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Banach Poisson manifold

P - Banach manifold (modeled on non-refleksive Banach space in
general)

o wel®(\*T*P)

o I°(T*P)>3a— #a:=7(a,:) € T®(A\>T*P)

P #

TP

P TP ; (1)
e T*P > T’P - quasi Banach vector subbundle (without Banach

complement in general)

o #HT'P=TP

o PX(P):={fecC>®P): #df e TP}

P>°(P) - Poisson algebra with respect to {f, g} := w(df,dg}
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Banach-Lie groupoid

G, B - Banach manifold with Hausdorff underlying topology
Banach-Lie groupoid G = B:

@ source maps:G — Bandtarget map t: G — B -
submersions

Q product m:G@® — ¢
m(g,h) =: gh,
defined on the set of composable pairs
G :={(g,h) €GxG: s(g) =t(h)},

© identity section € : B — G - immersion
Q inverse map . : G — G, 1oL =1d,
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Banach-Lie groupoid

which satisfy the following conditions:

s(gh) =s(h), t(gh) =1t(g), (2)
k(gh) = (kg)h, (3)
e(t(g))g = g = ge(s(9)), (4)

Ug)g =¢(s(9)),  gulg) = e(t(g)), (5)

where g, k,h € G.
The shorter definition: A groupoid is a small category with
invertible morphisms.
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Banach-Lie algebroid

A Banach-Lie algebroid on Banach manifold M is a Banach vector
bundle ¢ : A — M together with:

Q@ a: A— TM (anchor map)
Q@ [, |:TAxTA—TA (Lie bracket) such that

(X, fY] = fIX, Y]+ a(X)(f)Y
a([X,Y]) = [a(X), a(Y)]
forall X, Y € TA, feC>®(M).
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Fibre-wise linear Poisson structure

Fibre-wise linear Poisson structure

One takes as a (sub) Poisson manifold P = E, where E is the total
space of a Banach vector bundle E % M such that

e P®(E) D P (E) - fibre-wise linear

e PX(E) D PF(E) - constant on the fibres of ¢

o {P5(E), P (E)} =

o {P3(E), lm(E)} - P°°(E)

o {Pl (E) lm E)} - lzn(E)

Anatol Odzijewicz Geometric structures...



W*-algebra

A C*-algebra 90t is called W*-algebra (von Neumann algebra) if
there exists a Banach space 91, such that

(M.)* =M, (6)

M, - predual Banach space of 91, M, C M*

o (M, M) - topology on M

o M >p>0and [p|=1

p - state (normal) of the quantum system

e LM>p & pP=p=p M

L(9N) - lattice complete in o (M, M, )-topology

L(9M) - ,quantum logic” (propositions calculus)

e morphism of lattices ¥ : B — L£(9t) = quantum observables
Example: 9= L>°(M) M, = L (M) - standard model of
quantum mechanics
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The Banach-Lie Poisson structure on 9t,

o Df(p), Dg(p) € Mfor f,g € C(M")

o ad*M.C M., ad":IM" — M*
and adxY :=[X,Y] for XY e M

e (M, [,])- Banach-Lie algebra

Hence one has Lie-Poisson bracket

{f,9}p(p) == (p,[Df(p), Dg(p)])

Hamiltonian equation

d i
ul = adp ()P

for a Hamiltonian H € C*°(9M,,)

Example: 9t = L>°(M) M, = LL(M)

(1) %p = [DH (p), p] - non-linear von Neumann-Liouville equation
(2) The cases of the infinite Toda lattice and the non-linear
Schrédinger can be also written in this way.
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Groupoid of partially invertible elements of W *-algebra 9

Left support [(z) € L(9N) (right support r(z) € L(IN)) of
x € M is the least projection in M, such that

l(x)r == (resp. = r(z) = x). (7)

If = € M is selfadjoint, then support s(z)

Polar decomposition for x € O
x = ulz|, (8)
where u € 9 is partial isometry and |z| := vz*x € IMT, such that

l(x) =s(|z"]) = uu®, 7r(z)=s(|z|) =u u.
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Groupoid of partially invertible elements of W *-algebra 9

Let G(pMp) be the group of all invertible elements in

W*-subalgebra pMip C 9.

