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1) Introduction
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(1953) |. Kaplansky, Modules Over Operator Algebras, Amer. J. Math.

“... extension of the theory of modules to over non-commutative
C*-algebras presents many difficulties”

This claim was disproved by:

(1973) W. L. Paschke, Inner product modules over B*-algebras, Trans. AMS.

Main areas of applications of Hilbert C*-modules:
@ Induced representations and Morita equivalence - Rieffel (1974) ...
@ KK-theory - Kasparov (1975) ...
@ (C*-algebraic quantum groups - Woronowicz (1991) ...

Universal C*-algebras - Pimsner (1998) ...
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Publications wherein Hilbert C*-modules play a fundamental role:
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2) Hilbert C*-modules
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Def.

A pre-Hilbert space is a complex linear space X equipped with a map
(,+) : X x X — C such that, for all x,y,z € X and A\, u € C:

X1l = VI(x, %)

is a norm on X. We say that X is a Hilbert space if it is complete with respect
to the norm defined above.

Rem.

X is a complex linear space = X is a C-module
complex numbers C = one dimensional C*-algebra
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Def. Let A be a C*-algebra.

A (right) pre-Hilbert A-module is a (right) A-module X equipped with a map
(-,9a : X x X = A such that, for all x,y,z € X and a,b € A:

(x,ya+zbja = (x,y)aa+ (x,z)ab

The map (x, y)a is called an A-valued inner-product. It follows (exercise) that

[l == V11 x; x) all

is a “norm” on X. We say that X is a (right) Hilbert A-module if it is complete
with respect to the metric d(x,y) = ||x — y||.

Rem. If A has the unit 1 (in general we may use approximate units), putting
Ax = x(A1), AeC, xeX
X becomes a complex linear space (a complex Banach space).
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Ex.1 (Hilbert spaces) {Hilbert C-modules} = {Hilbert spaces}. )
Ex.2 (C*-algebras) Let A be a C*-algebra. The linear space As := A with
operations (where x,y € Aa, a € A):

x-ai=xa,  (xyai=xY,
is a Hilbert A-module. Thus {C*-algebras} C {Hilbert C*-modules}!!!

Closed right ideals J in A correspond to Hilbert A-submodules Js of Ax.

Ex.3 (Concrete Hilbert A-modules) Let A be a C*-subalgebra of B(H) where
H is a Hilbert space H. Let X C B(H) be closed subspace such that

XACX and X*X CA.

Then X with operations inherited from B(H) is a Hilbert A-module.

Every Hilbert A-module can be represented in this form!!! (Murphy 1997)
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Ex.4 (Hilbert C(M)-modules “=" Vector bundles) Let H = ({H;}tem, T(H))
be a continuous field of Hilbert spaces over a compact Hausdorff space M, i.e.:

(1) {Ht}iem is a family of Hilbert spaces,

(2) T(H) is a linear subspace of sections M > t +— x(t) € H; such that
M > t — ||x(t)]| is continuous,

(3) Hr={x(t): x €(H)} for each t € M,

(4) If x is a section and for every to € M and € > 0 there is x’ € I'(H) such that
Ix(t) — x'(t)|| < & for all t in some neighbourhood of tg, then x € T(H).

Then ['(H) is a Hilbert C(M)-module where (for x € T(H), a € C(M), t € M):

(x-a)(t) == a()x(t), (5 y)emy(t) = (x(2), y(t)).

Every Hilbert C(M)-module is of the form described above!!!
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3) Maps on Hilbert C*-modules
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Def.

Let X and Y be Hilbert A-modules. We say that amap 7 : X — Y is an
adjointable operator if there exists a map T* : Y — X such that

(Tx,¥)a=(x, T*y)a, forallxe X, yeY.

It follows (exercise) that both T and T* are bound C-linear and A-linear
operators. Moreover, T determines uniquely T* and vice versa.

L(X,Y):={T : X — Y adjointable} is a Banach subspace of B(X, Y),
L(X) := L(X,X) is a unital C*-algebra (exercise).

Ex. (Not every bounded A-linear map is adjointable)

Let A= C(M) where M compact Hausdorff and J := {a € C(M) : a(t) = 0}
where ty € M is a non-isolated point. The inclusion map T : Jy — Ajx is
isometric, A-linear but NOT adjointable. If T were adjointable, then

x*=(Tx,1)a= (x, T*(1))a=x"T*(1), forall xeJ,

which implies that T*(1)(t) =1 for t € M\ {to} and T*(1)(t) = 0. !

v
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Let xe X, y € Y. The map ©,, : Y — X defined by

Oxy(2) = x{y;2)a

is an adjointable operator with ©F , = ©, ,.

