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Ewa Stróżyna Normal forms for v.f. with quadratic leading part



Complex plane vector fields with zero linear part

ẋ = αx2 + βxy + γy2 + . . . , ẏ = δx2 + ζxy + ηy2 + . . .

Homogeneous quadratic parts

V 0 =
(
αx2 + βxy + γy2

)
∂x +

(
δx2 + ζxy + ηy2

)
∂y

Euler vector field
E = x∂x + y∂y
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Principal First Integral (PFI) of V 0

F = xayb (y − x)c

Inverse Integrating Multipliers (IIMs)

Mm = xy(y − x)Fm, m = 1, 2, . . .

V 0 + W

(Adexp Z )∗V = V + [Z ,V ] + . . . = V − adV Z + . . .
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Transversal to V 0 part of W

V 0 ∧W = h(x , y) · ∂x ∧ ∂y

Tangential to V 0 part
g(x , y)V 0

The homological operator adV 0 is split into two homological
operators:

f 7−→ C (V 0)f := V 0(f ), f 7−→ D(V 0)f := V 0(f )− divV 0 · f .

C (V 0 + V 1)

D(V 0 + V 1)
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Let

F = C[[x , y ]], Z = {Z = z1(x , y)∂x + z2(x , y)∂y : zi ∈ C[[x , y ]]}

We put
adV Z = [V ,Z ] ,
A(V )f = f · V ,
B(V )Z = V ∧ Z/∂x ∧ ∂y ,
C (V )f = V (f ) = ∂f /∂V ,
D(V )f = V (f )− div(V ) · f

The operators C (V ), adV and D(V ) are called the homological
operators
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Commutative diagram:

0 −→ F
A(V )−→ Z

B(V )−→ F −→ 0
↓ C (V ) ↓ adV ↓ D(V )

0 −→ F
A(V )−→ Z

B(V )−→ F −→ 0

kerC (V )= { First Integrals (FIs) of V }

kerD(V )={ Inverse Integrating Multipliers (IIMs) of V :
M such that divM−1V ≡ 0.}
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The blowing-up coordinates:

(x , u) = (x , y/x)

A homogeneous polynomial f (x , y) of degree d takes the form

f = xd f̃ (u)

for a polynomial f̃ .
The homological equations

C (V 0)f = g , D(V 0)f = g

for f ∈ Fd with given g = xd+1g̃(u) ∈ Fd+1 take the form

a(u)df̃du = db(u)f̃ + g̃ ,

a(u)df̃du = [db(u)− c(u)] f̃ + g̃
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The solutions are of the form

f̃ (u) = const · uα (u − 1)β
∫ u

τ−α−1 (τ − 1)−β−1 g̃(τ)dτ,

f̃ (u) = const · uγ (u − 1)δ
∫ u

τ−γ−1 (τ − 1)−δ−1 g̃(τ)dτ

The above integrals define Schwarz–Christoffel functions (SC
functions).

Periods of SC functions:

if α, β 6∈ Z (respectively, γ, δ 6∈ Z):

ΩC (g) = P.V.
∫ 1

0 ωC (g), ωC = u−α−1 (u − 1)−β−1 g̃(u)du,

ΩD(g) = P.V.
∫ 1

0 ωD(g), ωD = u−γ−1 (u − 1)−δ−1 g̃(u)du.

ImC (V 0) = {ΩC = 0} , ImD(V 0) = {ΩD = 0}

Ewa Stróżyna Normal forms for v.f. with quadratic leading part



The solutions are of the form

f̃ (u) = const · uα (u − 1)β
∫ u

τ−α−1 (τ − 1)−β−1 g̃(τ)dτ,

f̃ (u) = const · uγ (u − 1)δ
∫ u

τ−γ−1 (τ − 1)−δ−1 g̃(τ)dτ

The above integrals define Schwarz–Christoffel functions (SC
functions).

Periods of SC functions:

if α, β 6∈ Z (respectively, γ, δ 6∈ Z):

ΩC (g) = P.V.
∫ 1

0 ωC (g), ωC = u−α−1 (u − 1)−β−1 g̃(u)du,

ΩD(g) = P.V.
∫ 1

0 ωD(g), ωD = u−γ−1 (u − 1)−δ−1 g̃(u)du.

