

Tulczyjew triples for strings

Lagrangian and Hamiltonian formalism for strings
Example: Plateau problem

Some references

Home work

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021



e By (usually implicit) first-order dynamics on a manifold N we will
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e By (usually implicit) first-order dynamics on a manifold N we will
understand a submanifold (or even subset) D in TN.

@ Acurve 7v:R — N satisfies this dynamics (is a solution), if its
tangent prolongation belongs to D, t(y):R — D C TN.

A vector field X on N, i.e. a section of the tangent bundle
X : N — TN, defines the dynamics D = X(N) C TN.

@ In local coordinates, for the vector field X = fa(q)aiqa, we have

D={(q"4") € TN : 4" = fi(q)}
and the explicit dynamical equations %(t) = f,(q(t)) are the equations
for trajectories of this vector field.
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The Tulczyjew triple - Lagrangian side

Any D C TN can be viewed as implicit dynamics whose solutions are
curves v : R — N s.t. 4 € D. For the Lagrangian phase equations:
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The Tulczyjew triple - Lagrangian side

Any D C TN can be viewed as implicit dynamics whose solutions are
curves v : R — N s.t. 4 € D. For the Lagrangian phase equations:
TT*M M T*TM

M - positions,
TM - (kinematic)
configurations,

™ T
L:TM — R - Lagrangian /
T*M - phase space T*I\/I\ T*M\
M M

M
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configurations, ™ N

L:TM - R - Lagrangian /

T*M - phase space ™M
M M

D =epm(dL(TM))) = TL(TM),

the image of the Tulczyjew differential T L, is the phase dynamics,

o oL . oL
D:{(x,p,x,p): p:&7 p:ax}

whence the Euler-Lagrange equation: 9t = 4 (49t).
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The Tulczyjew triple - Lagrangian side

Any D C TN can be viewed as implicit dynamics whose solutions are
curves v : R — N s.t. 4 € D. For the Lagrangian phase equations:
M - positions DTT*M o T*TM

TM - (kinematic) \ It WTM\A\
configurations, T/V/ N
L:TM — R - Lagrangian /

T*M - phase space . ™M

D = ey (dL(TM))) = TL(TM),

the image of the Tulczyjew differential 7L, is the phase dynamics,
oL 8L
D= ,p): p=—=, p=

whence the Euler-Lagrange equation: 2t = 4 (95). Note that L can be

as well singular for the price that D is an implicit equation.

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 4 /27



The Tulczyjew triple - Hamiltonian side

canonical isomorphism
T*TM ~ T*T*M,

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 5/27



The Tulczyjew triple - Hamiltonian side

canonical isomorphism
T*TM ~ T*T*M,

E:T"MxpyTM — R

H(pv V) = (pv V> _L(V)
H:T"M — R
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The Tulczyjew triple - Hamiltonian side

Hamiltonian side of the triple

canonical isomorphism
T*TM ~ T*T*M,

T*T*M Pu TT*M

E:T*M xy TM = R T

"
ﬁ(p, V) = <P, V>_L(V~}*M M /
H:T"M —>R
\ / \/\/I

M
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The Tulczyjew triple - Hamiltonian side

Hamiltonian side of the triple

canonical isomorphism n#
TTM ~ T*T*M M TT"M<D

dH \ \
E: T*MXMTI\/I—>R TM

H(p.v) = (p, .
H T*M—>R | ™M

D = N7, (dH(T*M))
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The Tulczyjew triple - Hamiltonian side

Hamiltonian side of the triple

canonical isomorphism n#
TTM ~ T*T*M M TT"M<D

dH \ \
E: T*MXMTI\/I—>R TM

H T*M—>R ™M

D = N7, (dH(T*M))
D:{(vaa).(7p): p__i X:}’

whence the Hamilton equations.
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Tulczyjew triple in mechanics

D
T*T*M TT*M T*TM

A AN
-

NN,

The dynamics is in the middle, the right-hand side is Lagrangian, the
left-hand side — Hamiltonian.

Bm

I\/I
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The Legendre transform

@ The Legendre transform is a pass from the Lagrange to the Hamilton
description of the dynamics:
we try to describe the Lagrangian phase dynamics as a Hamiltonian
phase dynamics.
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(g,p) — A(q,9) = (g, p) is a diffeomorhism).
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Hamiltonian with the Hamiltonian function

H(q,p) = 4°pa—L(q,9),
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The Legendre transform

The Legendre transform is a pass from the Lagrange to the Hamilton
description of the dynamics:

we try to describe the Lagrangian phase dynamics as a Hamiltonian
phase dynamics.

