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1. ABSTRACT

There is developed the G. Goldin’s current algebra representation scheme for reconstructing quantum
Hamiltonian and symmetry operators in case of quantum integrable spatially many- and one-dimensional
Schrodinger type dynamical systems.

In the report we are interested mainly in studying local current algebra representations in suitably
renormalized Fock spaces and their applications to constructing the related finite-particle factorized
representations for corresponding secondly-quantized many-particle Hamiltonian operators. As examples
we have studied in detail the factorized structure of Hamiltonian operators, describing such quantum
integrable spatially many- and one-dimensional models as generalized oscillatory, Calogero-Sutherland,
Coulomb type and Nonlinear Schrédinger dynamical systems of spin-less bose-particles.

Main topics to be discussed are as follows:

1.1. An integrable many-particle oscillatory quantum model. As a first application of the
local current algebra representation construction devised above, we will consider a simple nonrela-
tivistic oscillatory quantum model of interacting bose-particles in the m-dimensional Euclidean space
(R™; < +]- >),m € Z, described by the secondly quantized Hamiltonian operator

(1.1) H® = % dr < VYT (2)|Vy(z) > —|—% dr < wr|lwr > YT (2)Y(z),
Rm™ Rm

acting on the corresponding Fock space ®, and parametrized by the positive definite frequency matrix
w € End R™. The following proposition holds.

Proposition 1.1. The quantum oscillatory Hamiltonian operator  (1.1) allows on the suitable Fock
space @ the factorized representation

(1.2) H® = %/m dr < K*(z) +wzp(z))|p(z) H(K(z) + wzp(x)) > + %trw N.
Its ground state |Q2“)) € ® satisfies the conditions

(1.3) H®)|Q)) — %trw NQE)), (K(z) + wap(@)| Q@) = 0

for all x € R™.

Moreover, as for any x,y € R™ there holds the equality

(1.4) [< DY (@) p(x) "D (2) >, < D@F(y)|p(y) "D (y) >] =0,
where, by definition, the local operator
(1.5) D@ (z) := K(z) + wzp(z),

the next operators

1 P
(1.6) HOD = / dz (< DO (@)]p(x) D) () >)
on the Fock space ® are a priori commuting to each other, that is

(1.7) [H@?) H@D] =0

for any integers p,q € Z. Thus, the following quantum integrability proposition holds.
1
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Proposition 1.2. The nonrelativistic oscillatory quantum model (1.1) of interacting bose-particles in
the m-dimensional space R™ possesses a countable hierarchy of the commuting to each other symmetric
operators (1.6) on the suitable Fock space ® represents a quantum integrable model.

The obtained this way differential operators HJ(\;J’p) : Lgs) (R™N:C) — Lgs) (R™N:C),p € Z,, are
respectively, also commuting to each other, as this follows from (1.7), giving rise to the quantum inte-

grability of the N-particle oscillatory Hamiltonian model Hg;;) = Hg{})’l) + %trw N for arbitrary finite
NeZ,.

1.2. A generalized integrable many-particle oscillatory quantum model. A generalized quantum
oscillatory model of bose-particles in R™ is described by the N-particle Hamiltonian operator

1 1
(18) Hy = 5 Z < Vm]|Vz7 > +§ Z < OJN(l'j - xk)|wN(xj - xk) >
j=1,N G k=1,N

on Lés)(RmN ; C), parametrized by a positive definite interaction matrix wy € End R™ N € Z,. In
the case when this interaction matrix depends on the particle number N € Z, as wy = @w\/N/2 for
some constant positive definite matrix @ € End R™, the corresponding to (1.8) secondly quantized
Hamiltonian operator is representable as

(19 H=3 [ o<Vt @IVole) > +3 [ dadyd @0 00 )e(e) < sle—y)ata—y) >,

acting on a suitably chosen Fock type representation space ®.
Consider now a quasi-local operator mapping D(z): & — ®™ z € R™, equal to

(1.10) D(a) i= 6" (&) Vila) + | dy<o(e—y): ple)oly) -
and construct the next operator expression:

~ 1
(1.11) H= 3 /m < DT (2)|p(x) " 'D(z) > .

Then the following proposition holds.

Proposition 1.3. The operator expression (1.11) is equivalent on the Fock space ® to the secondly
quantized Hamiltonian operator (1.9):

. tr@
(1.12) H:Hf% N(N - 1).

Remark 1.4. It is worthy to remark here that owing to its construction, the operator mappings
<D*(2)|p(z)"'D(z) >: ® — ®,x € R™, are commuting to each other, that is
(1.13) [< D¥(x)|p(z) ' D(z) >, < DT (y)|p(y)~'D(y) >] =0

for any x,y € R™. This naturally makes it possible to construct a countable hierarchy of commuting to
each other operators H® : ® — & p € Z,, where

(1.14) HP) .= /m dz (< D (z)|p(x) "' D(x) >)",
that is
(1.15) [H® HP] =0

for all p,q € Z,. The latter, in particular, means that our generalized quantum oscillatory model (1.8)
is also integrable.