ImC (V 0) = {ΩC = 0} , ImD(V 0) = {ΩD = 0}
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Usually the orbital normal form is V 0 + Φ(x , y)E ,

the non-orbital normal form is (1 + Ψ(x , y)) · (V 0 + ΦE ) for
special choice of the formal series Φ and Ψ.

Classification of the homogeneous quadratic vector fields
from the further reduction perspective

If lin=3 then V 0 has the Darboux First Integral (FI) of the form
xayb(y − x)c and

V 0 = x [(b + c)y − bx ]
∂

∂x
+ y [(a + c)x − ay ]

∂

∂y
.
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1. Generic Non-resonant Case:
a + b + c = 1, a 6∈ Q, bc 6= 0;

2. Polynomial PFI Case:
a = p, b = q, c = r , gcd (p, q, r) = 1;

3. Rational PFI without Polynomial IIMs Case:

a = p, b = q, − c = p, s 6= 0, gcd(p, s) = 1 (Subcase 1),
−a = p, b = q, c = r , s 6= 0, gcd(p, s) = 1 (Subcase 2);

4. Rational PFI with 1-Factor IIM Case:

a = b = 1, − c = r ≥ 3, r 6= 4 (Subcase 1),
a = b = 1, c = −4 (Subcase 2);

5. Rational PFI with 2-Factor IIM Case:

a = 1, − b = q, − c = r , 1 ≤ r ≤ q > 1 (Subcase 1),
a = 1, b = c = 1 (Subcase 2),

a = 1, b = 0, − c = r ≥ 2 (Subcase 3);
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Ewa Stróżyna Normal forms for v.f. with quadratic leading part



1. Generic Non-resonant Case:
a + b + c = 1, a 6∈ Q, bc 6= 0;

2. Polynomial PFI Case:
a = p, b = q, c = r , gcd (p, q, r) = 1;

3. Rational PFI without Polynomial IIMs Case:

a = p, b = q, − c = p, s 6= 0, gcd(p, s) = 1 (Subcase 1),
−a = p, b = q, c = r , s 6= 0, gcd(p, s) = 1 (Subcase 2);

4. Rational PFI with 1-Factor IIM Case:

a = b = 1, − c = r ≥ 3, r 6= 4 (Subcase 1),
a = b = 1, c = −4 (Subcase 2);

5. Rational PFI with 2-Factor IIM Case:

a = 1, − b = q, − c = r , 1 ≤ r ≤ q > 1 (Subcase 1),
a = 1, b = c = 1 (Subcase 2),

a = 1, b = 0, − c = r ≥ 2 (Subcase 3);
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6. Non-resonant with CF Case:

V 0 = (y − x) (bx∂x − ay∂y ) = GX ,

a 6∈ Q, a + b = 1, c = 0;

7. Polynomial PFI with Linear CF Case:

a = p, b = q, c = 0, gcd(p, q) = 1, G = y − x ;

8. Rational PFI without Polynomial IIMs and with CF
Case:

a = p, −b = q, c = 0, 1 < p < q, gcd(p, q) = 1, G = y−x ;

9. Quadratic CF Case:

a = c = 0, b = 1, G = x(y − x);
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8. Rational PFI without Polynomial IIMs and with CF
Case:

a = p, −b = q, c = 0, 1 < p < q, gcd(p, q) = 1, G = y−x ;

9. Quadratic CF Case:

a = c = 0, b = 1, G = x(y − x);
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10. Double Invariant Line Case:

V 0 = xy∂y + (ax + y)E ,
a 6= 0, 1, 1/2, 1/3, . . . , (Subcase 1),
a = 1/n, n = 1, 2, . . . (Subcase 2);

11. Triple Invariant Line Case:

V 0 = x2∂y + (ax + y)E ;

12. Double Invariant Line with CF Case:

V 0 = (bx + y) (x∂y + aE ) , a 6= 0, (Subcase 1),
V 0 = x (x∂y + aE ) , a 6= 0, (Subcase 2).
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The Rational PFI with 1-Factor IIM Case

The principal first
integral is

F =
xy

(y − x)r
,

we have the vector field

V 0 = x [(b + c)y − bx ]
∂

∂x
+ y [(a + c)x − ay ]

∂

∂y

with a = b = 1, c = −r and r 6= 4.
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The first level analysis

Lemma

We have kerCd(V 0) = 0 for any d, kerDd(V 0) = 0 if d 6= r + 1
and kerDr+1(V 0) = C ·M, where

M = (2− r) (y − x)r+1

We have XF = (y − x)−r−1V 0 with

V 0 = x ((1− r) y − x) ∂x + y ((1− r) x − y) ∂y
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Lemma

We have M = B(V 0)T , moreover

adV 0T = 2(4− r) (y − x)r−2 V 0

(which is nonzero for r 6= 4).

