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Nambu mechanics

Yoichiro Nambu - a few facts

1921: Born in Tokio (Japan).

1950: Professor at Osaka City University
. (he was 29 then).

1958: Professor at University of

. Chicago.

1970: USA citizen.

2008: Nobel prize for Physics.

2015: Died (aged 94).
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mbu mechanics

(520 citations)

PHYSICAL REVIEW D

VOLUME 7, NUMBER 8

15 APRIL 1973

Generalized Hamiltonian Dynamics*

Yoichiro Nambu
The Enrico Fermi Institute and the Department of Physics, The University of Chicago, Chicago, Iilinois 60637
(Received 26 December 1972)

Taking the Liouville theorem as a guiding principle, we propose a possible generalization of classical

ly to a thry
and three

| phase space. The equation of motion involves two
variables. The fact that the Euler equations for a rotator can be cast

into this form suggests the potential usefulness of the formalism. In this article we study its general

properties and the problem of quantization.

I. INTRODUCTION

A notable feature of the Hamiltonian description
of classical dynamics is the Liouville theorem,
which states that the volume of phase space occu-
pied by an ensemble of systems is conserved. The
theorem plays, among other things, a fundamental
role in statistical mechanics. On the other hand,
Hamiltonian dynamics is not the only formalism
that makes a statistical mechanics possible. Any

Marian Fecko

On symme

[F,H,G]. Obviously a PB is antisymmetric under
interchange of any pair of its components. As a
result we have H=F =0, i.e., bothH and G are
constants of motion. The orbit of a system in
phase space is thus determined as the intersection
of two surfaces, H=const, and G =const,

Equation (1) or (1) also shows that the velocity
field df/dt is divergenceless,

V. (FHxVG)=0, (3)

s and conserved q



Nambu mechanics

Hamilton mechanics is "generalized" (1)

Hamilton equations for a single canonical pair (g, p) read

_oH . oH

Denote (g, p) = (x1, x2); then

. OH . OH

1= 5m T o
o ) OH
5= i
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Nambu mechanics

Hamilton mechanics is "generalized" (2)

Y.Nambu felt that two is not enough.
He introduced canonical triplet (x1, x2, x3) and postulated equations

OH1 OHs

X: = €5
' ik 8Xj an

The same system in vector notation

i‘:VHl X VH2
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Nambu mechanics

Hamilton mechanics is "generalized" (

He also generalized the idea in several ways;
e.g. to canonical n-tuple (x1,...,x,) and equations
oH; OH,_1

Xi = €jj. k7

3Xj 8Xk

where € is (n-dimensional) Levi-Civita symbol.
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Nambu mechanics

Hamilton mechanics is "generalized" (4)

The dynamics may also be written in terms of Nambu bracket:
f={Hi,... ,Ho1,f} (n entries)

For n = 2 we get back good old Poisson bracket

: of 9 Of 9
F={H.f} {fgl=ao %
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Nambu mechanics

Liouville theorem - still true

One easily shows that
Liouville theorem still holds:
if phase volume is introduced

volume of D = / dxi ...dx,
D

then it is conserved by time

development o
volume of D = volume of D(t)
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Nambu mechanics

Recall ...

Generalized Hamiltonian Dynamics*

Yoichiro Nambu
The Enrico Fermi Institute and the Department of Physics, The University of Chi
(Received 26 December 1972)

Taking the(Liouville theorem as a guiding principle,) we propose a possible g
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Geometry behind Hamiltonian and Nambu mechanics e = dlfferentlal_ equatlon”s fo_' UOLEEX !,'"es
Hamilton and Nambu equations and "vortex lines

Vortex lines equations in hydrodynamics

In hydrodynamics:

7 LE)

v velocity field
Rl¥)

curl v vorticity field
Lines r(t), which are at each 8l
point tangent to vorticity vector,
i.e. for which (curlv) || r holds,
are vortex lines. So they satisfy
differential equations

rxcurlv=20
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

The same in the language of differential forms (1)

Velocity field may be encoded into 1-form
0=v-dr
Its exterior derivative is 2-form
df = (curlv) - dS
Interior product with the vector r gives 1-form

;df = (curlv x r) - dr
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

The same in the language of differential forms (2)

This means that differential equations for finding vortex lines r(t)
rxcurlv=20
may also be written in the form

df =0

Marian Fecko On symmetries and conserved quantities in Nambu mechan



Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

Hamilton equations and "vortex lines" (1)

In extended phase space (coordinates g2, p,, t) introduce 1-form
o = padq® — Hdt
Its exterior derivative is 2-form
do = dp, A dg® — dH A dt

If v(t) is a curve and 7 its tangent vector

L0 L0
Paop, T ot

. -.a
’}/_q 8qa
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. . . . drod ics - di i i r vortex lines
Geometry behind Hamiltonian and Nambu mechanics Hyd rodynamics - ¢ |fFerent|aI. equahon"s for vortex Lme
Hamilton and Nambu equations and "vortex lines

Hamilton equations and "vortex lines" (2)

then its interior product with do gives 1-form

isdo = (pa+t g:,i) dq® + <7qa + gT’,—:) dpa

G 28 + pa Gl ) ot

If the first two brackets vanish, the third one vanishes, too.
But making the first two brackets vanish is writing Hamilton
equations!