We define the set G(9N) of partially invertible elements in 9t
G(OM) := [z € M; |a] € G(pMp), where p = s(|a])}

Remark: G(M) & M in a general case.
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Groupoid of partially invertible elements of W *-algebra 9

The set G(MN) with
© the source and target maps s, t : G(IM) — L(IM)

@ the product defined as the product in 91 on the set
GNP = {(z,y) € G(MM) x GAM); s(z) = t(y)},

© the identity section € : L(9) — G(IM) as the inclusion map,
Q the inverse map ¢ : G(M) — G(M) defined by

o(z) = |z tu*,

is a groupoid over L(9N).
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Groupoid of partially isometries of W *-algebra 9

Proposition

The set of partial isometries /(9t) C 2 is the wide subgroupoid
UDN) = L(IM) of the groupoid G(IM) = L(M).
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e Inner action I : U(9M) x L(IM) — L(IM)
Lip:= pr(l.)? S(.%‘) =Pp
on the lattice £(9) gives the equivalence relation:

p~q & q¢€O0,.

e The equivalence class [p] of p in sense of Murray-von Neumann is
the orbit O, of p € L(M).
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The Murray-von Neumann classification of 1/ *-algebras directly
corresponds to the classification of orbits of the inner action of
UO) = L(IN) or G(M) = L(ON) on the lattice of projections
L(OM).
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G(OMN) = L(M) as a complex Banach-Lie groupoid

For p € L(9M) let us define the subset of L£()
II,:={¢ge L) : M=¢Me (1—pM}
then p=zp—Yp € ¢Mp&(1—p)Np.

The above defines the bijection ¢, : II, = (1 — p)Mp
and section o, : I, — t~1(II,) by
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G(OMN) = L(M) as a complex Banach-Lie groupoid

In order to find the transition maps
-1,
ep oy ey (p N1Ly) = @p(Ily N1Ly)
in the case I, N IL,y # () one has for ¢ € I, N II,; the splittings

M=gMO(1—p)M=pMD (1 —p)M (9)
M=gMe(1—p)M=pMa (1 —p)M.

and we obtain
Ypr = (o 005 ") (Wp) = (b + dyp)e(a+ cyp),

where a=p'p, b=(1—-p)p, c=p'(1 —p) and
d=(1-p)(1-p).
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G(OMN) = L(M) as a complex Banach-Lie groupoid

Theorem

The family of maps

(Ip, p) P € L(M)

defines a complex analytic atlas on a £(91). This atlas is modeled
by the family of Banach spaces (1 — p)0tp, where p € L(9MN).

Fact: If p’ € Op then (1 —p)Mp = (1 — p)Myp'.
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G(OMN) = L(M) as a complex Banach-Lie groupoid

For projections p,p € L(9) we define the set
gy = £ (1) 5711

and the map ¥, : Q5 = (1 —D)MPp S pMp & (1 — p)Mp in the
following way

bpp(x) := (0p(t(2)), Llop(t(x)))T0p(s(2)), 0p(s(x))) = (Yp: Zpps Yp) -
Transition maps

Yp = (b+dyp)i(a + cyp),
zp = (a+ cyp)2ppi(a + ) (10)
Uy = (b+ dyp)e(a+ cyp),
where (yp’: 2y U ) = (@Z)p/ﬁ/ °© 1/’;;31)(%» “pp> L@ﬁ)
a=pp, b=1-p)p, ¢=p(1—p)and d=(1-7p)(1—-p).



G(OMN) = L(M) as a complex Banach-Lie groupoid

Theorem

The family of maps

(QUps Vip) D, p € L(M)

defines a complex analytic atlas on the groupoid G(91). The
complex Banach manifold structure of G(91) has type &, where &
is the set of Banach spaces

(1—p)Mp @ pMp & (1 — p)Mp

indexed by the pair of equivalent projections of L(O0).
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Proposition

The complex Banach groupoid G(9) = L(9) endowed with the
underlying topology is a separable (Hausdorff) topological groupoid.
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In order to investigate the Banach-Lie groupoid structure of
G(OM) = L(M) it is enough to restrict ourselfs to

Lpy (M) :={p € LIM): p~po} = Op,

Gpo (M) = t_1(£170 (M) N s_l(£p0 (7).