In the first level analysis of the homological operators we use only
the operators associated with V = V 0. Firstly we localize the
subspaces N (Cd) and N (Dd) complementary to ImCd and ImDd ,
where we have the following first level homological operators:

Cd(V 0),Dd(V 0) : Fd 7−→ Fd+1,

i.e., the restrictions of C (V ), D(V ) to the d + 1 dimensional
spaces of homogeneous polynomials.
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With a = b = 1, c = −r and s = 2− r we have

α = −d 1
r−2 , β = d r

r−2 , γ = − (d − 3) 1
r−2 + 1, δ = (d − 3) r

r−2 + 1,

α + β = d + d 1
r−2 , γ + δ = d − 1 + (d − 3) 1

r−2 .

in

f̃ (u) = const · uα (u − 1)β
∫ u

τ−α−1 (τ − 1)−β−1 g̃(τ)dτ,

f̃ (u) = const · uγ (u − 1)δ
∫ u

τ−γ−1 (τ − 1)−δ−1 g̃(τ)dτ

(solutions in (x , u) variables of homological equations

C (V 0)f = g , D(V 0)f = g)

Recall that the solutions f̃ (u) should be polynomial; otherwise, the
corresponding polynomial g lies outside ImC (V 0) or ImD(V 0).
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We put

gC = xd+1,

gD = xd−1y(y − x) if d 6= r + 1,

gD
0 = y r+1 [(1− r) x − y ] , gD

1 = x r+1 [(1− r) y − x ] ,

if d = r + 1, as a potential bases for N (Cd) and N (Dd).

We get the forms

ωC (gC ) =
du

uα+1 (u − 1)β+1
, ωD(gD) =

du

uγ (u − 1)δ

For d/ (r − 2) non-integer, its period

ΩC

(
gC
)

= const · B(α, β) 6= 0
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If d/ (r − 2) = m ∈ Z then we get the function

f̃ C =
1

2− r

(u − 1)mr

um

∫ u τm−1dτ

(τ − 1)mr+1

It turns out that Resu=1ωC (gC ) = 0, therefore the correct period
is

ΩC

(
gC
)

=

∫ 0

∞
ωC

(
gC
)
6= 0

If (d − 3) / (r − 2) 6∈ Z then the corresponding period

ΩD

(
gD
)
6= 0
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If d − 3 = m(r − 2), m ∈ Z, then the solution of homological
equation is

f̃ D =
1

2− r

(u − 1)mr+1

um−1

∫ u τm−2

(τ − 1)mr+2
dτ

For m > 1 the unique period

ΩD

(
gD
)

=

∫ 0

∞
ωD

(
gD
)
6= 0

But for m = 1, i.e., d = r + 1, we have two generators, gD
0 and

gD
1 , and we define two periods

Ω0,1
D (gD

j ) = Resu=0,1ωD(gD
j ), j = 0, 1
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We have

ωD

(
gD

0

)
=

(1− r)u − 1

u(u − 1)r+2
du, ωD

(
gD

1

)
=

ur (u + r − 1)

(u − 1)r+2
du

and we define the period matrix(
Ω0
D

(
gD

0

)
Ω0
D

(
gD

1

)
Ω1
D

(
gD

0

)
Ω1
D

(
gD

1

) )

Since Ω0
D

(
gD

0

)
= (−1)r−1 6= 0, Ω1

D

(
gD

1

)
= 1 6= 0 and

Ω0
D

(
gD

1

)
= 0, this matrix has triangular form, with nonzero entries

on the diagonal, and hence is nondegenerate.
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kerDr+1(V 0) = C · (2− r) (y − x)r+1

adV 0T = 2(4− r) (y − x)r−2 V 0 6= 0 for r 6= 4

The corresponding period

ΩC (g) = P.V.