It is easy in the case of hyperregular Lagrangians (the Legendre map
(g,p) — A(q,9) = (g, p) is a diffeomorhism).

In this case the Lagrangian phase dynamics D; is simultaneously
Hamiltonian with the Hamiltonian function

H(q,p) = 4°pa—L(q,9),
(9:9) = A(q.p)-

In other words, the Lagrangian submanifolds dL(TM) C T*TM and
dH(T*M) C T*T*M are related by the canonical isomorphism R,,,.
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Euler-Lagrange equations

@ The Euler-Lagrange equation for a curve v : R — M takes in this

model the form B
t(ALoy)=TLoy,

where TL = ¢ odL is the Tulczyjew differential and v = t(7) is the
tangent prolongation of 7.
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Euler-Lagrange equations

@ The Euler-Lagrange equation for a curve v : R — M takes in this
model the form

t(ALoy)=TLox,
where TL = ¢ odL is the Tulczyjew differential and v = t(7) is the
tangent prolongation of 7.

@ In this sense, the Euler-Lagrange equation can be viewed as a
first-order differential equation on curves ~ in TM:

TT*M
l \()\LO’Y)
TT* M
TL
™M ™ R

AL v
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Euler-Lagrange equations

The Euler-Lagrange equation for a curve 7 : R — M takes in this
model the form

t(ALoy)=TLox,
where TL = ¢ odL is the Tulczyjew differential and v = t(7) is the
tangent prolongation of 7.

In this sense, the Euler-Lagrange equation can be viewed as a
first-order differential equation on curves ~ in TM:

TT*M
l \()\LO’Y)
TT* M
TL
™M ™ R

AL v
The equation just tells that the curve 7 Lo~y is admissible, i.e. that
it is a tangent prolongation of a curve (it must be A; o) on the
phase space, TLo~y =t(A; o7).
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Euler-Lagrange equations (continued)

@ In local coordinates,

) oL L. oL .
TL(q.9) = (q, %(q, q), 4, afq(q, q))-

For ~(t) = (q(t),q(t)) this implies the equations

a0 = 0. e a0, a(0) = 5 (a(e). a(0).
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Euler-Lagrange equations (continued)

@ In local coordinates,

) oL L. oL .
TL(q.9) = (q, %(q, q), 4, afq(q, q))-

For ~(t) = (q(t),q(t)) this implies the equations

dg daL 0L

q(t) = 3,(1). Gi5g(a():a(1)) = 5 (a(t), 4(¢)).

@ These equations are second-order equations for curves g = g(t) in
M.
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Euler-Lagrange equations (continued)

@ In local coordinates,

) oL L. oL .
TL(q.9) = (q, %(q, q), 4, afq(q, q))-

For ~(t) = (q(t),q(t)) this implies the equations

a0 = 0. e a0, a(0) = 5 (a(e). a(0).

@ These equations are second-order equations for curves g = g(t) in
M.

@ Regularity of the Lagrangian is completely irrelevant for this
formalism. Singular Lagrangians just produce complicated and
implicit dynamics, but the geometric model is the same.
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Algebroid setting
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Algebroid setting

T*E* n*

PATSA ==
E\ /

E*/
\M/ N

L:E—R
D, CTE
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Algebroid setting

n#

T*E* TE* = T*E <_dL
4 \M/ N

D = TL(E) L:E—R

D, CT*E
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Algebroid setting

Dy

r

n#

D
) )
E *

T*E* TE* £ T*E <_dL
dH \ p M\
E / ™ Z%E
E* E* E*
NSNS N
M M M

H:E* —TR D = TL(E) L:E—R
Dy C TXE* D = N#(dH(E*)) D, C T'E

The Euler-Lagrange equations read 7T Lo~y = t(A; o 7).
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Euler-Lagrange equations for algebroids

If (g?) are local coordinates in M,

(y") i (&) are linear coordinates in fibers of, respectively, E and E*,
and

M = cf(q)éds @ Og; + pf(q)e © Dgp — 07(q)0g» @ O,

then the Euler-Lagrange equations read

dg?
(1) s pr(q)y”,
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Euler-Lagrange equations for algebroids