Marian Fecko On symmetries and conserved quantities in Nambu mechan



Hydrodynamics - differential equations for vortex lines
Hamilton and Nambu equations and "vortex lines"

Geometry behind Hamiltonian and Nambu mechanics

Hamilton equations and "vortex lines" (3)

This means that Hamilton equations

C-,a:‘lH 5 __OH i)
opa ° 0g° i)
yIt)

may also be written in the form
I'A/dU =0

i.e. they are formally vortex lines
equations.

Solutions of Hamilton equations are
vortex lines.

(In appropriate space.)
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

One can read this stuff here (e.g.)

V.I. Arnold

Mathematical
Methods of
Classical
Mechanics

Second Edition




. . . . drod ics - di i i r vortex lines
Geometry behind Hamiltonian and Nambu mechanics Hyd rodynamics - ¢ |fFerent|aI. equahon"s for vortex Lme
Hamilton and Nambu equations and "vortex lines

A small piece from inside

(—Hg. Hp, 1)

t

Figure 182 Hamiltonian field and vortex lines of the form p dg — H dt.

Theorem. The vortex lines of the form @' = pdq — Hdt on the 2n + 1-
dimensional extended phase space p, q, t have a one-to-one projection onto
the t axis, i.e., they are given by functions p = p(t), @ = q(t). These functions
satisfy the system of canonical differential equations with hamiltonian
function H:

0 dv_ o da_on
dt aq’ dt  op’
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Geometry behind Hamiltonian and Nambu mechanics Hydr.odynamncs - dlfFerentnaI. equatlon"s for vortex !:nes
Hamilton and Nambu equations and "vortex lines

A small piece from inside of the

208 TI. 9. KAHOHAUYECKHE ©OPMAIIM3M

Teopema. Juuuu pomopa doprv o' = p dg — Hdte2n 4
-+ 1-meprom pacwupennonm gasosom npocmparcmse p, q, t 00H0FHAHO
npoekmupylmes na oct t, m. e. 3adawmes Pynryusmu p = p (1),
g = g (t). Imu Pynwyuu ydosaemesopaiom
cucmeme Karnonudeckur OJudbgfepenyuain-

q
o ypaswenull ¢ pynryueir I'amuavmona
H:
dp _ _oH dg _oH
P (”Hy,ﬂp,1} dt ag dat ~— op - )

Hesnvu cnopamu, aunun pomopa ghop-
anel p dg — H dt cyme mpaesmopuu daso-
Poe. 182. I'aMuibTOHOBO HONE W pogq o p P 56

JIMHME pOTCpA  (GopMu 6020 NOMOKQ 6 PAcUupeHioMm 95(13080.% npo-

Pdg — Hdi cmparcinee, m. e. UHMezZpaibHbe KpuUebie

ranonuveckur ypasenud (1).
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

equations and "vortex lines" (1)

Replace the "Hamiltonian" 1-form o = pdgq — Hdt with 2-form
o = xz3dxy AN dxo — HidHy A dt
Its exterior derivative is 3-form
do = dxy ANdxa A dxz — dHy A dH> A dt

If v(t) is a curve and 7 its tangent vector

Wl vl 12,0
LA il e w T
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

Nambu equations a "vortex lines" (2)

then its interior product with do gives 2-form

I'ﬁdO' = (I' — VH1 X VHz) -dS
— ((VHy x VHy) x¥)-dr Adt

If the first bracket is zero, the second one vanishes as well.
But making the first bracket zero is writing Nambu equations!
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Hydrodynamics - differential equations for vortex lines
Hamilton and Nambu equations and "vortex lines"

Geometry behind Hamiltonian and Nambu mechanics

Nambu equations and "vortex lines" (3)

This means that also Nambu
equations

7it)
rle)
Yt

r= VHl X VH2
may be written in the form
I'ydU =0

i.e. again formally as vortex lines
equations.

Also solutions of Nambu equations
are "vortex lines".

(But o becomes 2-form now!)
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. . . . Hydrodynamics - differential equations for vortex lines
Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines'

One can read more details here

On a variational principle for the Nambu dynamics

Marian Fecko
Katedra ickej fyziky, Me icko-fyzikalna fakulta UK, Mlynska dolina F2, 84215 Bratislava,

Czechoslovakia

(Received 17 May 1991; accepted for publication 4 October 1991)

A variational principle for the Nambu dynamics is analyzed. Since the equations of motion
single out a distinguished two-form rather then a one-form, the usual construction of

the action S[y] as an integral of a one-form along the curve ¥ on the extended phase space
has to be modified.

