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Abstract

In the present day quantum theories the fi-
nite or infinite products of the exponential op-
erations e"e® . .. e’ (and their continuous equiv-
alents) are of the known importance, but the
problem of how to represent them by a single
exponential operation e* where (2 is the "phase
operator" presents some combinatorial difficul-
ties. The report below presents the algorithms
which make this task significantly easier. In
some cases like the 1D oscillator with time de-
pendent elastic force they lead to interesting
exact solutions. In some other more dimen-
sional cases they traduce themselves into the
important non-linear matrix equations.
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INTRODUCTION

In the customary calculation trends of QM some fine
algebraic problems for non-commuting exponents very
seldom appear. The report below is dedicated to the
exponential functions e®e’ for the non-commuting a, b,
also for multiple equivalents ee® . . . e where the a; =
—1H .05 represent distinct, non-commuting evolution ste-
ps, as well as to their limiting case i.e. the evolution
generated by the —iH (t)dt where H (t) is a time depen-
dent Hamiltonian. In all these cases, the question is,
how to express it by the single exponential e®(*), where
€)(t) is the "phase operator"?

The attempts to solve the last problem by iterat-
ing the non-linear equation for €2 failed due to the fast
increasing complication of each step. (Magnus writes
about the "combinatorial mess"). However, who is in-
terested in a symbolic but simple solution of the prob-
lem (giving explicatively all the approximation steps in
form of multicommutator expressions), can see it in Sec-
tion 2.3 of this report.

In cases when the operation exponents represent the
finite dimensional Lie algebra, the terms of the infi-
nite multiple commutator series start to repeat them-



selves, summing up to some closed matrix expressions.
So it happens for quantum systems with Hamiltonians
quadratic in the canonical operators qi, ..., q,, p1, ...Pn.
In the simplest case of 1D time dependent oscillator
Hamiltonians H (t) = %2 + B(t)g with the variable elas-
tic force, the evolution can be represented by the time
dependent 2 x 2 symplectic matrix which in the symme-
try intervals of 3 allows the explicit solutions, offering
the soft imitations of the oscillator d-kicks or the dis-
torted cases of the free evolution (see Section 3.2-3.4
with the corresponding stability maps). Certain many
dimensional models lead also to some interesting non-
linear matrix equations, with possible physical impor-
tance, though in general, they cannot be resolved with-
out the help of computers. In several places our report
offers no details, but only hints and references for inter-
ested readers.



1 THE DISCRETE CASE

1.1 An auxiliary space

A simple exponential structure was considered in 70-
tieth by Jerzy Plebanski, who was interested in the
evolution operators generated by a continuous family
of time dependent Hamiltonians, each two commuting
to a number. Surprisingly, one of the most naive solu-
tion was obtained during the discussions at the Warsaw
Institute of Theoretical Physics in 1957, by consider-
ing just two exponents commuting to a number. The
solution was obtained a bit mysteriously, by repeating
the same problem in two identical copies of the Hilbert
space.

Suppose, we have two operators in a Hilbert space
H, commuting to a number a € C. The problem is

> as a single exponential e*. Then con-

to express e‘e
sider a twin copy H' of the same Hilbert space with
the twin copies a’,b" of the operators a,b commuting
to the same number |a', 0| = a. Now define the tensor

product HQH'.

The operators a, b, a’, b’ can be interpreted as opera-
tors acting in whole H®XH', both a, b transforming only



the component H without affecting H’ and inversely,
a’, b’ transforming H’ without affecting . Hence, the
a, b and their functions commute with a’, b'. It is also es-
sential that in the commutator [a+b, b+a'] two commu-
tators [a,b] = a and [V, a'] = —« cancel, so the (a+0)
and (b+a’) commute.

\Varsovia [§57: Auxil,igj Space :

o Ne— e ——
H H
o, b ® a, b
La,b] =« [a), &)=«

Now consider the exponential products:

a+b + a'+ b’

e**® ettt — = =
_ (a+1d)+ (b+a*)
— e(u-'rb') e(b+a‘3 —

\ L=
e“e"‘ e""e ==

u

~
G

1
= e*e® et e



By multiplying both sides by e~(®*?) from the left and

by e~ from the right one obtains:
1 _b\
~(a+d) _a b (@+b') %
5 " etet = & e e

)\
b i at+h
number = = e&e =er‘?e
The only operator which acts in J{ without touching
H' but simultaneously acts in H' without affecting H
is just a number. Hence:

e~ th)eted — 1 e C.
If however e® and e’ generate the unitary operations in
H, then k must also be a unitary operator, implying
k = €. Hence:

elel = ittt

The result is easily (though just symbolically) extended
to any number of operators or to the quantum evolution
generated by the time dependent Hamiltonians H(t)
commuting to numbers [H(t), H(t')] = a(t,t').