If (g?) are local coordinates in M,

(y") i (&) are linear coordinates in fibers of, respectively, E and E*,
and

M = cf(q)éds @ Og; + pf(q)e © Dgp — 07(q)0g» @ O,

then the Euler-Lagrange equations read

dqg?®
(1) s pr(q)y”,

d /oL K 0L oL
2) 4 <8yj>(q, ) cj(a)y’ By 5x(a.y) +07(q )a 5(a.y)
They are first-order differential equations (!) but for admissible curves in

E, i.e. for curves satisfying (1). For E = TM, they are exactly the tangent
prolongations of curves in M, for which the equation is second-order.
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Euler-Poincaré equations

A particular example of the equation (2) is not only the classical
Euler-Lagrange equation

d oL . oL )
E(‘)T‘;a(q’q) = aiqa(q, CI)-
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Euler-Poincaré equations

A particular example of the equation (2) is not only the classical
Euler-Lagrange equation

d oL . oL )
E(‘)T‘;a(q’q) = aiqa(q, CI)-

but also the Lagrange-Poincaré equation for G-invariant Lagrangians on
principal G-bundle

(ditc’?;a - qua) (q7 q, V) - (Bl’)(a(q)qb + D/I;(q)v’) %(qa g, V) =0,
oL

£2L(9.4,v) — (Dl(a)a® + Chvi) 2 (. d,v) =0,
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Euler-Poincaré equations

A particular example of the equation (2) is not only the classical
Euler-Lagrange equation

d oL . oL )
E(‘)T‘;a(q’q) = aiqa(q, CI)-

but also the Lagrange-Poincaré equation for G-invariant Lagrangians on
principal G-bundle

(ditgc:_a - qua) (q’ q, V) - (Bl’)(a(q)qb + D/I;(q)v’) %(qa g, V) =0,
oL

£2L(9.4,v) — (Dl(a)a® + Chvi) 2 (. d,v) =0,

and the Euler-Poincaré equations, for instance the rigid body equations,

d oL } B
a% V)— ijVaVk(V)—O.
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@ The motion of a system is given by an n-dimensional submanifold in
the manifold M ("space-time”).
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@ The motion of a system is given by an n-dimensional submanifold in
the manifold M ("space-time”).

@ An infinitesimal piece of the motion is the first jet of the submanifold.

@ However, this model leads to essential complications even in
one-dimensional case (relativistic particle).
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@ The motion of a system is given by an n-dimensional submanifold in
the manifold M ("space-time”).

@ An infinitesimal piece of the motion is the first jet of the submanifold.

@ However, this model leads to essential complications even in
one-dimensional case (relativistic particle).

@ For instance, the infinitesimal action (Lagrangian) is not a function
on first jets, but a section of certain line bundle over the first-jet
manifold, a ‘dual’ of the bundle of "first jets with volumes”.
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Digression on field theories

@ The motion of a system is given by an n-dimensional submanifold in
the manifold M ("space-time”).

@ An infinitesimal piece of the motion is the first jet of the submanifold.
@ However, this model leads to essential complications even in
one-dimensional case (relativistic particle).

@ For instance, the infinitesimal action (Lagrangian) is not a function
on first jets, but a section of certain line bundle over the first-jet
manifold, a ‘dual’ of the bundle of "first jets with volumes”.

@ Compromise: take for the space of infinitesimal pieces of motions the
space of simple n-vectors, which represent first jets of n-dimensional
submanifolds together with an infinitesimal volume.
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Digression on field theories

@ The motion of a system is given by an n-dimensional submanifold in
the manifold M ("space-time”).

@ An infinitesimal piece of the motion is the first jet of the submanifold.

@ However, this model leads to essential complications even in
one-dimensional case (relativistic particle).

@ For instance, the infinitesimal action (Lagrangian) is not a function
on first jets, but a section of certain line bundle over the first-jet
manifold, a ‘dual’ of the bundle of "first jets with volumes”.

@ Compromise: take for the space of infinitesimal pieces of motions the
space of simple n-vectors, which represent first jets of n-dimensional
submanifolds together with an infinitesimal volume.

