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Soliton equations

dx = U(u,N)por Ep=U(u,\)¢p < up = 9"Kp[u]

Ut:KO[U] ~ Ut—VX+[U7V]:O
or Us+ UV — (EV)U =0

spectral matrix U & recursion operator ¢
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KdV equation

The KdV equation:

3 1
Uy — ibluux — Zbluxxx =0.
Lax Pair:
0 1
U= ,
A—u 0
1
—‘Z:UX A ﬁ_ EEU
Vi=h 1 1 1
S U N - gt gl
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NLS equations

The nonlinear Schrodinger equations:

Pt = _%pxx + p2q7
9t = 39 — PG>

“A p

q A]’
—N+1pg Ap— 3px
A+ 3« A2 —3pg ] '

Lax Pair:

U=
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Symmetry and conservation law

Symmetry:
S is called a symmetry of u; = K(u), if

[K,S] = K'[S] - S'[K] =0, P'[S] = %P(u +¢eS)

e=0

This defines a commuting flow with vy = K(u).

Conservation law:

A conservation law is
Ot T+ 0xX =0 when u; = K(u).

This gives a conserved density:

d
dt/TdX:O when u; = K(u).
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The fundamental question

Question:

How to generate soliton equations with infinitely many symmetries
and/or conservation laws?

Starting point:

Spectral problems on matrix loop algebras



Generating scheme and symmetry algebra

© Generating scheme and symmetry algebra



Generating scheme and symmetry algebra
©00000000

Spectral problems

Let g be a semisimple Lie algebra and its loop algebra
g=go C[\21.
Choose a peudoregular element ey(A):

(a) Ker(adey) ® Im(adey) = &,

(b) Ker(adep) is commutative.
Spectral problem with linearly independent ¢; € g, 0 < i < g:

dx = Ug, U= U\ u)=e(N)+ ure1(X) + - + ugeq(N).
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Zero curvature equations

Solve the stationary zero curvature equation

Ve=[U,V], V=) Vix'.
i>0

Select A, so that
v = (A"V), + A,

where + means to take the polynomial part, satisfies

v [U, V(D] € span(ey,-- - , ).
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Zero curvature equations

- P.D. Lax, Comm. Pure Appl. Math., 21(1968), 467-490.

Lax pairs:
u, v

or
bx = U, ¢p, = VMg,
Zero curvature equations

Up, — V" 4+ (U, V(] =0

present a soliton hierarchy



Generating scheme and symmetry algebra
[ele]eY Yololelele)

Algebraic structure of Lax operators

- W.X. Ma, J. Phys. A, 25(1992), 5329-5343; 26(1993), 2573-2582.

An evolution equation
ur = K(u)

)
UK+ f(A\Uy — Vi +[U, V] =0
)
Ox = U(u7 )\)(b, Or = V(U,A)QZ)
under \; = ().
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Commutators

Introduce

K, S] = K'[S] - S'[K],
[V, W] = V'[S] - W[K] + [V, W] + gV — Wj,
[f,e1(n) = (Mg () — F(Ne'(M),

where

P'[S] = gGP(u + €S)

e=0
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Algebraic structure

- W.X. Ma, J. Phys. A, 26(1993), 2573-2582.

If

U'[K] + f(\ Uy — Vi +[U, V] =0,
Ul[s] +g()‘)U)\ - Wi + [U’ W] =0,

then

Ul[[K?S]] +[f, gl(M)Ux — [V, W]« + [U, [V, W]] = 0.
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Lie algebraic structure

- W.X. Ma, British J. Appl. Sci. Tech., 3(2013), 1336-1344.
All (K, V,f) form a Lie algebra under the binary operation:
[(K,V.f), (S, W,g)] = (IK,S]. IV, WL, [f. g])
That is, the above operation satisfies
@ Bilinearity:
lIa(Kla V17 fi) + B(K27 V27 f2)’ (K37 V3) fé)]]
== al[(Kla V17 f1)7 (K37 v37 f:?))]] + BII(K2a V27 f2)7 (K37 V37 f3)]]
@ Anticommutativity:
|[(K17 Vla fl)? (K27 V27 f2)]] = _|I(K27 V27 f2)7 (K17 V17 fl)]]
@ The Jacobi ldentity:
I]:(Kla V17 f].): |[(K27 V27 f2)7 (K37 V37 fé)]]]] + Cy(:]e(]-: 27 3) =0.
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Symmetry algebras

Symmetry algebras in (1+1)-dimensions:
[Kin, Kn] =0,

[Kn, Ts,m] = (m + 7 + 1) Kinn,
[Ts,ns Ts,m] = (M — N)Ts mn,
where 75 ;= omt1 + t[Ks, om1]-
Graded symmetry algebras in higher-dimensions:
g= EBQ:’
i€z

for KP, MKP, etc.