[t is worth noticing that the auxiliary structures were
used as a legitimate tool to prove some mathematical
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facts not only for the exponential multiplication. The
analogous techniques are recently used by S.L. Woronow-
icz by associating the Heisenberg with 'anti-Heisenberg’
descriptions in his research on quantum groups.

Plebanski, meanwhile, considered the argument ex-
tremely peculiar, and he wanted more security. We
have shown the lemma to Iwo Biatynicki-Birula, who
found that the solution though strange, was correct.
But later on, he found also that the whole result was
just an incomplete form of the very old problem of
Baker-Campbell-Hausdorff (BCH) formula. So it was
indeed, and to check it for a pair (or family) of operators
commuting to a number, a simple differential equation
works the best.

1.2 The differential equation

Suppose a, b are elements of a certain topological alge-
bra A with some elements a, b commuting to a number
la,b] = a € C. Then consider the 1-parameter families
e’ and e’ (A € R). Assume they are continuous and
differentiable. Now, apply the derivative % assuming
that it is linear and with ordinary properties when act-
ing on products. Both e’ and e’ are differentiable,

obeying the obvious rules %em = ae = eMa (simi-
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larly for b). Now consider the product
U\ = oAb o= A(a+b)

[ts derivative is:
dU
=

This can be simplified by an obvious lemma. The for-

mula of Baker [1]:

eAa(a+b)6Abe—A(a+b) —6/\a6)\b(a—|-b)€_)\(a+b). (1-1)

)\2
M A = A+ \[B, Al + 5[3, B, Al + ...

is obtained by developing formally the left side into the
Taylor series in A. It becomes specially elementary if
only few multicommutators don’t vanish. This happens
precisely for B = b and A = a, when already the first
commutator is a number [b,a] = —a and commutes
with all the rest. So:

eMae ™ = a — M
implying the permutation rules
Mo = (a — \a)e

(and the similar one by interchanging a and b and chang-
ing the sign of ). By employing it to the second part
of the formula (1.1) one can interchange e’ with (a+0b)

10



obtaining to the right of e’ the sum of 5 terms in which
a+ b cancels with —(a+b) leaving in place only the nu-
meral term —Aa, commuting with everything. Hence:

dU(N)
X

is operator valued differential equation which can be

= XaU(\)

easily solved:

22

2
U\ = eZ°U(0) = 7 I (0)

implying:

2
A A a Aa+b)

22
e T Aa+b)+%-[a,b]

—¢ :
i.e. the first approximation step for the general Baker-
Campbell-Hausdorff formula — explaining the exact value
of the phase factor 7¢ in our previous argument. The
generalization for the multiple or continuous exponents
commuting always to the numbers can be readily ob-
tained.

In the similar formal way, one can show also that
even if [a, b] is not a number, but both double commu-
tators are: [a,[a,b]] € C and [b,[b,a]] € C, then the
multiplication formula becomes:

2

Aat+b)+-25 [a,b]+25 ([a.[a,b]]+ b, [b.a])

el = ¢ :
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The cases when all n-th order commutators are num-
bers, or a general exponent in form of an infinite mul-
ticommutator series require already the use of the "po-
larization derivative" of Hausdorff [2) 1, 3]. The related
challenge is the composition of the continuous exponen-
tial products.

As interesting might be a dual Zassenhaus problem
4] of how to decompose the exponential e**?) into the
product of simpler ones. One of the proposed decom-
positions 18

Math) _ da M~ N lab] A @b lab]+alab])

e =eeVe 2

The same result of Friedrichs [6] implies as well that
all increasing order exponents in this infinite product
are Lie elements (and so, can be always written e.g. in
Dynkin’s multicommutator notation).

WHY ALL THIS CAN BE OF INTEREST FOR
PHYSICS?

12
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5 %\L%E&RA\C ToolLS:

Press two ke:s'b .