@ It is technically convenient to extend this space to all n-vectors, i.e.
to the vector bundle A"TM of n-vectors on M.
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Dynamics of strings
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Dynamics of strings

@ An evolution of strings is represented by surfaces in M. Passing to
infinitesimal parts we will view a Lagrangian L as a function

L:N>TM = R.
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Dynamics of strings

@ An evolution of strings is represented by surfaces in M. Passing to
infinitesimal parts we will view a Lagrangian L as a function

L:N>TM = R.

If L is positive homogeneous, the action functional does not depend
on the parametrization of the submanifold and the corresponding
Hamiltonian (if it exists) is a function on the dual vector bundle
A2T*M (the phase space).
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Dynamics of strings

@ An evolution of strings is represented by surfaces in M. Passing to
infinitesimal parts we will view a Lagrangian L as a function

L:A*TM —R.
If L is positive homogeneous, the action functional does not depend
on the parametrization of the submanifold and the corresponding

Hamiltonian (if it exists) is a function on the dual vector bundle
A2T*M (the phase space).

@ The dynamics should be an equation (in general, implicit) for
2-dimensional submanifolds in the phase space, i.e.

DCATAT*M.
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Dynamics of strings

@ An evolution of strings is represented by surfaces in M. Passing to
infinitesimal parts we will view a Lagrangian L as a function

L:N>TM = R.

If L is positive homogeneous, the action functional does not depend
on the parametrization of the submanifold and the corresponding
Hamiltonian (if it exists) is a function on the dual vector bundle
A2T*M (the phase space).

@ The dynamics should be an equation (in general, implicit) for
2-dimensional submanifolds in the phase space, i.e.

D C A TA2T*M.

@ A submanifold S in the phase space A>T*M is a solution of D if and
only if its tangent space T,S at o € A°T*M is represented by a
bivector from D,,.
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Dynamics of strings

@ An evolution of strings is represented by surfaces in M. Passing to
infinitesimal parts we will view a Lagrangian L as a function

L:N>TM = R.

If L is positive homogeneous, the action functional does not depend
on the parametrization of the submanifold and the corresponding
Hamiltonian (if it exists) is a function on the dual vector bundle
A2T*M (the phase space).

@ The dynamics should be an equation (in general, implicit) for
2-dimensional submanifolds in the phase space, i.e.

D C A TA2T*M.

@ A submanifold S in the phase space A>T*M is a solution of D if and
only if its tangent space T,S at o € A°T*M is represented by a
bivector from D,,.

If we use a parametrization, then the tangent bivectors associated
with this parametrization must belong to D.
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The Hamiltonian side for multivector bundles
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The Hamiltonian side for multivector bundles

Recall that AT A2 T*M is a double graded bundle (actually a GrL-bundle)

A2T A2 T*M

/ \
M A2TM
\ M /
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The Hamiltonian side for multivector bundles

Recall that AT A2 T*M is a double graded bundle (actually a GrL-bundle)

A2T A2 T*M

/ \
M A2TM
\ M /

We have:
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The Hamiltonian side for multivector bundles

Recall that AT A2 T*M is a double graded bundle (actually a GrL-bundle)

A2T A2 T*M

/ \
M A2TM
\ M /

We have:
@ the canonical Liouville 2-form on A2T*M:

1
O = Ep,uu dxt A dx”, Puv = —Pvp
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The Hamiltonian side for multivector bundles

Recall that AT A2 T*M is a double graded bundle (actually a GrL-bundle)

A2T A2 T*M

O
M AZTM
\ M /

We have:
@ the canonical Liouville 2-form on A2T*M:

1
O = Ep,ul/ dx” A dx”, Puv = —Prp s

@ the canonical multisymplectic form

1
w%/, =do3, = Edpm, Adx? AdxY;
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The Hamiltonian side for multivector bundles

Recall that AT A2 T*M is a double graded bundle (actually a GrL-bundle)
AT N2 T*M

O
M AZTM
\ M /

We have:
@ the canonical Liouville 2-form on A2T*M:

1
92 = Ep,uu dxt A dXV7 Puv = —Pvu
@ the canonical multisymplectic form
1
w%/, =do3, = Edpm, Adx? AdxY;
@ the vector bundle morphism

By NPTATM = T A2T*M, u gwiy
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The Lagrangian side for multivector bundles