Elements of IC(Y, X) :=35pan{©,, : x € X, Y € Y} are called (generalized)
compact operators from Y to X.

The space KC(X) := K(X, X) is a (closed two-sided) ideal in £(X).

Ex.1 (Hilbert spaces) If A= C, then X = H, £(X) = B(H) and K£(X) = K(H). )

Ex.2 (C*-algebras) If A a C*-algebra, then C(Ax) = A and L(Aa) = M(A) is
the multiplier algebra of A - maximal essential unitization of A. J

Rem. For every Hilbert A-module X we have M(K(X)) = L(X). )
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4) C*-correspondences
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Let A, B be C*-algebras.

Def.

C*-correspondence from A to B is a (right) Hilbert B-module X equipped with
homomorphism ¢x : A — L£(X) - left action of A on X. We write a- x := ¢x(a)x.

A% B

We say that
@ X is faithful if ¢x is faithful
@ X is nondegenerate if px(A)X = X
o X is proper if px(A) C K(X)

) C*-correspondences from A to C
Ex.1 {Representations 7 : A — B(H)} =

At ¢

Ex.2 (Homomorphisms) If o : A — B a x-homomorphism then A Xy B where
X, := a(A)B is equipped with operations (where x,y € X,, a € A, b € B):

a-x = a(a)x, x - b := xb, (x,y)B :=x*y
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Ex.3 (Concrete C*-correspondences) Let X C B(H) be a closed linear space
and A, B C B(H) are C*-subalgebras such that

XBCX, X*XCB, AXCX.

Then X is naturally a C*-correspondence from A to B.
Every C*-correspondence can be represented in this form!!!

Ex.4 (C*-correspondences vs graphs) Let V, W be sets. Let G = (E, s, r) be
a graph from V to W, ie. Eisasetands: E — V and r: E — W are maps.

We define C*-correspondence X¢ from A = Go(W) to B := Co(V) by:
X ={x€G(E): V3vi— >  |x(e)f €Cisin G(V)},

e€s1(v)
ponalv) = 3 XEvle),
e€s—1(v)

(a-x)(e) := a(r(e))x(e),

(x - b)(e) := x(e)b(s(e)).
Every C*-correspondence from Cyo(W) to Gy(V) is of this form!!!

Bartosz K. Kwasniewski Invitation to Hilbert C*-modules




Def. (Tensor product)

If A5 B and B - C then there is (exercise) a C*-correspondence A X®sY ¢

where X ®g Y =span{x®y : x,€ X,y € Y} and

(1 ®@y1,%®y2)c = ()1, (X1, %2)B - Y2)c-

AX.B Y.

Newr

Ex. 1 (Induced representations) If A X, Bis a C*-correspondence and

X®pH. ®sllr

B Cisa representation of B, then A is a representation of A.

Usually it is denoted by X — IndB 7 and the underlying Hilbert space by X ®, H

Ex.2 (Composition of homomorphisms) If « : A — B and §: B — C are
*-homomorphisms then X, ®p Xg = Xgon Where foa : A — C.

A—>B—>C — A—>B—>C (up to =)

Xa®pXa
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Ex.3 (Concrete tensor products) Let A, B, C C B(H) and
X,Y C B(H) be concrete C*-correspondences A X, Band B C:

XBCX, X*XCB, AXCX and YCCY, Y'YCC, BYCY.
Then XY =span{xy : x € X,y € Y} C B(H) is a concrete A 2% C:
XYCC XY, (XY)'XY CC, AXY CXY

and L
X ®g Y = XY.

Ex.4 (C*-correspondences vs graphs) Let G = (E, s, r) a graph from V
to W and H = (F,s,r) a graph from W to U. Define the graph

Ho G :=(FoE,s,r)

where F o E := {(f,e) € F x E : s(f) = r(e)}, s(f,e) :=s(e), r(f,e) = r(f).
Then

Y
Xn @ X6 = Xnog
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Category C*-alg

Objects = C*-algebras Morphisms = x-homomorphisms

“Category” C*-cott
Objects = C*-algebras

Morphisms = nondegenerate C*-correspondences

Associativity: If A 25 B, B C and C -%5 D, then
X (Y®cZ)=Z(X®sY)®cZ
Identity elements = C*-algebras: If A %, B, then
X@pB2X (A®aX)2X
Invertible elements: A —s B is invertible if there is B > A
X*@aX =B X @ X =A

This holds if and only if X is (Morita-Rieffel) equivalence bimodule.

v
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5) Hilbert C*-bimodules
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Def.