Proposition

The Banach-Lie groupoid G(9) =2 L(M) is a disjoint union of
Banach-Lie subgroupoids G, () = L, (M), po € L(IM), which
are its closed-open Banach subgroupoids.
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Principal bundle F,

We consider Py := s~ !(pg) as the total space of the Gy-principal
bundle 7y := t|p, : Py — Lp, (M), where G is the Banach-Lie
group G(poIMMpg) of the invertible elements of the W*-subalgebra
poMpg. The free right actions of Gy on Py and on Py x Py are
defined by

k:PyxGo>(n,g)—ng € Py (11)

and by
kot Py x Py x Go > (0, 9) — (ng,£9) € Py x Py, (12)

respectively. The above allows us to define the quotient groupoid
PO%OPO = Py/G of the pair groupoid Py x Py = Py, which by
definition is the gauge groupoid associated to the Gy-principal
bundle 7o - P() — P()/Gg = ﬁpo(gﬁ).
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Gauge groupoid of F

The complex analytic maps

P0><P0

0 —g— 2 (n,€) = n&™1 € Gy (M) (13)
@1 Py/Go > (n) = nn~" € Ly (M) (14)
define the isomorphism
Bxn O g, (om)
t s
, (15)
PO/GO d ‘CPO (ﬂﬁ)

of Banach-Lie groupoids.



Atiyah sequence of the groupoid G(9t) = L(9N)

gy  —8) £om) < £(0)

| H H

LON) — (M) ———— £(m),  (16)

where

o JM) :=ker (t,s) ={z e GM); t(x)=-s(z)}is the inner
(totaly intransitive) subgroupoid of G(90t) = L(IM),

o L(M) xr LM) > (q,p) iff g ~p.




Atiyah sequence of algebroids

Using the above functorial correspondence we obtain the short
exact sequence of algebroids

AT — L e AGEM)——eTL(M)
Tt Tt
L) - L) - L) (17)
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Atiyah sequence of algebroids

The Atiyah sequence (17) is isomorphic to

A(ON) : ML () a T (9M)

L(M) = L) = cemy,  (18)

AN = {(z,q) e Mx LON) : 2z € ¢Mg}
MEON) = {(z,q) e M x LON) :  z € Mg}
TON) :={(z,q) eMx L) : z € (1—q)Mg}.
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Atiyah sequence of algebroids

The short exact sequence

Ap (M) —— ME () Tpo ()

Ly, (Dﬁ)—w"cpo () - L, (), (19)

of Banach-Lie algebroids, defined as the restriction of (18) to
Ly, (9N), is isomorphic to the Atiyah sequence

PoMpo X adg, Po—2 TPy/Go T(Py/Go)
Py/Gy = e = R/Gy  (20)
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Proof: The maps

La s poIMpo X adg, Po 3 {x,m) = (nan™' mn ™) € Ay, (M) (21)

Mpo x P, - -
Ly % S (0,m) = (O~ € My (M) (22)
Mpo x B - - -
s S S (0 o> (=)o) € Ty (M)

(23)
define isomorphisms between the corresponding vector bundles
appearing in the diagrams (20) and (19) and they commute with
the horizontal arrows of these diagrams. We also have

Ly, (M) = Py/Go.
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Coordinate description

(v,m) € Mpy x Py =TH v=94nt)|i=o
One has:
n = (p+ Yp)zppo
v = [ap + (P + Yp)bp] 2pmo
where

d d _
ap = @yp(t)!tzoa bp = = 2w () t=02ppy

ap = (v —n(pn) " v)(pn) ™" (24)
by = pu(pn) ™ (25)
yp =nlpn) ' —p (26)
Zppo = DN)- (27)
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Algebroid bracket and anchor map

Proposition

(i) The anchor map a: AL(ON) — TL(M) acts on
X = apgy; + bppl € POMH (M) as follows

(ii) The vertical part of X is given by b, 52—

BZPPO
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Proposition cont.
(iii) The Lie bracket of X1, Xy € I MZ%(9) assumes the form

0 0
=qaq,— —_— 2
[%17 %2] ap 8yp + bp azpp, ( 9)
where : .
_ /90 _/Oaip
= < Oy 7a1p> < dyp 7a2p>
and

Obs 0by
b, = ( —2 _ (=2 bap, b1,).
P < 83/19 7CL1p> < 3yp 7a2p> - [ P lp]
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Predual Atiyah sequence of the groupoid G(9) = L(9MN)

M = (M,)*

A (D) C AT OM) «— (¢Mg)* D (¢Mg)« = ¢Mig
AGEON) C A*GM)  +—  (Mg)* D (¢PM)« X Mg
L) CcTL (M) «— ((1—¢)Mg)" D ((1 — ¢)Mg)s =
M. (1—q)

where for every z € I

(Raw, x) = (p, ax)
Lz, 2) = (g, za) (30)
Remark: R}, C M., L9, C M.
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Predual Atiyah sequence of the groupoid G(9) = L(9MN)

