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Outline of the Talk
o Area for graph mappings: classical case

o Introduction to non-holonomic geometry (Carnot groups)
= Sub-Riemannian differentiability
= Graph mappings as example of Holder mappings

o Metric properties of graph mappings

= Polynomial sub-Riemannian differentiability (Carnot groups)
= Intrinsic bases and corresponding measure

o Minkowski geometry

¢ General sub-Lorentzian structures

¢ Distance, measure and area for graphs



Euclidean Case: Graph Mappings
e o . R*" - R

= graph mapping or : R? = R*"T1 or 2z (2, 0(z))

o ¢ € Lip(R",R) = ¢ € Lip(R?,R*+1)

o r Is differentiable a. e.

o the area formula:

/\/1 —+ det(Dcp*(:I:)Dcp(:c)) dr = / dH" (y)

D (D)




Non-Holonomic Geometry: Nilpotent Graded Groups

| Motivation: Hypoellipticity of (X?+4...+X2_{—Xn)f = ¢ € C%,
X1,...,Xp € TRY (H6rmander, 1967, sufficient conditions)

e G: a manifold with basis vector fields Xq,..., Xy
M

e for Lie algebra V, we have V= @ V;; X, eV, = degX; =k
i=1

o Vix1 C [V1,Vi], [Vi, V] = {0} = nilpotent graded group
o Vix1 = [V1, V4], [V1,Vy] = {0} = Carnot group

N N
o Group operation: z = exp( 3 a:iXi) (u), y = exp( 3 inq;) (u)

N .
= Ty = exp( D Zz'Xi> (u), where z; = x;+y;+ 2. E, 5(u)$M?JB
i=1 lu+Blp=deg X;

N
® |>‘|h = 'Zl )‘j deg Xj for A = ()\1,...,)\]\[)
]:



Applications of Non-Holonomic Structures
e subelliptic equations
e non-holonomic mechanics
e contact geometry
e physics
e robotechnics
e Neurobiology
e astrodymanics

etc.



Distance Functions

1

N - =
o If w=exp( £ wiX;)(v) then duo(v,w) = max{juy|*9%}
i=1 1—=1,...,

e doo IS a quasimetric: IC < oo such that

doo(v,w) S C(dOO(Uau) + dOO(uaw)) Vw,’v,u < G

N
o Define 0y : (v1,...,vN) — exp( 3 vin') (u) =:v
i=1

= (vq,...,vyn) are normal coordinates of v w. r. t. u




Sub-Riemannian Differentiability (¢ : G — G)

Definition [Pansu; see also Vodopyanov for general case].
A mapping ¢ . D —- G, D C G, is hc-differentiable at v € D, if
there exists a horizontal homomorphism

LU:G—>@

such that
doo(@(w), Ly(w)) = o(doo(u,w)), D > w — u.

e he-differential of ¢ at w is denoted by Dy(u)

Theorem (Pansu; see also Vodopyanov for general case).
Every intrinsically Lipschitz mapping ¢ : D — G is hc-differentiable
almost everywhere.

o If ¢ € C}(D,G) then it is continuously hc-differentiable on D




Graphs as an Example of HOlder Mappings

~

~ ~ N ~
e G,GCU, 0=GngG, goiDBxi—)eXp(Z goj(a:)Xj>(0)EG
Jj=1

~

N
e graph mapping or : D 3 x — exp( 3 goj(a:)Xj) (z) €U
j=1

o ¢ € Lip(D,G) = generally, o ¢ Lip(D,G) (even if G = R)

o hce-differentiability: is not applicable!




Polynomial hc-Differentiability

o (G, G areNninotent graded groups, D C G
e p:D—G
¢ 0:¢(D)xG — Ry, 3(z,z) =0, 2(z,y) = 0(y, z)

— 1) is polynomially he-differentiable at x € D w. r. t. 0 if

o there exists £, : G — G such that
1) 2(¢(w), La{w)) = o(doo(z,w)), D 3w — x;

N
3) L is polynomial in {wi}f\él, where exp( 3 ’quXz) (z) = w.
j=1

o If Ly is linear and block-diagonal then we have he-differentiability




Polynomial hc-Differentiability of Graph Mappings

= o IS polynomially hc-differentiable where ﬁis hc-differentiable
= in coordinates w. r. t. =z and ¢r(x), Dpyr(z) assigns to

Yi1,---HyYN the element (Al(ﬂ?,y), <. AN(ZE7y)7 Al(x7y)7 S ZN(QZ,Q)),

(Ai(z,y) =y + > Koy (—e(@) P (p(z))
|k+u+A|p,=deg X;,
K, Al 4[>0 N N
+ > Ly's - (=0(@))P (o(x)) Ty (De(x)(y)),
lat+B+y+7|,=deg X;, "
a,7>0
14,(z,y) = (Do(z)(y)); + > K uy'% o)) (p(x))>
|k+pu—+A|p=deg X,
K, | A[+|p]>0
+ S Lk (—e(@) (@) y* (Do) (y)T
la+B+~y+7|,=deg X},
\ a,7>0



T he Intrinsic Basis

& Disadvantage: too big coefficients at X if deg X > 2
o Idea: make v and ﬁpw(az)@) «almost intrinsically Lipschitz»
= if ¢ : G — (G, {*X}}_, ), and Dpy(z)(y) = (k1,...,xg) then
K] =O<doo(at,y)deg)?j>, j=1,...,N

in some new basis {*X;}1_;.

o The collection {xfk}{ﬁ\’:l is adapted, or intrinsic basis at ¥ (x).