∫ 1

0
u−α−1 (u − 1)−β−1 du 6= 0

where α = − (r − 3) /(r − 2), β = r (r − 3) / (r − 2) , α + β 6∈ Z,
therefore g = (y − x)r−2 6∈ ImCd (V 0) , d = r − 3.
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Theorem

The first level normal forms in the Rational PFI with 1-Factor
IIM Case:

(1 + ψ(x)) (V 0 + U + ϕ(x)E ) ,
U = ay r∂x + bx r∂y ,

I (ϕ) = Z≥2, I (ψ) = Z≥1;

or
(1 + ψ(x)) V 0,

I (ψ) = Z≥1� {r − 2} ;

where ϕ =
∑

i∈I(ϕ) aix
i and ψ =

∑
i∈I(ψ) bix

i (the latter form is
complete).
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The second level analysis

V = V 0 + V 1, deg V 1 > 1

We have to consider a few possibilities:

V 1 = axkE or V 1 = ay r∂x + bx r∂y

(from the orbital normal form) or

V 1 = cx lV 0

(associated with the orbital factor).
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Our analysis is reduced to the operator D (V ) acting on functions
of the form ξM + f , where ξ ∈ C and M = (y − x)r+1 is the
generator of kerDr+1 (V 0) .

We get the following second level homological operator:

D̃ (V ) : C⊕ Fd 7−→ Fd+1,
(ξ, f ) 7−→ ξD (V 1)M + D (V 0) f ,

where d = k + r = deg V 1 + r .

Lemma

We have:
(a) D

(
xkE

)
M = (r − 1− k) xkM,

(b) D (ay r∂x + bx r∂y ) (y − x)r+1 = (r + 1) (bx r − ay r )(y − x)r .
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The case V 1 = axkE

k 6= r − 1, d = k + r > r + 1 and codim ImDd (V 0) = 1

In order to demonstrate the surjectivity of the operator D̃ (V ), it is
sufficient to show that
D (V 1)M = const · xk (y − x)r+1 6∈ ImDd (V 0) .

ωD(g) = uϑ(u − 1)θdu, for g = xk(y − x)r+1

with ϑ = k+r−3
r−2 − 2 > 0 and θ = r − 1− (k + r − 3) r

r−2
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In order to demonstrate the surjectivity of the operator D̃ (V ), it is
sufficient to show that
D (V 1)M = const · xk (y − x)r+1 6∈ ImDd (V 0) .

ωD(g) = uϑ(u − 1)θdu, for g = xk(y − x)r+1

with ϑ = k+r−3
r−2 − 2 > 0 and θ = r − 1− (k + r − 3) r

r−2
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If d−3
r−2 = k+r−3

r−2 is not integer then

ΩD (g) = const · B (ϑ+ 1, θ + 1) 6= 0

Otherwise, either

ΩD(g) = Resu=1ωD(g) 6= 0

or

ΩD(g) =

∫ 0

∞
ωD(g) 6= 0
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If d−3
r−2 = k+r−3

r−2 is not integer then

ΩD (g) = const · B (ϑ+ 1, θ + 1) 6= 0

Otherwise, either

ΩD(g) = Resu=1ωD(g) 6= 0

or

ΩD(g) =

∫ 0

∞
ωD(g) 6= 0
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Theorem

The complete normal form in the Rational PFI with 1-Factor
IIM Case with V 1 = axkE is:
either

(1 + ψ(x)) (V 0 + V 1 + bx r∂y + ϕ(x)E ) , k < r − 1,
I(ψ) = Z≥1, I (ϕ) = Z>k� {r − 1, k + r + 1}

or
(1 + ψ(x)) (V 0 + V 1 + ϕ(x)E ) , k > r − 1,
I(ψ) = Z≥1, I (ϕ) = Z>k� {k + r + 1}
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The case V 1 = ay r∂x + bx r∂y

Here d = 2r − 1 6= r − 1 and (a, b) 6= (0, 0). By considering a
suitable period ΩD(g) for g = (bx r − ay r )(y − x)r we have

f̃ D = const · (u − 1)r+1

u

∫ u (a− bτ r )

(τ − 1)r+2
dτ.