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 16 / 27



The Lagrangian side for multivector bundles

In local coordinates,

2 . . .
ﬁM(XMa Pk Xyaaygpv p’y,é,e,C) = (Xua Pk _ygpa XVU) .
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The Lagrangian side for multivector bundles

In local coordinates,
2 . 77 . o .
ﬁM(XMa Pk XVUa yepv p’y,é,e,g) - (Xua Pk _ygpa XVU) .
Using the canonical isomorphism of double vector bundles

R:T*N2T*M > T A2TM,
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The Lagrangian side for multivector bundles

In local coordinates,
B paws X7, Vs Prsiec) = (X Pans =Yl X77) -
Using the canonical isomorphism of double vector bundles
R:T*N2T*M > T A2TM,

: 2 _ 2
we can define aj, = R o 7,
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The Lagrangian side for multivector bundles

In local coordinates,
B paws X7, Vs Prsiec) = (X Pans =Yl X77) -
Using the canonical isomorphism of double vector bundles
R:T*N2T*M > T A2TM,
we can define oz%/, =TRo ,6,2\,,, which is another double graded bundle

morphism,
gt APTAPT*M = T* A2TM,
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The Lagrangian side for multivector bundles

In local coordinates,
612\/1()(“’ Pk ).(Vga ygpv p’y,é,e,() = (Xua PXks _ygpa ).(VU) .

Using the canonical isomorphism of double vector bundles

R:T*N2T*M > T A2TM,
we can define oz%/, =TRo ,6,2\,,, which is another double graded bundle
morphism,

gt APTAPT*M = T* A2TM,

(of double graded bundles over A°TM and A2T*M).
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The Lagrangian side for multivector bundles

In local coordinates,
B paws X7, Vs Prsiec) = (X Pans =Yl X77) -
Using the canonical isomorphism of double vector bundles
R:T*N2T*M > T A2TM,
we can define oz%/, =TRo ,6,2\,,, which is another double graded bundle

morphism,
2

gt APTAPT*M = T* A2TM,
(of double graded bundles over A°TM and A2T*M).
In local coordinates,

2 . . .
am(XuvamXW?)/gpaP'yée() = (XM7XVU7.y1777p7p)\H) .
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The Lagrangian side for multivector bundles

In local coordinates,
BI%/I(XM, Pk ).(Vga ygpv p’y,é,e,() = (Xua PXks _ygpa ).(VU) .

Using the canonical isomorphism of double vector bundles

R:T*N2T*M > T A2TM,
we can define oz%/, =TRo ,8,2\,,, which is another double graded bundle
morphism,

gt APTAPT*M = T* A2TM,

(of double graded bundles over A°TM and A2T*M).

In local coordinates,

A (X s X7, Yo Bysec) = (X, X7yl )
The map a%d can also be obtained as the dual of the canonical
isomorphism
K2 TA2TM = A2TTM.
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The Tulczyjew triple for strings

Combining the maps 5%4 and oz%/,, we get the following Tulczyjew triple for
multivector bundles, consisting of double graded bundle morphisms:
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The Tulczyjew triple for strings

Combining the maps 5%4 and oz%/,, we get the following Tulczyjew triple for
multivector bundles, consisting of double graded bundle morphisms:

2

A2T A2 T*/\/I T* A2 TM

/\ 2TM /\ 2TM™ /\ 2TM™
A2T*M 74/\%* 7L/@T* /

T* A2 T*M
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The Tulczyjew triple for strings

Combining the maps 5%4 and oz%/,, we get the following Tulczyjew triple for
multivector bundles, consisting of double graded bundle morphisms:

2

A2T A2 T*/\/I T* A2 TM

/\ 2TM /\ 2TM™ /\ 2TM™
A2T*M 74/\%* 7L/@T* /

The way of obtaining the implicit phase dynamics D, as a submanifold of
AT A2 T*M, from a Lagrangian L : A°TM — R or from a Hamiltonian
H: A>T*M — R is now standard.