= B e -~
Cimabal (cHy)
U= T rgtli < ee®

Boarer~ Campbell~ HausdottE (1904-1306 ) -

e*e® — a+b+ £ La:b) + {;(Eo,mb]-l-[b,[b,ecﬂ )*

Press move keys:

e WL eatha) i By
-—-1.‘5.-\ A\ i Cq YR — LTy T\
U == arae ef‘*u-‘ er-‘“" = —_—
QRn Qg . Dy F(Qaa )Q .) ':D nkin
=< ..et*e = e---= 5(,%, ..
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2 THE CONTINUOUS CASE

2.1 The limiting process

Some interesting consequences of the traditional Baker—
Campbell-Hausdorff formula arise for increasing num-
ber of the exponential operators with infinitesimally
small exponents

I
e

“la tarea de escribivr U(t')
CoOMo un operador exponencial

= el pvoblema de BCH centinuo

_— —— e

Q6

.-.
L]
i
L]
-

Q@)= Lim D AxSy.

n—v o= K,‘

But good news! If 6 — 0 the results suggest the dif-
ferential equation for U(t):
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AL = A@UE) ;5  Uk)=1
U) = 1+ SA&.au&.m.

t

U o § e tA&‘ ‘ +
§-. )dt, + i_ &_ AG) Al Ul dt, dt
UE)= 1+ Al + S:A(t.)A&a) dtadt, —-

'\'S S S AGIAGYA MR atydtadty - -

VERPAL SoLuTioN:
U) =T {1 + 3 Al at+ 3 S M)A dedt +
3 A M) Al ) st didtr . }

“"T'{es M) cw}

écrono! 'jmﬂ—\"

ovdiert =X oPcf&HD‘\

A bad news: it is O.K. to represent U(t) but can suggest
wrong inspirations about its exponent!
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2.2 Approximations of Magnus and Wilcox

To obtain more information about the exponent 2, Mag-
nus [7] and Wilcox [9] introduced the parameter A into
the continuous Baker—-Campbell-Hausdorff problem

C;U()\ t) = NABU(N 1), U(X0) =

They assume that U(\, ) = e, Then they are look-
ing for €2 in form of a symbolic series

— f: ATAL ()

and tried to find it by using the integral equation in-
spired by Hausdorff |3]
1
/ e“Q@e_mdu = \A(1).
Magnus obtain Ay, Ay and Ag and conclude the rest is
"combinatorial mess". Wilcox obtained still Ay. Among
them only A; and A, are easy to guess:

Ay(t) = / t A(t))dt,

11
/dh/ t1 tg dt2

The remaining Az and Ay are indeed involved even in
multi commutator terms [5, 9, 11]. Yet, much simpler
results follow directly from U(\, ).

17



2.3 The search for explicit expressions

An authentic breakthrough came from the formal series
expression for the U(t).

Ul)=

- g— - t f t.

=1+ § At + § 1 Ag)e, Alt)dtaar, +
* * % -

+ St St S* A(*‘) Gli- A&‘) 913 A(tz) dt, d":.df', + -

= 1+ 4
where
7 =
StA(""dt‘ t+ Stgt Al) 5., Aflt.) atadt +
. % e
b gt (2.1)
+ S\ S Al B, Alt) 6., Alts ) dtydtadt + -
% te t

and

1 t>0

18



IF U= %=
3_—--.0
> Q=tn((+Z)=Z—5Z+FL
where

t

St Alk) 6, Alta) Ak, ) dt, dt, t, 4

Z" = [ apAG) et + |

't. +0

Sf.

u i LLA(M)A(n)ff,g Alts)dtytadty 4 ..

It is important to notice that the formula for Z2 can be
obtained from the expression for Z by an operation X
of dropping some 6’as:

2 *
: {%“ + t.%A k) deydty -
+ SLL h%A BY6 . Alts) dtydt, dt,

+ Stgt St A(h) D’“A(‘h)%A ({3) dt, dt, dt, -1- -

€eo <o to
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Tt turns out that X is the differentiation which acts on
0:

>< =% ) GA0=0; L 6=

:ﬂ“ﬂ a
S Zz = %ZI ]:linearimc\‘én de ZZ.Z
| 6
L/__‘___/_/—._.
AR AN Al
v Lo=g L0

Indwceien
—_— A n-~f

Henceforth, the operation X permits to write down the
continuous analog of Baker—Campbell-Hausdorff formula
with all terms linear in Z:

20



Nl LR
=7 ~3L 1t 73 JA
ri
A d _L.i_g_: =
=Z~ Zdez J‘-:5'2. dgz.z
L & = Eij - -idf +] =
”[ _25 de 3' dez 4 d93 Z
_4
= @ d& -—~f
d L =
"6
g + Co
":1“9 B ¢ + [
— ~ i | +n
- Z/ I'J 624 Qn’ﬂ_4A(+l) A \
~.d fo %
‘d?‘ n=Aq o d+n d*‘
o b .L, | .
= 5 (L] L fote) Al Al)
S dt, -~ dty
where L,(t1,...,t,) are numerical integration kernels
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-1
L (bt S5