The form ωD(g) = (a− bur )(u − 1)−r−2du has trivial residua at
u = 0, 1, so the only period is

ΩD(g) =

∫ 0

∞
ωD (g) =

1

r + 1

(
a + (−1)r+1 b

)
If a + (−1)r+1b 6= 0 then we are done. Otherwise, we can use the
IIM M either to cancel another term from the orbital normal form
(provided it is 6= V 0 + V 1) or to improve the orbital factor.

Ewa Stróżyna Normal forms for v.f. with quadratic leading part



The case V 1 = ay r∂x + bx r∂y

Here d = 2r − 1 6= r − 1 and (a, b) 6= (0, 0). By considering a
suitable period ΩD(g) for g = (bx r − ay r )(y − x)r we have

f̃ D = const · (u − 1)r+1

u

∫ u (a− bτ r )

(τ − 1)r+2
dτ.

The form ωD(g) = (a− bur )(u − 1)−r−2du has trivial residua at
u = 0, 1, so the only period is

ΩD(g) =

∫ 0

∞
ωD (g) =

1

r + 1

(
a + (−1)r+1 b

)
If a + (−1)r+1b 6= 0 then we are done. Otherwise, we can use the
IIM M either to cancel another term from the orbital normal form
(provided it is 6= V 0 + V 1) or to improve the orbital factor.
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The case V 1 = ay r∂x + bx r∂y

Here d = 2r − 1 6= r − 1 and (a, b) 6= (0, 0). By considering a
suitable period ΩD(g) for g = (bx r − ay r )(y − x)r we have

f̃ D = const · (u − 1)r+1

u

∫ u (a− bτ r )

(τ − 1)r+2
dτ.

The form ωD(g) = (a− bur )(u − 1)−r−2du has trivial residua at
u = 0, 1, so the only period is

ΩD(g) =

∫ 0

∞
ωD (g) =

1

r + 1

(
a + (−1)r+1 b

)

If a + (−1)r+1b 6= 0 then we are done. Otherwise, we can use the
IIM M either to cancel another term from the orbital normal form
(provided it is 6= V 0 + V 1) or to improve the orbital factor.
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The case V 1 = ay r∂x + bx r∂y

Here d = 2r − 1 6= r − 1 and (a, b) 6= (0, 0). By considering a
suitable period ΩD(g) for g = (bx r − ay r )(y − x)r we have

f̃ D = const · (u − 1)r+1

u

∫ u (a− bτ r )

(τ − 1)r+2
dτ.

The form ωD(g) = (a− bur )(u − 1)−r−2du has trivial residua at
u = 0, 1, so the only period is

ΩD(g) =

∫ 0

∞
ωD (g) =

1

r + 1

(
a + (−1)r+1 b

)
If a + (−1)r+1b 6= 0 then we are done. Otherwise, we can use the
IIM M either to cancel another term from the orbital normal form
(provided it is 6= V 0 + V 1) or to improve the orbital factor.
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Theorem

The second level normal form in the Rational PFI with 1-Factor
IIM Case with V 1 = ay r∂x + bx r∂y is: either

(1 + ψ(x)) (V 0 + V 1 + ϕ(x)E ) ,
a + (−1)r+1b 6= 0,

I (ϕ) = Z≥r�{2r − 3}, I (ψ) = Z≥1,

(this form is complete) or

(1 + ψ(x)) (V 0 + V 1 + ϕ(x)E ) ,
V 1 = a(y r∂x + (−1)rx r∂y ),
I (ϕ) = Z≥r , I (ψ) = Z≥1,

or
(1 + ψ(x)) (V 0 + V 1) ,

V 1 = a(y r∂x + (−1)rx r∂y ),
I (ψ) = Z≥1�{r − 2},

(this form is complete).
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The case V 1 = cx lV 0

Here the orbital normal form is V 0, so M is used to reduce only
one term from the series ψ(x). The result is like in the first level
normal form.

Third level

We consider homological operators associated with the vector fields
V = V 0 + V 1 + V 2 such that V 0 + V 1 has nontrivial IIM, i.e.,

V 1 = a(y r∂x + (−1)rx r∂y )
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The case V 1 = cx lV 0

Here the orbital normal form is V 0, so M is used to reduce only
one term from the series ψ(x). The result is like in the first level
normal form.