So, one has
T.L(ON)

A

AGON)— o AT




Predual Atiyah sequence of the groupoid G(9) = L(9MN)

The short exact sequence

T Ly (M) —2 e A Gy (M) e Ty ()
Epo (gﬁ)—w"cpo (Sﬁ) = Epo (f)ﬁ) (32)

is isomorphic to the predual Atiyah sequence

Qx

Ly
T.(Py/Go) T, Py Gg——P0oMP0 X adg: 1o

o

Py/Go Py/Gy Py /G, (33)
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Fibre-wise linear sub Poisson structure of the predual Atiyah
sequence

e Weak symplectic structure of T, Py = poM. x Py
(Soa 77) € T\ Py, 6(90,77) = (907 n,0, 19)

Wipm) Elomy Epm) = (01,02) — (B2, 01). (34)
By
Wiom) o> ) + Tipm) (PoMe X Po) = T, 1 (poM X Fo) - (35)
one defines the bundle morphism
b T(T.Ry) — T* (T Py)

where
T (T Py) := b(T (T, Py)) C T*(T,Py)

is a proper Banach vector subbundle.
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e Momentum map Jy: TPy — po9.po such that

w(&", ) = =d(v,£%) = —d{Jo, ) (36)

where J
§°(f) = 5, flexp(=ta)p, n exp(te))li-o

for = € poMpo.
One has

Jo(e,m) = en e (Jolp,n),x) = (¢, nx)
for any x € poMpo.
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e For f € C°(T,.P,) one has

gL (0.m) € (Mpo)* and 3L (p,n) € (poM)* = Mpy .
e Thus for f,g € C°°(T,.Py)one defines the bracket

=2, 2y (=L 2 7
(.9} = (G0~ (5 5 (37)
which is bilinear, anti-symmetric and satisfies the Leibniz property

but not satisfies the Jacobi identity for arbitrary smooth functions.
e Therefore we define

P(L.) = {1 € C¥(T.) : G (gun) € ). © (o)}
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e Since T°(T\,Py) € T*(T.Py) the bundle map

# : T°(T.Py) — T(T.Py), the inverse to b : T(T,Py) — T*(T. Fy),
is not defined on the whole of T* (T, F), it will be called a sub
Poisson morphism.

o P(T.Py) D Pg, (Tily) - the Poisson subalgebra of
Go-invariant functions

Py (T Po) = P (T Po/Go)
(P*(TvPy/Go),{", }a,) - a Poisson algebra

{F, G}Go = {Fo TuGor G © 7T*Go} ) (38)

where TG - T*Po — T*P[)/GO
e Lie-Poisson bracket of F, G € C™(poM.po), 2 o5 E(B) € poMpo

(RGhr(s) = (8. 5501556 ) (39)
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Proposition

(i) One has the surjective Poisson submersions:

T. P
T+Go Jo

(40)
T\ Py/Go PoIM.po

of the weak symplectic manifold (7% Py, w) on the sub Poisson
manifold (7. Py/Go,{:, }c,) and the Banach Lie-Poisson
space (pompﬂv {" '}LP)'

(i) The Poisson subalgebras J§;(C°°(poM.po) and
T, (P2 (TP /Go)) = P&, (T Py) of P(T,.Fy) are polar
one to another with respect to the weak symplectic form w.
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(i) The Banach vector bundles map
ts : Tu Py/Go — poIMipo X Adz, Py is a Poisson submersion.
0

(ii) One has ker 1. = J; 1(0)/Go, where J;(0)/G is the weak
symplectic leaf in T, Py/Gq obtained by the
Marsden-Weinstein symplectic reduction procedure. The
predual anchor map a, : Tx(Py/Go) — TPy /G is an
immersion which defines the bundle isomorphism
T.(Py/Go) = J; *(0)/Go, where the precotangent bundle
T.(Py/Gy) is endowed with the canonical weak symplectic
structure.
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Theorem

All groupoids in the front of the short exact sequence

0><P093T*P0><P0 0><Po

PRy/Gy — £,

are the sub Poisson VB-groupoids and the corresponding horizontal
arrows of its define Poisson morphisms.
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THANK YOU
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