1.3. The Calogero-Sutherland quantum model: the current algebra representation, the
Hamiltonian reconstruction and integrability. The periodic Calogero-Sutherland quantum bosonic
model on the finite interval [0,!] ~ R/[0,{]Z is governed by the N-particle Hamiltonian

o 0? B(6 - 1)
(1.16) == 2@ * Z 12 sin®[T (2 — x1)]
j=T,N 7 j#k=1I,N LA
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in the symmetric Hilbert space Lgs)([O, JV;C), where N € Z, and 3 € R is an interaction parameter.
As it was stated in a very interesting and highly speculative works [11], there exists linear differential
operators

0
(1.17) D= 0TS gl )
Z; I l
k=1,N,k#j

for j = 1, N, such that the Hamiltonian (1.16) is factorized as the bounded from below symmetric
operator

(1.18) Hy = Y DD;+Ey,
J=TN
where
2
1
(1.19) Ey =3 (”f) N(N?%-1)

is the groundstate energy of of the Hamiltonian operator (1.16), that is there exists such a vector |Qy) €
Lés)([O7 1JV; C), satisfying for any N € Z, the eigenfunction condition

(1.20) Hy|Qn) = En|Qn)
and equals

T B
(1.21) 190) =, curv (sinl T (s —@0)])

Being interested additionally in proving the quantum integrability of the Calogero-Sutherland model
(1.16), we will proceed to its second quantized representation [2, 5] and studying it by means of the
current algebra representation approach, devised and developed before in [7, 8, 9, 10, 12, 13].

The secondly quantized form of the Calogero-Sutherland Hamiltonian operator (1.16) looks as

(1.22) H/Oldw;(x)%(xH(”f@(ﬂ1)/Oldx l P (@)t W)y (y)v(z )’

l 0 sin [%(m y)]

acting in the corresponding Fock space ® := @y cz, rn, Pp ~ Lés)([O, I]";C),n € Z,. Having defined the
operator

D(w) = ¢+ (2)e (x)—
(1.23)
™8 [ dy ctg[ (@ — y)] : p(a)p(y) :

acting in the Fock space ®, one can formulate the following proposition, first stated in [12], using com-
pletely different approach.

Proposition 1.5. The secondly quantized Hamiltonian operator (1.22) in the Fock space ® is repre-
sentable in dual to (1.18) factorized form as

1
(1.24) H = / deD* (2)p(z)"'D(x) + E,
0
where the ground state energy operator E : ® — & equals
2 2
1
(1.25) E=— L (N34 iz (N?
3\ 1 l
where

l
(1.26) N:= / plx)dx
0
is the particle number operator, and satisfies the determining conditions

(1.27) (H-E)|Q) =0, D(x)|Q) =0
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on the suitably renormalized vacuum ground state |Q2) € ® for allx € R/[0,1]Z. Moreover, for any integer
N € Zy the corresponding projected vector |Qn) := |Q)|o,  there satisfies the following eigenfunction
relationships:

2 2
(128) N|QN) = N|QN), EIQN) = (; (ﬂ—lﬁ> ;N3 4 <7Tlﬁ) :N2 ;) |QN) =

1 w3 2 3 9 w5 2
= I3\ 7 (N° —3N“+2N) + T N(N-1)||Qn) =
r 2
= % (’Tf) (N® —3N? +2N +3N? —3N)| |Qn) =
1 w3 2 9
= g T N(N - 1) |QN) = EN|QN),
coinciding exactly with the result (1.19).
Remark 1.6. When deriving the expression (1.28), we have used the identity
p(@)p(y) = : p(x)p(y) - +p(y)d(z —y),
(1.29) p(@)p(y)p(z) = < p(@)p(y)p(z) : + : p(x)p(y) : 6(y — 2)+

T pp(=) 8 — )+ < p()ple) : 6z — y)+ - p()S(y — 23z — ),
which holds [8, 13] for the density operator p: ® — ® at any points z,y, z € R/[0,!]Z.

1.4. An integrable many-particle Coulomb type quantum model on axis. A many particle
Coulomb type quantum bose model on axis is governed by the N-particle Hamiltonian

(1.30) :—Z 2+ Y ot

2 Ti—T — x4
Ty Z [lnbca _xk|< ’ o)z )ln|wj Ts| +
|z _mkHz] — T4
JjF#k#s=1,N
—z:)(z
+ln|:ckij|( i) @k = )1H|5Ek xs| +
|2k — x|z — 5]
(xs —xj) (s — 1)

+ In |z, — x4
s — zj||zs — 24
acting in the Hilbert space Lés) (RN:C),N € Z,, is parametrized by a real-valued interaction parameter
a € R\{0}, which modulates both the binary and ternary particle interactions. Its secondly quantized
representation in a suitably chosen Fock space ®, looks as