Third level

We consider homological operators associated with the vector fields
V = V 0 + V 1 + V 2 such that V 0 + V 1 has nontrivial IIM, i.e.,

V 1 = a(y r∂x + (−1)rx r∂y )
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The case V 1 = cx lV 0

Here the orbital normal form is V 0, so M is used to reduce only
one term from the series ψ(x). The result is like in the first level
normal form.

Third level

We consider homological operators associated with the vector fields
V = V 0 + V 1 + V 2 such that V 0 + V 1 has nontrivial IIM, i.e.,

V 1 = a(y r∂x + (−1)rx r∂y )
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The case V 1 = cx lV 0

Here the orbital normal form is V 0, so M is used to reduce only
one term from the series ψ(x). The result is like in the first level
normal form.

Third level

We consider homological operators associated with the vector fields
V = V 0 + V 1 + V 2 such that V 0 + V 1 has nontrivial IIM, i.e.,

V 1 = a(y r∂x + (−1)rx r∂y )
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The case V 2 = cx lE

Here c 6= 0 and l ≥ r . As before we use D (V 2)M 6∈ ImD (V 0) to
reduce the term x l+rE from the orbital normal form.

Theorem

The complete normal form in the Rational PFI with 1-Factor
IIM Case with V 1 = a(y r∂x + (−1)rx r∂y ) and V 2 = cx lE is:

(1 + ψ(x)) (V 0 + V 1 + V 2 + ϕ(x)E ) ,
I (ϕ) = Z>l� {l + r} , I (ψ) = Z≥1.
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The case V 2 = cx lE

Here c 6= 0 and l ≥ r . As before we use D (V 2)M 6∈ ImD (V 0) to
reduce the term x l+rE from the orbital normal form.

Theorem

The complete normal form in the Rational PFI with 1-Factor
IIM Case with V 1 = a(y r∂x + (−1)rx r∂y ) and V 2 = cx lE is:

(1 + ψ(x)) (V 0 + V 1 + V 2 + ϕ(x)E ) ,
I (ϕ) = Z>l� {l + r} , I (ψ) = Z≥1.
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The case V 2 = cx lE

Here c 6= 0 and l ≥ r . As before we use D (V 2)M 6∈ ImD (V 0) to
reduce the term x l+rE from the orbital normal form.

Theorem

The complete normal form in the Rational PFI with 1-Factor
IIM Case with V 1 = a(y r∂x + (−1)rx r∂y ) and V 2 = cx lE is:

(1 + ψ(x)) (V 0 + V 1 + V 2 + ϕ(x)E ) ,
I (ϕ) = Z>l� {l + r} , I (ψ) = Z≥1.
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The main theorem

Theorem

The list of complete and non-equivalent normal forms for vector
fields ẋ = αx2 + βxy + γy2 + . . . , ẏ = δx2 + ζxy + ηy2 + . . .
with the leading parts V 0 is the following.

For the Generic Non-resonant Case, the Rational PFI
without Polynomial IIMs Case, the Double Invariant Line
Case (Subcase 1), the Triple Invariant Line Case, the
Non-resonant with CF Case, the Rational PFI without
Polynomial IIMs and with CF Case, and the Double Invariant
Line with CF (Subcase 1)

{1 + ψ(x)}{V 0 + ϕ(x)E},
I(ϕ) = Z>1, I(ψ) = Z>0;
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The main theorem

Theorem

The list of complete and non-equivalent normal forms for vector
fields ẋ = αx2 + βxy + γy2 + . . . , ẏ = δx2 + ζxy + ηy2 + . . .
with the leading parts V 0 is the following.

For the Generic Non-resonant Case, the Rational PFI
without Polynomial IIMs Case, the Double Invariant Line
Case (Subcase 1), the Triple Invariant Line Case, the
Non-resonant with CF Case, the Rational PFI without
Polynomial IIMs and with CF Case, and the Double Invariant
Line with CF (Subcase 1)

{1 + ψ(x)}{V 0 + ϕ(x)E},
I(ϕ) = Z>1, I(ψ) = Z>0;
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Theorem - cont.

for the Double Invariant Line Case (Subcase 2)

{1 + ψ(x)}
{
V 0 + an+1x

n+2∂y + ϕ(x)E
}
,

I(ϕ) = Z>1�{n + 1};

for the Double Invariant Line with CF Case (Subcase 2)

V 0 + ϕ(y)∂x + ψ(y)∂y ,
I(ϕ) = Z>2, I(ψ) = Z>2.