< 1

~ N _ -
olfy,z€G, y= exp( > yk“’Xk>(2), then d3 (y,2) = max _{|yg|®¢ ¥k}
i= k=1,...N




Differential of Polynomial Differential
(Graph of Lipschitz Mappings, Initial Basis)

( Edqim 1% 0 0 0 0 \
* X Edim V3 O O
0 0
* * * * Edqim Vs
(Dgp)vl (z) 0 0 0 0
* (Dgp)‘@ (z) R 0 0 0
* * (Dgo)v&% (x) 0 R 0
L * * (Do), 7, (@)



Differential of Polynomial Differential
(Graph of Smooth Lipschitz Mappings, Intrinsic Basis)

[ Edimvy; 0 0 0 0 \
0 Edim 5, 0 0 0
0 0 Edim V4 0 0
. 0 0]
0 0 0 0 Egimvy,
(Dgp)vl (z) 0 0 0 0
0 (Dgo)v2 () 0 0 0
0 0 (Dgp)v&‘;3 () 0 B 0
\ 0 0 0 0 (Dgo)VMj;M(a:))



Minkowski Geometry

e length of a vector in R* equals

oly = Va2 242212 2?42 +22-12>0
g2+ 2+ 2212, 242422 -12<0,
where v = xej + yeo + ze3z + tey.

e if a,b € R* and b = a + v then

dr(a,b) = |v|f.

e V. M. Miklyukov, A. A. Klyachin, V. A. Klyachin, 2011
(and references)






Generalizations

e 5-dimensional sub-Lorentzian case: V. R. Krym, N. N. Petrov
(including applications to physics)

e Multi-dimensional time: W. Craig, S. Weinstein, I. Bars,
J. Terning, etc.



Sub-Lorentzian Structure with Multi-Dimensional Time

0(G,Xl,...,XN),(@,S(/L...,XVN)CU
.{X17'°°7XN7X17"'7XN'}:{Y].?"'?Y]/\\]}

o~ — — — ~ ]/\4\ ~ ~ ~ ~
e N=N+N, M=max{M,M}, V= @ Vi, [V1,Vi] C Vit1
k=1

o V,, =span{V.,V}
o Vk_l_ a ‘A/k_ = {0}

~ —~

oV, CV, k=1,...,.M



Sub-Lorentzian Squared Distance

e adapted basis: {‘”L’Xl,...,wXN,x)Afl,...,x)A(/N} = {*"Y1,..., %Y}

N
o If w= exp( 3 wijj> (v) then
=1
03(w,v) = max _ sgn( > w]2 — wf)x
k=1,...,.M SRS D



Balls ans Light Cones

e “BoxS(v,7) ={w e U: xb%(v,w) < r2}

o T L(® Box%v,r)) is a Cartesian product of By, where By, is

dimVj . 2 2
{yeR k.sgn( .o — D) yj>><

j:YjG‘/}]j j:Y}E‘/}k_

| £ 4 £ i<l

jY;eVF jY;EV

e the light cones for v € o (£2):

N —1
{exp(z y;Fr (U)Y}-)(v) ; Z yj2— Z y]2 =0,k=1,...
Jj=1

j:YjE‘/}]:_ j:YjE‘/}k_



T he Intrinsic Measure

e Assume that S = ¢ (Q2), ACS

M
o Define for v = } jdimV, the measure
=1

M
F(A) = H Wdim V; - lim inf{z ry
T 6—0 :
=1 i€N
1
U er (@) Boxg(ffiﬂ“z‘) DA z;, €A 1< 5}.
1N



Requirements on Dy

(AEd_iFmvl 0 0 \
(29”)%,%(:”’) 0 0
(Dso)vl,vl(:v) 0 0
0 _ Edimv, 0
DB o (2} 0 <Dgo>§2 0, (%) 0
periz) = = [ ©
0 (Dso)%,VQ(x) 0
O 0
0 0 0 0 Edim vy,
N\t
0 0 0 0 (lzw)vM’VM(w)
\ 0 0 0 0 (Dgo)vM’VM(x))

1

do not exceed dm v, ~ c, c>0

o lengths of columns of (5@)‘3 v
k'VEk



The Area Formulas for Spacelike Surfaces
® pE C}_I (4some requirements on constants) or ¢ is smooth

o or () is spacelike: it lies locally outside light cones
o the following area formula is valid for graph mappings or:

[SETewmanr )y = [ a5up@),
2 or(£2)
where 5L 7(p,v) equals

M A -~ ~ ~

Ay eet(Bamy, + (Pet)g,  (Po¥)g = (PeT)y (P )y, )

@gC}{iﬁ@:Dﬁpw, QDECI]:I:>15:5’ (Egp‘l—)f/v:o’ j>2
J>7]

e Applications: maximal surfaces theory
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