I‘l L

dG

Since every product 021632 . . .0 —1 contains only the

finite number of #’as, then the all higher order deriva-

tives ——, with n > k, vanish and every L,(t,...,1,)
reduces itself into an explicitly known, finite combina-
tion of #-products. For instance:

Ly =1,
1
Ly =051 — 5
1 1 1
Lo =0:505; — =05, — =0 —
3 =032021 — 5 2,11 5032 +13, 1
Ly =043032021 — 594,393,2 — 594,392,1 — 593,292,1+
1 1 1 1
—0 —0 e ——
+3 2,1+3 3,2+3 437

etc.
It is interesting to apply also the integral expression

d
e df — 1 1 _pd
—4 0

By using the permutation rule
d
e it 0y = (0 — p) e 1D
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one obtains:

= /O (921 — ,LL) ce (gn,n—l _ ,LL) d,LL.

An interesting consequence was derived in [11]:

f\"‘_en

SN
= (__,,)n-'-G.. ®,! (n-1-8,}!

n!

L’n(t"‘ e '_1+1) =

Ample discussions of the results in [10, 11] were offered

by J. Czyz [12] and .M. Gelfand [13].
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Due to the theorem of Friedrichs, all terms of the ex-
plicit formula (2.1) are the Lie elements of the free alge-
bra containing the operators A(t). However, if applied
to A(t) of a finite dimensional Lie group, the increasing
multicommutator terms will show repetitions leading to
finite dimensional matrix algebras. The simplest case of
this mechanism are the quantum theories of oscillators
with time dependent elastic forces.
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3 VARIABLE OSCILLATORS

3.1 Classical-Quantum equivalence

Between the quantum systems with Hamiltonians quadratic
in canonical variables, the simplest solutions are ob-
tained for 1D oscillators (1 position + 1 momentum)
permitting to simplify the theory due to a notable phe-
nomenon: the 2 x 2 matrices of the evolution of classical
and quantum (q, p) variables are exactly the same!

CLASSICAL = QUANTU ™M,
= _.E? * =

HE) = £+ ped 3 L9 FI=
t. ddasica ~+. cuvantica
d .
i = L q=[inql=¢p
4
e T 09 = 2 p=[iH, pl= —pE)g

N
“\
Y
Y {‘,

1 CL(*\ _ {)b" YD “ ?_(’E,\ P
\ ?(t') B Pay Sao 'PG:.,._\

_—— e — -

-

b, t.)
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< b, t) = AF) b, t)

2 b6t D) ==b () A )

/\(-t) —3

\ 0 A
~p@E  ©
Note that the two unitary operators Uy, U, which gen-

erate the same transformation of the g, p pairs can differ
only by a C-number phase. Indeed:

Lema UTGU, = UiqU, and
J, pU, = U 2P U,
=>[U,U:_, CL]:\;U“U; P:(:O
=y, g l=o0

{

CEL L sy Uul=et 5 u=e¥u,

,_rr

S,

One can consider the operators U; and Uy equivalent
in any physical experiment. Atte! To underline the
relation between the evolution operator U = U(t, t)
the corresponding evolution matriz will be denoted u =

U(t, t())
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Consequences: The classical canonical transforma-
tions determine the unitary evolution operators. —
The classical motion permits reconstruct the quantum
evolution for general time dependent elastic force —3(t)q.

3.2 Kick operations

The general solutions of both classical and quantum
problem requires the computer solutions of the com-
mon 2 X 2 evolution matrix u(t). However, the problem
admits some extremely simple exact solutions.

Solucig_n_g,_s E;_ch?_as (singulares’)

— p—————

Pulsos S-ta:

A
—ia 8

a,S(t—to)_g = U(a}:—. e 2

R
r

t

W\-__x_‘____‘______.

Fvolucidn libre:
a
. . — it‘{_
“:‘”—*L_I = Uk)=<

L .
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Both are easily obtained from the general law of Baker

[1]:

FORMULA DE BAKER:

— o ———— — e

0%} -2 T
e BE q-"-_- B ‘1")-[‘17 B]“}‘%T[Q-)[Q)B]l.t-

4 .. +%_‘_ [o[a,--[a,B]-]4. .,

Hence, the sequence 0 3 operations
(& podr of free evolukion steps separated
by one oseillator kicks ).