For the Rational PFI with 1-Factor IIM Case we have:
either

{1 + ψ(x)} {V 0 + V 1 + bx r∂y + ϕ(x)E} ,
V 1 = axkE , k < r − 1,

I(ψ) = Z≥1, I (ϕ) = Z>k� {r − 1, k + r + 1} ,

or
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Theorem - cont.

{1 + ψ(x)} {V 0 + V 1 + ϕ(x)E} ,
V 1 = axkE , k > r − 1,

I(ψ) = Z≥1, I (ϕ) = Z>k� {k + r + 1} ,
or

{1 + ψ(x)} {V 0 + V 1 + ϕ(x)E} ,
V 1 = ay r∂x + bx r∂y , a + (−1)r+1b 6= 0,
I (ϕ) = Z≥r�{2r − 3}, I (ψ) = Z≥1,

or
{1 + ψ(x)} {V 0 + V 1 + V 2 + ϕ(x)E} ,
V 1 = a(y r∂x + (−1)rx r∂y ), V 2 = cx lE ,
I (ϕ) = Z>l� {l + r} , I (ψ) = Z≥1,

or
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Theorem - cont.

{1 + ψ(x)} {V 0 + V 1}
V 1 = a(y r∂x + (−1)rx r∂y ),

I (ψ) = Z≥1�{r − 2}, (Subcase 1),

or {
1 + cx j + ψ(x)

}
{V 0 + V 1} ,

V 1 = a(y r∂x + (−1)rx r∂y ), r = 4
I (ψ) = Z>j�{j + 2},

or
{1 + ψ(x)}V 0,

I (ψ) = Z≥1� {r − 2} (Subcase 1),
I (ψ) = Z≥1 (Subcase 2),

or
V 0 + V 1,

V 1 = a(y r∂x + (−1)rx r∂y ), r = 4
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Theorem - cont.

For the Rational PFI with 2-Factor IIM Case we have:
either

{1 + ψ(x)} {V 0 + V 1 + U + ϕ(x)E} ,
V 1 = axkE , k < q + r ,

U = axq+rE + byq+r+1∂x ,
I(ϕ) = Z≥k�{q + r , k + q + r + 2}, I(ψ) = Z≥1,

or
{1 + ψ(x)} {V 0 + V 1 + ϕ(x)E} ,

V 1 = axkE , k > q + r ,
I(ϕ) = Z≥k�{k + q + r + 2}, I(ψ) = Z≥1,

or
{1 + ψ(x)} {V 0 + V 1 + V 2 + ϕ(x)E} ,
V 1 = axq+rE + bxq+r+1∂y , V 2 = cx lE ,
I(ϕ) = Z≥l�{l + q + r − 1}, I(ψ) = Z≥1,

or
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Theorem - cont.

{1 + ψ(x)} {V 0 + V 1} ,
V 1 = axq+rE + bxq+r+1∂y ,

I(ψ) = Z≥1�{q + r − 1}, (Subcases 1 and 3),

or {
1 + cx j + ψ(x)

}
{V 0 + V 1} ,

V 1 = axq+rE + bxq+r+1∂y ,
I(ψ) = Z≥j+2, (Subcase 2),

or {
1 + cx j + exm + ψ(x)

}
{V 0 + V 1} ,

V 1 = axq+rE + bxq+r+1∂y ,
I(ψ) = Z≥m+2, (Subcase 2),

or
{1 + cx} {V 0 + V 1} , (Subcase 2).
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Theorem - cont.