T* A2 T*M
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The phase dynamics - Lagrangian side
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The phase dynamics - Lagrangian side

A2TM - (kinematic) configurations,
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The phase dynamics - Lagrangian side

A2TM - (kinematic) configurations, L : A°TM — R - Lagrangian
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The phase dynamics - Lagrangian side

A2TM - (kinematic) configurations, L : A°TM — R - Lagrangian

2
AZT A2 T*M T*A2TM
N N

N*TM A2 TM

i W\ /
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The phase dynamics - Lagrangian side

A2TM - (kinematic) configurations, L : A°TM — R - Lagrangian
2
D& AT A2T*M T A2TM<-
AN TM A2TM

N2T*M e N2TEM

D = (ajy) "M (dL(A\*TM)))
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The phase dynamics - Lagrangian side

A2TM - (kinematic) configurations, L : A°TM — R - Lagrangian
2
D& AT A2T*M T /\2Tl\/lg\/-
AN TM A2TM

A2T*M A2T*M

D = (ajy) "M (dL(A\*TM)))

y . oL oL
D= {(Xuvp)\fmx Uaygp>p’y56C) : yyp = %7 Pxe = W} .
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The phase dynamics - Lagrangian side

A2TM - (kinematic) configurations, L : A°TM — R - Lagrangian
2
D& AT A2T*M T /\2Tl\/lg\/-
AN TM A2TM

A2T*M A2T*M

D = (ajy) "M (dL(A\*TM)))

y . oL oL
D= {(Xuvp)\fmx Uaygp>p’y56C) : yyp = %7 Pxe = W} .

Thus we get Lagrange (phase) equations.
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The phase dynamics - Hamiltonian side
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The phase dynamics - Hamiltonian side

H:A°T*M — R
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The phase dynamics - Hamiltonian side

H: A>T*M — R
2
T* A2 T*M L AT A2 T*M
AN*TM / A2TM
/\2T* A2T*M
M T~ M
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The phase dynamics - Hamiltonian side

H:N°T*M = R
132
T* A2 T*M u AT A2 T*M <D
dH \ \
/\2TI\/I A°TM
/\2T* /\2T*M

= (Bi) " (dH(A*T" M)
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The phase dynamics - Hamiltonian side

H:A°T*M — R

2
T* A2 T*M L AT A2 T*M <D

% . ~
/\2TI\/I A,?TM

/\2T* /\2T*M

= (B4) " (dH(A*T* M)
OH

. ) . oOH
D= {(vap)\naxyoaygpup'ﬂse() : ng - _@7 XVG - } .

Opuo
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The phase dynamics - Hamiltonian side

H:A°T*M — R

2
T* A2 T*M L AT A2 T*M <D

% . ~
/\2TI\/I A,?TM

/\2T* /\2T*M

= (B4) " (dH(A*T* M)
OH

. ) . oOH
D= {(vap)\naxyoaygpup'ﬂse() : ng - _@7 XVG - } .

Opvo
Thus we get Hamilton equations.
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The Euler-Lagrange and Hamilton equations
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The Euler-Lagrange and Hamilton equations

For a surface in A2TM,
(t,s) = (x7(t,s),x"(s, 1)),

the Euler-Lagrange equations read
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The Euler-Lagrange and Hamilton equations

For a surface in A2TM,
(t,s) = (x7(t,s),x"(s, 1)),

the Euler-Lagrange equations read

OxH Ox¥  OxH* Ox¥
ot Os Os Ot '’

oL Xt aL(t ) _oxt o aL(t)
ox? ot 0s \oxpo\° ds Ot \oxro ) )

X =
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The Euler-Lagrange and Hamilton equations

For a surface in A2TM,

(t,s) — (x(t,s),x""(s, 1)),

the Euler-Lagrange equations read

OxH Ox¥  OxH* Ox¥

v _
x dt ds  9s Ot
oL oxto (oL N oo (oL,
dxc ot ds \axme\° s ot \ oxpe % )
As for the Hamilton equations, we have

oH  OxMox¥ B OxH Ox¥

Opuw Ot Os Os Ot '’

B Bi  OxM Opue B Ox* Opys

ox° Ot Os ds Ot

May 30, 2021 20 / 27
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AT ET S
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AT ET S

In the relativistic dynamics of strings, the manifold of infinitesimal
configurations is A>TM, where M is the space time with the Lorentz
metric g.
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AT ET S

In the relativistic dynamics of strings, the manifold of infinitesimal
configurations is A>TM, where M is the space time with the Lorentz
metric g. This metric induces a scalar product h in fibers of A2TM:
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AT ET S

