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Abstract...

For an arbitrary manifold M, we consider supermanifolds N TM
and MNMNT*M, where I1 is the parity reversion functor. The space
MNT*M possesses canonical odd Schouten bracket and space
N TM posseses canonical de Rham differential d. An arbitrary
even function P on MT*M such that [P, P] = 0 induces a
homotopy Poisson bracket on M, a differential, dp on NT*M,
and higher Koszul brackets on MTM. (If P is fiberwise
quadratic, then we arrive at standard structures of Poisson
geometry.) Using the language of Q-manifolds and in particular
of Lie algebroids, we study the interplay between canonical
structures and structures depending on P. Then using just
recently invented theory of thick morphisms we construct a
non-linear map between the L., algebra of functions on NTM
with higher Koszul brackets and the Lie algebra of functions on
N T*M with the canonical odd Schouten bracket.
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L Poisson manifold and....

Poisson manifold

Let M be Poisson manifold with Poisson tensor P = P29, A 9,

_ _af ab 99
{f»g}—{fag}P—ﬁP Ixb

{f.g}.h+{{g.h}. f} +{{h.f},9} =0,
¢
P23, PP + PP 9, P8+ P9, P = 0.

If P is non-degenerate, then @ = (P~") 4,dx@ A dx? is closed
non-degenerate form defining symplectic structure on M.
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Differentials

d—de Rham differential, d: QX(M) — Q*+1(M),

d?=0 df—aafdx d(wAp)=dorp+ (-1 eAdp
dp—Lichnerowicz- Poisson differential, dp: 2X(M) — 2A%+1(M),
of d
2 _ ba
ds =0,dpf= 3P P 5xa

dpP = 0 < Jacobi identity for Poisson bracket {, }
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Differential forms and multivector fields

2A* space multivector fields on M,
Q* space of differential forms on M,

A (M) 2 kT (M)
) )
kM) %

Qk+1 (M)
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Differential forms and multivector fields

A*— multivector fields on M= functions on NT*M
Q*— differential forms on M= functions on M TM,

A (M) Py kT (M) cntmy % oM
) ) T T
QM) %5 k(M) cintm) -L cmT™)

do(x.£) = £ 0(x,£) dpF(x.0) = [P. F].

[P, F]-canonical odd Poisson bracket on MT*M.
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x2=(x',...,x"— coordinates on M
(x2,EP) = (x',....x™ &N, ... &M, —coordinates on MTM

ox@
p(E3) = p(x®) +1,x% = x¥ (x%) = €% = ia%'
‘ Respectively

(x2,6p) = (x1,...,x"; 64,...,6,), —coordinates on N1 T*M
ax?

03— .
2 xa

(dx? s &9).

P(82) = p(x?) +1,x% = x¥(x?) = 07 = (924> 62).

Example

Q* 3 0 = l,dx?+ rapdx@AdXP < (X, &) = :E3+ rpE2EP € C(NTM)

A 5 F = X204+ M®9310p <5 F(X,0) = X205+ M3®P6,6, c C(NT*M).
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Canonical odd Poisson bracket

F, G multivector fields F, G functions on NT*M
[F, G] Schouten commutator’ [F, G]odd Poisson bracket’
X=X20,,[X,F] = £xF [X, F] = [X264, F(x,0)]

P=Pa®9,70p, [P,Fl=dpF’  dpF = (P,F)=[P®6,6p, F(x,0)]

_ JF(x,0)dG(x,0) p(F)9F(x,0) dG(x,0)

Flx.6). G0l =—5 56, "1 36, oxa

odd Poisson bracket
Schouten bracket
Buttin bracket
anti-bracket

Names are
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Koszul bracket on differential forms

C(NT*M)
0p: 0 £3 = Pag,or dx? = P9,
C(NTM)

From {, } on functions to Koszul bracket on differential forms
[0,01p = (9p) " ([95(®), (o)) -

[fag]P = 07 [f7 dg]P = (_1 )p(f){fvg}P7 [df7 dg]P = (_1 )p(f)d({fag}P)
This formula survives the limit if P is degenerate.
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Lie algebroid

E — M—uvector bundle,
[[, ] —commutator on sections, p: E — TM—-anchor

[1s1(x), F(x)s20)]] = F(x)[Is1(x). S2(x)]] + (p(81(x))F(x)) 82(x).,
Jacobi identity:

[[[[s1,s2]],83]] + cyclic permutations = 0.
s(x) = s'(x)ei(x), [lei(x).ex(x)]] = cR(x)em(x).p(e;) = pf .