For the Polynomial PFI Case (with three subcases) we
have: either

{1 + ψ(x) + χ(y)}V 0,
I(ψ) = Z>0�I0, I(χ) = I1, (Subcases 1 and 2),

or
{1 + ψ(x)}V 0,

I(ψ) = Z>0, (Subcase 3),

or

{1 + ψ(x) + χ(y)}{V 0 + V 1 + [ϕ(x) + φ(y)]E},
V 1 = ax jE 6= 0, 2 ≤ j 6= 1 (mod s) ,

I(ϕ) = Z>j�Ij , I(φ) = Z>j ∩ I1,
I(ψ) = Z>0�(Z>j ∩ Ij), I(χ) = I1,

or
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Theorem - cont.

{1 + ψ(x) + χ(y)}{V 0 + V 1 + V 2 + [ϕ(x) + φ(y)]E},
V 1 = (axns+1 + byns+1)E , V 2 = (cx2ns+1 + ey2ns+1)E ,

a∆n 6= 0,
I(ϕ) = Z>2ns+1�I1, I(φ) = (Z>2ns+1 ∩ I1)� {3ns + 1} ,

I(ψ) = Z>0�(Z>ns+1 ∩ I1), I(χ) = I1,

where ∆n = ∆n(a, b, c , d) = det
(

Ωi
D

(
gD
j

))
or

{1 + ψ(x) + χ(y)}{V 0 + V 1 + V 2 + [ϕ(x) + φ(y)]E},
V 1 = byns+1E , V 2 = (cx2ns+1 + ey ls+1)E ,

bc 6= 0,
I(ϕ) = Z>2ns+1� {3ns + 1} , I(φ) = ∅,

I(ψ) = Z>0, I(χ) = Z≤ns+1 ∩ I1,

or
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Theorem - cont.

{1 + ψ(x) + χ(y)}{V 0 + V 1 + V 2},
V 1 = (axns+1 + byns+1)E , V 2 = (cx2ns+1 + ey2ns+1)E ,

a 6= 0 = ∆n,
I(ψ) = Z>0� (Z>ns+1 ∩ I1)�{ns}, I(χ) = I1, (Subcases 1, 2),

I(ψ) = Z≤n+1, I(χ) = Z>0�{n}, (Subcase 3),

or

{1 + ψ(x) + χ(y)}{V 0 + V 1 + V 2},
V 1 = byns+1E 6= 0, V 2 = ey2ns+1E ,

I(ψ) = Z>0� {ns} , I(χ) = Z≤ns+1 ∩ I1, (Subcases 1, 2),
I(ψ) = Z>0, I(χ) = Z≤n+1�{n}, (Subcase 3),

or
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Theorem - cont.

{1 + ψ(x) + χ(y)}{V 0 + V 1 + V 2 + V 3 + [ϕ(x) + φ(y)]E},
V 1 = (axns+1 + byns+1)E , V 3 = hxkE ,

V 2 = (cx2ns+1 + ey2ns+1)E and V 2 ≡ 0 if k < 2ns + 1,
ah 6= 0 = ∆n, ns + 1 < k 6= 1 (mod s) ,

I(ϕ) = Z>k�I1� {k + ns} , I(φ) = Z>k ∩ I1,
I(ψ) = Z>0�(Z>ns+1 ∩ I1), I(χ) = I1,

or

{1 + ψ(x) + χ(y)}{V 0 + V 1 + V 2 + V 3 + [ϕ(x) + φ(y)]E},
V 1 = (axns+1 + byns+1)E , V 3 = hy ls+1E ,

V 2 = (cx2ns+1 + ey2ns+1)E and V 2 ≡ 0 if l < 2n,
ah 6= 0 = ∆n, n < l 6= 2n, ,

I(ϕ) = Z>ls+1�I1, I(φ) = (Z>ls+1 ∩ I1)� {(l + n) s + 1} ,
I(ψ) = Z>0�(Z>ns+1 ∩ I1), I(χ) = I1,
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Theorem - cont.
or

{1 + ψ(x) + χ(y)}{V 0 + V 1 + V 2 + V 3 + [ϕ(x) + φ(y)]E},
V 1 = byns+1E 6= 0, V 3 = hxkE 6= 0,

V 2 = ey2ns+1E and V 2 ≡ 0 if k < 2ns + 1,
ns + 1 < k 6= 2ns + 1, ,

I(ϕ) = Z>k� {(k + n) s + 1} , I(φ) = ∅,
I(ψ) = Z>0, I(χ) = Z≤ns+1 ∩ I1.
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