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Exciton-Polariton

Semiconductor cavities

Half-light & Half-matter Strong coupling: Excitons - Photons
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Exciton-Polariton: 1d micro-cavity

φ(x, t) : photons ψ(x, t) : excitons


i∂tφ = (ωc − iκc − }

2mC
∆)φ+ γψ

i∂tψ = (ωx − iκx + g|ψ|2)ψ + γφ,

Parameters:
Space: x ∈ Rn Time: t ∈ R
Frequencies: ωx, ωc Half of Rabi frequency: γ
Attractive: g > 0 Repulsive g < 0
Attenuation rates: κx, κc
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NLS3(Rn)

i∂tu = −∆u+ g|u|2u NLS3(Rn)

Parameters:
Space: x ∈ Rn Time: t ∈ R
Attractive: g > 0 Repulsive g < 0
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NLS3(Rn)

Invariance

Spatial translation

u(x, t) 7→ u(x+ x0, t)

Time translation

u(x, t) 7→ u(x, t+ t0)

Galilean transformation

u(x, t) 7→ u(x− ξt, t)ei(k·x−ωt)

Scaling
u(x, t) 7→ λu(λ2x, λt)
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NLS3(Rn)

Conserved Quantities

Number of particles (Mass)

M [u](t) =

∫
Rn

|u(x, t)|2dx

Hamiltonian (Energy)

E[u](t) =
1

2

∫
Rn

|∇u(x, t)|2dx+
g

4

∫
Rn

|u|4dx.

Momentum

P [u](t) = Im

∫
Rn

ū∇u
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NLS3(Rn)

Norms
Lebesgue norm:

pc = n

‖u‖Lpc (Rn) = ‖uλ‖Lpc (Rn)

Sobolev norm:
sc =

n

2
− 1

‖u‖Ḣsc (Rn) = ‖uλ‖Ḣsc (Rn)

Others conserved quatities

‖u‖1−sL2 ‖∇u‖sL2 and M [u]1−sE[u]s

sc < 0 =⇒ n = 1 mass-subcritical
sc = 0 =⇒ n = 2 mass-critical
0 < 1sc < 1 =⇒ n = 3 mass-supercritical energy subcritical
sc = 1 =⇒ n = 5 energy critical
sc > 1 =⇒ n = 5 energy supercritical
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NLS3(Rn)

Ground State Soliton Solution

uQ(x, t) = eiβtQ(αx). - solution if −β Q+ α2 ∆Q+Q3 = 0,

α :=
√
n, and β := 1− n−2

2 .

Elliptic PDE theory: infinitely many H1 solutions
choose the minimal L2 norm solution ⇒ ground state Q

Properties:
1 Q - positive, radial, vanishing at ∞
2 Minimizer for Gagliardo-Nirenberg (Weinstein’ 82):

‖u‖4L4 ≤ CGN‖∇u‖nL2‖u‖4−nL2

with

CGN =
2

‖Q‖2L2

.
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NLS3(Rn)

u(t) = eit∆u0 + i

∫ t

0
ei(t−τ)∆|u|2u(τ)dτ ≡ NLS(t)u0

eit∆u0  NLS(t)u0

Questions:

When do solutions scatter?

u(t)→ eit∆v+ as t→∞

When Blow-up occurs?

‖∇u(t)‖L2 →∞ as t→ T ∗
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Lossless Polariton

κx = κc = 0

i∂t

(
φ
ψ

)
=

(
ωc −∆ γ
γ ωx − g|ψ|2

)(
φ
ψ

)
.

Conserved quantities

Number of particles (Mass)

M [u](t) =

∫ (
|ψ|2 + |φ|2

)
dx

Hamiltonian (Energy)

E[u](t) =

∫ (
1

2
|∇ψ|2 + ωc|φ|2 + ωX |ψ|2 +

g

2
|ψ|4 + 2γRe(ψφ)

)
dx.
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Lossless Polariton

Invariance

Spatial translation

Time translation

Break of Invariance

Scaling (
φ(x, t)
ψ(x, t)

)
7→ λ

(
φ(λx, λ2t)
ψ(λx, λ2t)

)
,

(
ωx − g|ψ|2 γ

γ ωc −∆

)
7→
(
λ2ωc −∆ λ2γ
λ2γ λ2ωx − g|ψ|2

)
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Lossless Polariton

Galilean transformation(
φ(x, t)
ψ(x, t)

)
7→

(
φ(x− ξt, t)
ψ(x− ξt, t)

)
ei(ξ·x−|ξ|

2t),

(
ωc −∆ γ
γ ωx − g|ψ|2

)
↓(

ωc −∆ γ
γ ωx − |ξ|2 − g|ψ|2 − iξ · ∇ψ

)
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Lossless Polariton

What about the ground state?