In the relativistic dynamics of strings, the manifold of infinitesimal

configurations is A>TM, where M is the space time with the Lorentz

metric g. This metric induces a scalar product h in fibers of A2TM: for
1 0 0 1 0 0

w=—x"_— u=-x""_—

27 axk U axv T2 OxH  OxV

we have

(U’W) — h‘uyn/\kﬂu}-{m}\’
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AT ET S

In the relativistic dynamics of strings, the manifold of infinitesimal
configurations is A>TM, where M is the space time with the Lorentz
metric g. This metric induces a scalar product h in fibers of A2TM: for

1 0 0 1 0 1o}
_ taw Y Y U
v 2X Oxk  Oxv’ “ 2 OxH  OxV
we have
(U’W) — h‘uyn/\kﬂu}-{m}\’
where

hpw{)\ = Bux8vX — Bu)\8urk -
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AT ET S

In the relativistic dynamics of strings, the manifold of infinitesimal
configurations is A>TM, where M is the space time with the Lorentz
metric g. This metric induces a scalar product h in fibers of A2TM: for

1 0 0 1 0 1o}
:7-;11/7/\7 :7'/;1,1/7/\
X Oxk  Oxv’ b= 5% OxH " OxV
we have
(U’W) — h‘uyﬂ/\>'<M1/)-</,‘<)\7
where

h,u,l/l'{)\ = Bux8vX — Bu)\8urk -

The Lagrangian is a function of the volume with respect to this metric,
the so called Nambu-Goto Lagrangian,

L(w) = v/ (w|w) = \/ hypoaxt XA

which is defined on the open submanifold of positive bivectors.
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Nambu-Goto dynamics
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Nambu-Goto dynamics

The dynamics D C A?T A? T*M is the inverse image by a%,, of the image
dL(A?TM) and it is described by the Lagrange (phase) equations
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Nambu-Goto dynamics

The dynamics D C A?T A? T*M is the inverse image by a%,, of the image
dL(A?TM) and it is described by the Lagrange (phase) equations

o _ 1 Ohurro ok oo
Yav = 35 gx0 XX,
1 S
Puv - ;h/ﬂ/)\fix ",
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Nambu-Goto dynamics

The dynamics D C A?T A? T*M is the inverse image by a%,, of the image
dL(A?TM) and it is described by the Lagrange (phase) equations

. L 8hm,\a

« LK LA
Yav — 2p Ox¥ xHEx )

1 S
Puv - ;h/ﬂ/)\fix ",

P =1/ h,w/)\m>'<’ul/>'<>\'$ .

where
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Nambu-Goto dynamics

The dynamics D C A?T A? T*M is the inverse image by a%,, of the image
dL(A?TM) and it is described by the Lagrange (phase) equations

o _ 1 Ohurro ok oo
yoa/ - Tp OxY XH X ’
_ 1 oA
Puv = 7h/il/)\l’ix Ka

p
where
P =1/ h,ul/)\m>'<’ul/>'<>\'$ .

The dynamics D is also the inverse image by ﬁﬁ, of the lagrangian
submanifold in T* A? T* M, generated by the Morse family
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Nambu-Goto dynamics

The dynamics D C A?T A? T*M is the inverse image by a%,, of the image
dL(A?TM) and it is described by the Lagrange (phase) equations

o _ 1 Ohurro ok oo
Yav = 35 gx0 XX,
1 S
Puv - ;h/ﬂ/)\fix ",

where

P =1/ h,ul/)\m>'<’ul/>'<>\'$ .

The dynamics D is also the inverse image by ﬁﬁ, of the lagrangian
submanifold in T* A? T* M, generated by the Morse family

H  NPT*MxR, -R,

(pr) = r(v/(plp) —1).

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 22 /27



Nambu-Goto dynamics

The dynamics D C A?T A? T*M is the inverse image by a%,, of the image
dL(A?TM) and it is described by the Lagrange (phase) equations

o _ 1 Ohurro ok oo
Yav = 35 gx0 XX,
_1 )
Puv = 7h/il/)\l’ix Ka

p
where
P =1/ h,ul/)\nk’uVXAK .

The dynamics D is also the inverse image by ﬁﬁ, of the lagrangian
submanifold in T* A? T* M, generated by the Morse family

H  NPT*MxR, -R,
2 (p,r) = r(y/(plp) — 1).