~icBr L@ et
SR T2 x=F
& e r2e %
Senera-['es .
0O <
w_. =
F .\ 0
T
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which might be called. a "squeered

Fowner Operation’ erio'uslj , +he same
S Jenerated by {uo kicks Sepacated by
the free euolution iteryal s

WY& nivf ;L gt
ue t2 e- e T '2

I — E F’

So the Ml@‘wlnj o(;e;raj-“ong jied

3r=9, pr =P (the ’P‘Wl\) OPﬁmtor)
o R e

lﬂh”?.& the, seittﬁnf.e 0& 12 unlt’qg teems
Pproduces an evolution loop ;

2 . m
wt ~ict

— NER IR )
T e P Ty

P = == n

R i e - -

12, terms
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x|

1 1
T T
! :
1
T

Here, the sides of the hexagon represent the 6 identical
free evolution intervals for the time 7 and all vertices
stand for the oscillator potential kicks with % forces. By
the same the sequence of 11 operators only must invert
the free evolution during the time 7:



OTHER CURIOUS CASES OF B(H

+3

T (4
Y
+E Nt %
14 \
R
=
A
+:E '% ---.L
T T
3T
""'I.L: T T +J'C_' L
i
T ‘/‘ ""1:
+& T
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TRIANGULO DE INVERS(ON:

— e — —

"r—ilf} [
T ~iaf g 2
— l} = e "PP 2 e"‘l.'(%. ..,;,d.["i?'
~ip?? 2
e fz -ils

B, T Math. Phys. 27, 2230 (186 )

(-Dj Fernandez C, , "Trangfotmations
of o. Wave Packet In & Pennin Tm‘f’ n
. ' )
Kuov. Cim. EJI (_[33)_) 285

Manciny , Man'ko, Tombesi , Phys. Let. A 213
(138¢), 1 " Quantum Tomography’
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3.3 The general operations

The description of the soft manipulations in general re-
quires the computer solutions for the matrix equations:
du
dt
du
dr
An interesting observation was, however, that if 5(¢)

(t,7) = Alt)ult, 7),

(t,7) = —u(t, 7)A(T).

and therefore A(t) is symmetric with respect to some
given moment ¢ = ¢y, then some results of the evolution
can be exactly predicted. Assume for simplicity ¢ty = 0
and consider the evolution matrix u = wu(t,—t) in a
symmetric interval [—t, ¢]. Then the equation for u has
the anticommutator form:

du
i At)u + ul(t)

or explicitly

d_u o u21 — Buis Tru o
dt —BTru  uy — Pur )

—(U21—BU12)1+Tru<_Oﬁ (1))

Therefore,

d

T (w1gu91) = Tr u (ug — Purg) =

33



1d 1d

= Tr u——Tr u = ~—— (Tr u)*
rug— T u 4dt( )
and integrating
d 1
pr wipliz — (Tr u)2 =0
Y

1
UioUo] — 1 (Tr u)2 = (' = const.
The initial condition «(0,0) = 1 imply C' = —1 and so
1

U12U91 — _Z (Tl" u)2 — 1. (31)

Hence, one arrives at the following lemma.

Lemma 3.1. Whenever the evolution matriz u(t) =
u(t,—t) for symmetric B(t) reaches the threshold val-
ues Tru = £2, (3.1) implies that either uyy or ugy (or
both) must vanish and simultaneously u;y = w9 = £1,
leading to the soft evolution cases imitating the oscilla-
tor kicks, incidents of distorted free evolution, or just
one of the evolution loops, all of them with or without
simultaneous parity transformation (see [16, 17]).

3.4 The manipulation by time dependent magnetic fields

The above results were applied to the evolution oper-
ators induced by homogeneous variable magnetic fields
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B(t). If the time dependence of B(t) is not too vio-
lent, the non-relativistic approximation still holds up to
Ciz—terms, (see [14, 15, 16, 17, 18]) the motion of charged
particles obeys the 2 dimensional oscillators with time-
dependence radial force. The stability and instability
areas for fields of two frequencies w and 2w were de-
termined in [16], leading to the following map of A.

Ramirez:

The Ramirez map in [16]. The point on the blue and
red stability borders represent the field parameters per-
mitting to approximate the free evolution with modified
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(faster, slower or inverted) evolution time, or the softly
achieved radial oscillator pulses.

Below, the motion of the center of a Gaussian wave
packet of a charged particle, in a pulsating magnetic
field [16]. The centers perform displacements opposite
to the initial velocity.

200

150

100+

504

-100 s

-150+

M
A
A
-200 \\\ T
hh"‘\-._

7717 T 71 T 1 T T T T T T T T T ]
-200 -150 -100 -850 a g0 100 150 200
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The search for variable oscillator pulses, permitting
to achieve some physically interesting result, in spite
of its narrow subject, is still an open area. In par-
ticular, you might be interested to consult [19] (non-
hermitian problems), also [20]| (non-linear equations for
higher dimensional models) [21]| (the exponential for-
mula for higher dimensional matrices, though the phys-
ical applications are still an open problem).
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