[181(x), S2(x)]] = (s} S5 + 810! 9u T (x) — $5p{ du T (x) ) €m
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Trivial examples of Lie algebroid

g
¢ — —Lie algebra, |, where [[, ]]|— usual commutator,
%
™
tangent bundle i, where [[, ]| — commutator of vector fields
M

For TM anchor is identity map
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Poisson algebroid

(M, P) Poisson manifold, (P = P9y A da, {f,g} = 02fPdpg)

™M

|, [ldf,dg]]=d{f,g}, anchorp: p(wadx?) =D, =P J
M

Do oxa’

[[wadx?, opadxP]] = <;coa0b8cPab + P wpd,0, — (0 G)) ax*

(This is Koszul bracket [, |p on 1-forms).
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Anchor—morphism of algebroids

™M ™
Anchor p: + -1 4 ],
M

M
morphism of algebroid 7*M to tangent algebroid

pllw,o]] = [p(@),p(0)].
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One very useful object—Q manifold

Definition
A pair (M, Q) where M is (super)manifold, and Q is odd vector
field on it such that

1

@ - 5[Q.Q] =0

is called Q-manifold.
Q is called homological vector field.
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Lie algebroid and its neighbours
Algebroid has diffferent manifestations

ne E
\ 3
M , M
ME is Q manifold with E — M is Lie algebroid with
Q=E"ehsm+E0f 5w llenedl = .p(e) = p!' 3%
E* NE*
b, —(even, odd)Poisson manifolds
M M

Lie—Poisson bracket:

{uj, u} = cfum, {x*, ui} = p!' {x*,x'} =0.
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Neighbours of ¥ — x
”f @ @
ko ’ " ’ i
Q= é é Ik agm [e,’,ek] = lrl?em {Ui?uk} = Ill7<7um

homologlcal vector field structure constants Lie-Poisson bracket
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Neighbours of tangent algebroid TM — M

ntm

1
M
d
m
Q=¢ Jxm
N————
homological vector field—de Rham differential d
(functions on M TM)—differential forms on M)

T*M nr-m
\ 4
M ’ M

canonical symplectic structure canonical odd sympletic structure
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Neighbours of Poisson algebroid T"M — M

(M, P)—Poisson manifold, {x2,x?} = pab

nrm
i ™M
M 1
apPba 2 > M
Q= GaGbWTGC + eapabﬁ Poisson algebroid

[[ax3, dx®]] = dP, p(dx?3) = P39,
homological vector field

ntm

I
M

{,} =1, ]p is Koszul bracket on MTM.
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nrm ™
1 isin the neighbourhood of tangent algebroid |
M M
nTm M
Jisin the neighbourhood of Poisson algebroid |
M M
nrm — nTM
~—— —~—

Odd canonical Poisson bracket Odd Koszul bracket

Linear map &2 = §250:0) — pabg, | (ax? = Pabg,
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Question

What happens if even function P = P(x,0)6,6,, is replaced by
an arbitrary even function P = P(x, 8) which obeys the
master-equation

P(x,0) P(x,0)
oxa 0028

[P,P] =2 = 0.

(In the case P = P3(x,0)6,6, master-equation is just Jacobi
identity for Poisson bracket {, }p on M.)
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Higher Poisson brackets on M

P: [P, P] = 0 defines higher brackets (homotopy Poisson
brackets)

{fifo,. htp =1 (PAL - Bl = loo-

P = P30,+ P%6,0,+ P°0,6,64+ ...

(x3)p = P {x8 xP} = pab [xa xb xc} — pabe
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From N T Mto NTM

CINT*M) = x(NT*M) — C(T*(NT*M)) — C(T*(NTM))
Function P(x,0) — Hamiltonian vector field D —
— Hamiltonian in T*(NT*M) —T*(NT*M)
The last map is Mackenzie Xu symplectomorphism
C(NTM)> P=P(x,0) - K=Kp(x,E) e T*(NT*M)
d d
KP(XﬂgapaTC) = <paaGaP(X79)+§aaXaP(X’9)> {6%7‘6

(x2,EP|pa, p) coordinates on T*(MTM).
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Higher Koszul brackets on M

P € NT*M defines homotopy Poisson bracket (higher Poisson
brackets ) on M,

Kp € T*(NTM) defines homotopy odd Poisson bracket (higher
Koszul bracket) on MM,

{(FiFore o bk =L [Kp il Pl le o = lpeo)-

F = F(x,) = f(x)+ Ea(x) + ..., (df = E30,),
[flp=0,[f,f,....f]p=0
[y o, df] = {Fi For. o},
(dfy dfy, ... dfo] = d{fy For... o}
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morphismgf Q-manif.

c(nTm) C(NTM)

nrm ntm
Lichnerowicz Poisson differential dp — de Rham differential
Odd Poisson canonical bracket Odd Koszul bracket

d=£%0,,

JP o 0P o
dP: dF’f:[P7f]7 dP:Waieari‘aieaw



Higher order Koszul brackets
LHigher brackets

If P = P3¢, 6, then the map

P

* . a__
NTM—NTM:  £7= <

= P%(x)6p,

is linear in fibres. Morphism of Q-manifolds
C(NT*M) «+ C(NTM)

is its pull-back.

These linear maps are interwining maps for differentials d and
dp, their Hamiltonians, and their homological vector fields on
infinite-dimensional spaces of functions.
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Let P(x,0) be an arbitrary even function, solution of
master-equation [P, P] = 0. The map

P

* . a__ =~
nT™M—nTM: & = g2

is in general non-linear map.

nr:p ondnear ooy

ntm MK nrey

C(NTM) — —non-linear map to C(NT*M)

This non-linear map defines morphism of Q-manifolds.
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