Generating scheme and symmetry algebra
00000000e

Trace and variational identities

Semisimple Lie algebras:

0 ou 0 ou A d
2 — T\ - _
5u/t( 8)\)d =\ 8}\)\t(V

Non-semisimple Lie algebras:

o ou 0 ou A d

= TV dx = V.2 A

Su /W’ o) HEATHA Vg = g v VD
where (-, ) is an ad-invariant, symmetric and non-degenerate

bilinear form.
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Lie algebra sl(2, R)

sl(2,R):
le1, ] =26, [e1, &3] = —2e3, [e2, &3] = ey,

where
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The KdV equations

The KdV spectral problem:

0 1
ox = Up, U= U(u,\) = €g,
( ) [)\—u 0]
where

(a) Lie algebra: g = sl(2) ® C[\, A7,

01
(b) Pseudoregular element: ey = [ v o ] .
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Stationary zero curvature equation

A solution to V, = [U, V]:

1
_ b, b
b+ (A—u)b ib |
where
b=> b,
i>0
with

1 1
bo = 07 b]_ = ].7 bi+1 = \Ub,’, VU = 182 4+ u— Ea_lu)(’ IZ 1.
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Soliton hierarchy

Lax pairs:

ox = Ud, e = Vg, V(D = (WY, 4

0 0
, h>0.
_bn+2 0

The KdV soliton hierarchy:
uy, = P"uy, n>0,

with the recursion operator :

1 1
_wh— 192 101
b=V 48 +u+2ux(9 )
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Symmetry algebra

Non-isospectral flows (A, = A"*1):

1
us, = on, = ®"0yg, 00:u+§xux, n>0.

n

Symmetry algebra:
[Kma Kn] =0,

1
[Kns Ts,m] = (m + E)Km+na

[Ts,m 7's,m] = (m - n)Ts,m+na

where
Ts;m = Om + t[K57Um]-
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The AKNS equations

- M.J. Ablowitz, D.J. Kaup, A.C. Newell and H. Segur, Stud. Appl.
Math., 53(1974), 249-315.

The AKNS spectral problem:

¢x = U, U= U(u,\) = [A p] €g, u= H,
qg A

where

(a) Lie algebra: g =sl(2) ® C[\, A1,

-2 0
(b) Pseudoregular element: ey = ! 0 ] .
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Stationary zero curvature equation

A solution to V, = [U, V]:

with the initial data
30:—1, boZCoZO

and
aix = qc¢i — rbj,
by = —2biy+1 — 2qa;, i > 0.
Cix = 2C,'+1 + 2ra,-,
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Soliton hierarchy

Lax pairs:
bx = U, ¢ = Vg, V) =(A\"V),, n>0.

The AKNS soliton hierarchy:

:Kn:

_2bn+1 — "
2Cn—i—l

with the recursion operator ¢:

o =

—10+po7tq  polp
—q07lq  30-q07'p|’
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Symmetry algebra

Non-isospectral flows (A = A"):

—2xp
, n>0.

2xq

us, = op = ®"09, 0p = [

Symmetry algebra:
[Km, Kn] =0,

[Kna'rs,m] = me+na
[Ts,na 7—s,m] = (m - n)Ts,m+na

where
Ts,m = Om+1 + t[KS7 Um—i—l]-
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Lie algebra (3, R)

so(3,R):
[e1, 2] = €3, [e2, &3] = e1, [e3,€1] = e,
where
00 -1 0 0 O 0 -1 0
ee=|00 0 |,o=|00 -1|,e=|1 0 0
1 0 0 01 O 0 0 O
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Spectral problems associated with so(3, R)

An AKNS type spectral problem

ox = Up, U= U(u,\) = Xe1 + pex + ges.

A Kaup-Newell type spectral problem

b = Ugp, U= U(u,\) = Ne; + \pex + A\ges.

A WKI type spectral problem

dx = Up, U= U(u,\) = Xer + A\pex + Ages.
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Recursion operators

- W.X. Ma, Appl. Math. Comput., 220(2013), 117
- W.X. Ma, J. Math. Phys., 54(2013), 103509

AKNS type recursion operator

o =

g0~ 'p 0+ q0'q
~0-pd~lp —pdlq |

Kaup-Newell type recursion operator

—0pd~1p 9 —0pd~1q
—0—0q07p —0q0q
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Lax pairs

Selection of Lax operators:

How to determine modifications A, so that
V)S") —[U, V(”)] € span(ey, -, €q),

where V(") = (A\"V)_ + A,?

Existence of solutions:

| A

Determine when there exist solutions to

Vi=[U,V], Uec g =g C[\ A1,

when g is non-semisimple.

A
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Criterion for existence of Hamiltonian structures

Open question:

Is there any concrete criterion which tells when there exist
Hamiltonian structures for integrable couplings, even bi- and
tri-integrable couplings?

More specially, how to generalize the variational identity on matrix
loop algebras?

A concrete example is the bi-integrable coupling
ur = K(u), ve = K'(u)[v], ws = K'(u)[w].

Is there any Hamiltonian structure for this integrable coupling?
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Conjecture on integrability of commuting soliton equations

e For a soliton hierarchy vy = Kpy(u), m >0,

K, = Lie group of solutions Sp(ep),en € In CR.

@ Let S be the set of solutions to a system u; = K,;;, and make
a metric space (Sp, d) with a bounded domain D:

Sp = {flpl|f € S}, d(f, &) = sup(exeplf(t x) — g(t, x)|.
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Conjecture on integrability of commuting soliton equations

e For a soliton hierarchy vy = Kpy(u), m >0,

K, = Lie group of solutions Sp(ep),en € In CR.

@ Let S be the set of solutions to a system u; = K,;;, and make
a metric space (Sp, d) with a bounded domain D:

Sp = {flpl|f € S}, d(f, &) = sup(exeplf(t x) — g(t, x)|.

Open question:
Is the union U325, dense in Sp with any bounded domain D for
each system u; = K,,,?

If yes, the solution to any Cauchy problem can be approximated by
solutions generated from those Lie symmetries.
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NMMP Workshop 2017

NMMP 2017:

4th Workshop on Nonlinear and Modern Mathematical Physics

4-8 May 2017, Kuala Lumpur, Malaysia

http://einspem.upm.edu.my/nmmp2017/
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