ψ(x, t) = ψ(x)e−iωt,

φ(x, t) = φ(x)e−iωt.

Komineas, Shipman, Venakides
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Lossless Polariton with ωc = 0

Consider

iφt = −∆φ+ γψ

iψt = (ωX + g|ψ|2)ψ + γφ

and (
φ(x, 0)
ψ(x, 0)

)
=

(
φ0(x)

0

)
∈ Hs(Rn) with s >

n

2
.
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Existence and Local wellposedness

Existence of solutions to the polariton equations
Given:

‖φ0‖Hs ≤ αN for N > 0, α ∈ (0, 1)

There exists a unique solution

(
φ(x, t)
ψ(x, t)

)
∈ C(I,Hs(Rn)) to the

polariton system such that

‖φ(t)‖Hs < N and ‖ψ(t)‖Hs < N

for

0 ≤ t ≤ 1− α
2γ + |g|N2

.
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Short-time behavior

Observing the photon field:

up to what time is the effect of the exciton on the photon field
negligible?

iφt = −∆φ

iψt = ωXψ + γφ .
(Approximation A)

up to what time thereafter is the effect of the nonlinearity on the
photon field negligible?

iφt = −∆φ+ γψ

iψt = ωXψ + γφ .
(Approximation B)
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Theorem

Let

(
φ(t)
ψ(t)

)
,

(
φ̃(t)

ψ̃(t)

)
∈ C([0, t3], Hs(Rn)) ε > 0, c1, c2 ∈ R s.t.

c2ε
1/5 < t3.(
φ(t)
ψ(t)

)
↔ polariton,

(
φ̃(t)

ψ̃(t)

)
↔


approx. A [0, c1ε

1/2]
approx. B [c1ε

1/2, c2ε
1/5]

polariton [c2ε
1/5, t3]

IC (
φ(0)
ψ(0)

)
=

(
φ̃(0)

ψ̃(0)

)
=

(
φ0
0

)
and ‖φ0‖s = M 6= 0

Then

‖φ̃(t)− φ(t)‖s
‖φ(t)‖s

≤ K1ε+O(ε2) 0 ≤ t ≤ c1ε1/2 (ε→ 0),

‖φ̃(t)− φ(t)‖s
‖φ(t)‖s

≤ K2ε+O(ε7/5) c1ε
1/2 ≤ t ≤ c2ε1/5 (ε→ 0).
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Tools

Hs Estimates

Triangle inequality

Decay estimate

We are NOT using ∣∣∣eit4φ0

∣∣∣ ≤ C 1

tn/2

∥∥φ0

∥∥
L1 .
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NLS3(R3) Theorem

u(t), ũ(t) ∈ C([0, t2], Hs(Rn))

ε > 0, c4 ∈ R s.t. c4ε
1/2 < t2.

u(t) 7→ NLS3(Rn) ũ(t) 7→
{
iut = −∆u 0 < t ≤ c4ε1/2
NLS3(Rn) c4ε

1/2 < t < t2

IC:
u(x, 0) = u(x, 0) = u0(x) and ‖u0‖s = N

Then

‖ũ(t)− u(t)‖s
‖u(t)‖s

≤ K4ε+O(ε1/4) 0 ≤ t ≤ c4ε1/2 (ε→ 0).
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NLS3(R3) Theorem -small data

u(t), ũ(t) ∈ C([0, t2], Hs(Rn))

0 ≤ α ≤ 1
3 , ε > 0, c3 ∈ R s.t. c3ε

1−2α < t2.

u(t) 7→ NLS3(Rn) ũ(t) 7→
{
iut = −∆u 0 < t ≤ c3ε1−2α

NLS3(Rn) c3ε
1−2α < t < t2

IC:
u(x, 0) = u(x, 0) = u0(x) and ‖u0‖s = εα

Then

‖ũ(t)− u(t)‖s
‖u(t)‖s

≤ K3ε+O(ε2−3α) 0 ≤ t ≤ c3ε1−2α (ε→ 0).
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Comments

Exciton bounds

Approximation A: 0 < t ≤ c1ε1/2

‖ψ̂‖L∞
t Hs

x

‖ψ‖L∞
t Hs

x

≈ O(ε)

Approximation B:c1ε
1/2 ≤ t ≤ c2ε1/5

‖ψ̂‖L∞
t Hs

x

‖ψ‖L∞
t Hs

x

≈ O(ε2/5)

Optimal bounds?
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Thank you - Dziȩkujȩ Ci - Gracias
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