X is a Hilbert A-B-bimodule if X is a right Hilbert B-module and a left Hilbert
A-module such that the respective inner products satisfy

A<X7y>Z:X<y?Z>Ba X,y,ZEX.

Rem.1. Every right Hilbert B-module is a Hilbert X(X)-B-bimodule where

)C(X)<X7y> = eX,ya X,yEX.

Rem.2. Every Hilbert A-B-bimodule X is a C*-correspondence from A to B.

The adjoint B-A-bimodule X* is a C*-correspondence from B to A and

X@sX* 22X, X)p  (X*®4X) = alX,X)

where

(X, X)g :=35pan{(x,y)g : X,y € X} is an ideal in B

A(X, X) :=3span{a(x,y) : x,y € X} is an ideal in A.
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X is a (Morita-Rieffel) equivalence A-B-bimodule if
1) X is a Hilbert A-B-bimodule

2) (X, X)p =B and o(X,X) = A

If such X exists we say that A and B are Morita equivalent.

Rem. Every Hilbert A-B-bimodule is an equivalence 4(X, X)-(X, X) g-bimodule. J

Ex.1 Hilbert space H establishes Morita equivalence between C and K(H). J

Ex.2 Let p € C where C*-algebra. The right ideal X := pC is an equivalence
bimodule from the hereditary algebra A := pCp to the ideal B := CpC.

In general

“X is a Hilbert A-B-bimodule <= ( A X ) is a C*-algebra”

X* B
C*-algebras A and B are Morita equivalent <> they can be embedded into a
C*-algebra C as full and complementary corners.
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Thm. (Brown, Green, Rieffel 1997)

If A and B have countable approximate units then

A, B are Morita equivalent <<= A® K(H) = B® K(H).

Thm.
If A and B are Morita equivalent then

1) A~B

2) Ideal(A) = Ideal(B)

3) Ais nuclear if and only if B is nuclear
4
5

A and B have the same K-theory

)
)
)
) -
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6) Cuntz-Pimsner C*-algebras
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Def: Let A=+ Abe a C*-correspondence from A to A.

Representation of X in a C*-algebra C is a pair (m,v) where 7 : A — C is a
x-homomorphism, and ¢ : X — C is such that

m(a)p(x) =d(ax),  Y()m(a) =¢(xa),  »(x)"P(y) =7((x,y)a)

When 7 is injective, we say that (7,) is injective.

Consider tensor powers X®" of X (X®° := A) and Hilbert A-module direct sum

F(X) = @X‘g’” ={(xn)0 : Z<X’”X”>A < oo}

It carries a diagonal left action 7 : A — L(F(X)) where
m(a)(x) == ax  xe€ X®".
We have amap T : X — L(F(X)) where for x € X, T(x) is a ‘creation operator’:
ify € X0 = A
T(x)y = v I v e ) T(x): X®" — x®ntl
x®ay ifyeX® forn>1

(w, T) is an injective representation of the C*-correspondence X.
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Def. (Pimsner 1997, Katsura 2003)
The C*-algebra Tx generated by w(A) and T(X) is called Toeplitz algebra of X.
The Cuntz-Pimsner algebra of X is

Ox = Tx/Jx

where Jx is the largest ideal in Tx such that (7, T) factors through to an
injective representation of X in Tx/Jx and Jx is gauge invariant.

Rem. Recall that ¢x : A — L(X) is the left action homomorphism. The ideal
Ix = (ker gx)" N o5 (K(X))

induces the ideal Jx := K(F(X)Jx) in L(F(X)) and we have Jx C Tx.

Ex.1 (Cuntz algebras) If X = H is a Hilbert space and d = dim(H), then

7;( = C*(Sl,...,Sd : S;kSJ = 15,'7j, f,j = 1,...,d)

Ox = Oy Cuntz algebraif d >2 and Oc =T




Ex.2 (graph algebras) If A= Cy(V) where V discrete then X = Xg
where G = (E, s, r) is a directed graph from V to V, and

Ox = O¢ - the graph C*-algebra

It is a universal C*-algebra generated by mutually orthogonal projections
{pv : v € V} and partial isometries {s. : e € E} subject to relations

S:Se = Ps(e)> 56‘5: < Pr(e) and p, = Z SeS: if 0 < |r_1(e)| < o0
ver—1(e)

Ex.3 (crossed products by endomorphisms)
If «: A— A an endomorphism then

Ox, = A xo N = the crossed product
If «: A— Ainjective, and A unital then

AxogN=C"(AU{U}: U"U =1,a(a) = UaU" for all a € A)