(1.31) H = /Rda:w;r(x) Py (x) > —|—/2 d:cdyﬁ cp(z)ply) « +
o’ , (z—y)(z - 2)
+t3 - drdydz : p(z)p(y)p(z) [ln |z — y|m In |z — 2] +
(y—2)y -z (z—2)(z —y)

+Inly — z| Inly—z|+1n|z — z| In|z —y||,

ly — z[ly — | |z — ||z —y|
modulo the infinite renormalization constant operator, responsible for the coinciding points x = y € R
of the Coulomb and logarithmic type interaction potentials. Introduce now at any point x € R the

quasi-local operator expression

(1.32) DO(z) = T (@)t (@) = [ dy: p(a)p(y) : s(z - y;e),

R2
acting in the Fock space ®, and construct the following operator:

(1.33) H) :/da:<D(E @) |p(z)T'DE) () >



ON THE CURRENT ALGEBRA REPRESENTATIONS AND QUANTUM MANY-PARTICLE INTEGRABLE HAMILTONIAN MODELS

Then one can formulate the next proposition.

Proposition 1.7. The many-particle Coulomb type Hamiltonian operator (1.31) in a suitably chosen
Fock space ® is weakly equivalent, as € — 0, to the operator expression (1.33), and satisfies the following
regqularized limiting relationship:

e—0

~ 2

1.34 reg lim H® .= lim (A - 2 N(N2—1)) = H.
g o
&

1.5. Quantum many-particle Hamiltonian dynamical system on axis with fdé-interaction, its
quantum symmetries and integrability. In this Section we will consider a quantum non-relativistic
many-particle bose-system on the axis R, governed by the Hamiltonian operator:

(1.35) Z +5 > oy — ),

]1N J j#k=1,N

where o, 8 € R are interaction constants, and acting in the symmetric Hilbert space Lgs) (RN;C),N € Z,.
The corresponding secondly quantized expression for the Hamiltonian operator (1.35) in the related Fock

space ¢ ~ Znez+ L(23) (R™; C) equals

(1.36) H [ doufn+ 0 0t

R
where the creation 1™ — and annihilation 1)—operators satisfy the canonical commutator relationships
(1.37) (@), v (y)] = o -y),

WF (@), YT ()] = 0=[(2) ¢(y)

for any z,y € R. The Hamiltonian operator (1.36) via the Heisenberg recipe [5, 14] naturally generates
on the creation ¢+ : ® — & and annihilation ) : ® — & operators the following quantum Schrédinger
type evolution flow :

(1.38) djdt :%[H,w]:—iwm+2iﬁ¢+¢2,

aut/de = St = i, - 2B

with respect to the temporal parameter ¢t € R.
Let us define in the Fock space ® the following structural operator:

(1.39) DO () i= §* (2)al() — B / dybe(z —y) < p(x)p(y) -

where for any € > 0 the expression 9. (x—y) == Hax—y—¢e) = {1,if 2 >y—e}An{0,if z <y+e}fora,y
€ R denotes the shifted classical Heaviside ¥J-function, and construct the following quantum operator:

(1.40) HE) = / dzDE* (2)p(z) DO (),
R
The next proposition (1.40) states an equivalence of the quantum Hamiltonian operator (1.36) and the

weak operator limit lim,_,o H(®).

Proposition 1.8. The many-particle quantum operator (1.36) in a suitably chosen Fock space ® is
weakly equivalent, as € — 0, to the operator expression (1.40), and satisfies the following regularized
limiting relationship:

(1.41) reg lim H®) := lim (I:I(s) — 52N3/3) =H
e—0 e—0

Remark 1.9. It is worthy to mention that the following generalized quantum many-particle Hamiltonian
dynamical bose system

(1.42) :—Z 82+5 S oy — )

j#k=1,N

. 0 0
+1x Z <a%05(l‘j—l‘k-) +5(l‘j—1‘k)o) s

8Ik
J#k=1,N
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where «, 5 € R are interaction constants, and acting in the symmetric Hilbert space Lés) (RN;C),N € Z

with (ad + d’)-interaction potential is also integrable, as it was before proved in [14, 15, 4] by means of
the quantum inverse scattering transform in a suitably constructed Fock space ®. This fact, eventually,
can suggest that there exists a local current algebra representation for the Hamiltonian (1.42), allowing
a suitable finite-particle operator construction for the related structural operator D(z) : & — &,z €
R, factorizing the secondly quantized Hamiltonian operator H ~ [, deD"(2)p(2) 'D(z) up to some
renormalizing constant operators in the Fock space.

2. CONCLUSION

In the work we succeeded in developing an effective algebraic scheme of constructing density operator
and functional representations for the canonical local quantum current algebra and its application to
quantum Hamiltonian and symmetry operators reconstruction. We analyzed the corresponding factor-
ization structure for quantum Hamiltonian operators, governing spatially many- and one-dimensional
integrable dynamical systems. The quantum generalized oscillatory, Calogero-Sutherland, Coulomb type
and Nonlinear Schrodinger models of spin-less bose-particles were analyzed in detail.
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