In the case of minimal surface, i.e. the Plateau problem, we replace the
Lorentz metric with a positively defined one.
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Plateau problem
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Plateau problem

In particular, if M = R3 = {(x! = x,x? = y, x> = z)} with the Euclidean
metric, the Lagrangian reads

L(xt, %) =
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Plateau problem

In particular, if M = R3 = {(x! = x,x? = y, x> = z)} with the Euclidean
metric, the Lagrangian reads

Lix x5 = 37 (502

Ry

The Euler-Lagrange equation for surfaces, being graphs of maps

(x,y) — (x,y,2z(x,y)), provides the well-known equation for minimal
surfaces, found already by Lagrange :
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Plateau problem

In particular, if M = R3 = {(x! = x,x? = y, x> = z)} with the Euclidean
metric, the Lagrangian reads

Lix x5 = 37 (502

Ry

The Euler-Lagrange equation for surfaces, being graphs of maps

(x,y) — (x,y,2z(x,y)), provides the well-known equation for minimal
surfaces, found already by Lagrange :

0 Zy 0 z,

x|\ o ol Ty
X 1—|—z§—|—z§ Y 1—|—z§—|—z}%

=0.
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Plateau problem

In particular, if M = R3 = {(x! = x,x? = y, x> = z)} with the Euclidean
metric, the Lagrangian reads

Lix x5 = 37 (502
Ry

The Euler-Lagrange equation for surfaces, being graphs of maps

(x,y) — (x,y,2z(x,y)), provides the well-known equation for minimal
surfaces, found already by Lagrange :

0 Zy 0 z,

x|\ o ol Ty
X 1—|—z§—|—z§ Y 1—|—z§—|—z}%

In another form:

=0.

(1+22)z,y — 22:2,24 + (1 + z}%)zxx =0.
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A generalization
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A generalization

We have a straightforward generalization for all integer n > 1 replacing 2:
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A generalization

We have a straightforward generalization for all integer n > 1 replacing 2:
n n

153 «
M__ AnT /\”T*M M

T* AN T*M T* A”TM

/\”TI\/I /\”Tl\/l /\”Tl\/l

/\n-l-* / /\n-l—* / /\n-|->l< /

J.Grabowski (IMPAN) Graded bundles in geometry and mechanics May 30, 2021 24 /27



A generalization

We have a straightforward generalization for all integer n > 1 replacing 2:
n n

153 «
T*N’T*M M /\”T/\”T*M M T*N’TM

/\”TI\/I /\”Tl\/l /\”Tl\/l

/\n-l-* / /\n-l—* / /\n-l-* /

The map

By N"TA"T*M — T* A" T*M
comes from the canonical multisymplectic (n + 1)-form wf, on A"T*M,
being the differential of the canonical Liouville n-form

O = Pusgin..pin dXT A dx? - Adx".
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A generalization

We have a straightforward generalization for all integer n > 1 replacing 2:
n n

153 «
T*N’T*M M /\”T/\”T*M M T*N’TM

/\”TI\/I /\”Tl\/l /\”Tl\/l

/\n-l-* / /\n-l—* / /\n-l-* /

The map

By N"TA"T*M — T* A" T*M
comes from the canonical multisymplectic (n + 1)-form wf, on A"T*M,
being the differential of the canonical Liouville n-form

O = Pusgin..pin dXT A dx? - Adx".
The map «aj, is just the composition of 3, with the canonical
isomorphism of double vector bundles T* A" T*M and T* A" TM.
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@ Problem 1. Find the phase dynamics D C TT*R3 corresponding to
the Lagrangian on TR3: 1

3
L(x. %) = 5 > X+ V(%)
i=1

@ Problem 2. Find the Legendre transformation A\.TR3 — T*R3 for the
above Lagrangian.

@ Problem 3. Find the phase dynamics D C TT*R corresponding to the

Lagrangian on TR:
L(x,x) =x+ V(x).

@ Problem 4. Find the Legendre map A : TR — T*R for the
Lagrangian from Problem 3. Is A; a diffeomorphism?

@ Problem 5. Let
M=¢§0: @0+ 2100 @0
be a linear tensor on (R?)* = {(&,n)}. Find the bracket on R?
induced by I, the phase dynamics D C T(R?)*, corresponding to the
Lagrangian L = (&% +7?), and the Euler-Lagrange equations.
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