I. INTRODUCTION integral and the solutions of the dynamical equations is
N | . A absent in the standard (nonsingular) Lagrangian dynam-
In our previous paper we discussed a geometrical ics s well 55k the Damilionian one.
930 J. Math. Phys. 33 (3), March 1992 0022-2488/92/030930-04$03.00 ®© 1992 American Institute of Physics
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

and also here (> 300 citations)

Commun. Math Phys 160, 295-315 (1994) Communications in
Mathematical
Physics
© Springer-Verlag 1994

On Foundation of the Generalized
Nambu Mechanics

Leon Takhtajan
Department of Mathematics, State University of New York at Stony Brook, Stony Brook,
NY 11794-3651, USA

Received: 1 April 1993

Abstract: We outline basic principles of a canonical formalism for the Nambu
mechanics — a generalization of Hamiltonian mechanics proposed by Yoichiro
Nambu in 1973. It is based on the notion of a Nambu bracket, which generalizes
the Poisson bracket — a “binary” operation on classical observables on the phase
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

integral for equations (1)

In Hamilton equations 1-form
o = padq® — Hdt

occurs. Its integral along curve v

shl= [ o= /:(paqa ~ H)dt

serves as the action for Hamilton equations.
So Ham.eq. can be derived via variation of
the latter S +— S + 65 and requirement

0§ =0.
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

Action integral for Hamilton equations (2)

If the variation is performed with the help
of (arbitrary) vector field W, one gets

0S = ¢ <— iydo, W)dt + €(o, W)Wgzg

= eft — iydo, W)dt—i—e[paéqa]z(z) & W

B

Requiring vanishing of variations of
coordinates at the ends, we indeed get w
solutions of Hamilton equations

ikdo =0

as extremals.
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

integral for equations (1)

Finding action integral for Nambu equations is a delicate matter.
See (already mentioned) papers:

On a variational principle for the Nambu dynamics
Marian Fecko

Katedra teoretickej fyziky, Matematicko-fyzikaina fakulta UK, Mlynska dolina F2, 84215 Bratislava,
Czechoslovakia

On Foundation of the Generalized
Nambu Mechanics

Leon Takhtajan

Department of Mathematics, State University of New York at Stony Brook, Stony Brook,
NY 11794-3651, USA
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

Action integral for Nambu equations (2)

Where is the issue?
Although both Nambu and Hamilton equations formally look

iydo =0

for Nambu equations o is 2-form.

So it cannot be integrated along a curve, but rather over a surface!
Although we search for exceptional curves,

we are forced to use surfaces in the theory.

(This is written in both papers.)
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

Action integral for Nambu equations (3)

The idea of Takhtajan (1994) is more
interesting:

At time t; take arbitrary loop ¢.

Let it evolve via Nambu equations up to tp. Co '
You get a surface ¥. zZ
Integrate the 2-form o over this surface.

Call the resulting number the

SARE L

action of the family of curves (= surface X)
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Hydrodynamics - differential equations for vortex lines

Geometry behind Hamiltonian and Nambu mechanics Hamilton and Nambu equations and "vortex lines"

Action integral for Nambu equations (4)

Computation shows that it really works!
Namely the action is stationary for surfaces,
which are composed of solutions of Nambu equations.

(One can perform variation via a vector field W
similarly, as we showed in the Hamiltonian case.)
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Symmetries and conserved quantities in Hamiltonian mechanic

< .. Symmetries a conserved quantities in Nambu mechanics
Symmetries a conserved quantities ?

What is

It is a small change

Y Ye
(generated by a flow of a vector field W), - %
which does not change the value of the 7 .
action
St = St _
i.e. for which
05=0

If we find such (very special) field W/,
the reward is a conserved quantity.
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Symmetries and conserved quantities in Hamiltonian mechanic

< .. Symmetries a conserved quantities in Nambu mechanics
Symmetries a conserved quantities ?

Conserved quantity for infinitesimal symmetry W (1)

For a general field W and a general curve -y one gets the expression

t2
5S :E/tl (— isdo, W)dt + elo, W)2(2)

But our W is not general, since it leads to
05=0

Consider also special curves, namely solutions of Hamilton
equations
I,ydO' =0

Marian Fecko On symmetries and conserved quantities in Nambu mechan



Symmetries and conserved quantities in Hamiltonian mechanic

< .. Symmetries a conserved quantities in Nambu mechanics
Symmetries a conserved quantities ?

Conserved quantity for infinitesimal symmetry W (2)

What remains in this particular situation is:

(o, W)

t2) _
1) =0

(
(t1)

The expression
fi={(o,W)=iwo
is a O-form, i.e. a function. So we get the statement that

f(v(t2)) = f(v(1))

This is the promised conserved quantity.
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Symmetries and conserved quantities in Hamiltonian mechanic

< .. Symmetries a conserved quantities in Nambu mechanics
Symmetries a conserved quantities ?

Example: Conservation of

Take W to be J; (i.e. we examine time translation).
One easily shows that it is a symmetry

iff H does not depend on time explicitly.

Then the following expression is conserved

f:= (o, W) = (p,dg® — Hdt,0;) = —H

So the function H is conserved.
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Symmetries and conserved quantities in Hamiltonian mechanic
Symmetries a conserved quantities in Nambu mechanics

Symmetries a conserved quantities

What is

It is a small change
=Y,

(generated by the flow of a vector field W),
which does not change the value of the
action

S[x] = S[2]

i.e. for which

0S=0

If we find such (very special) field W/,
the reward is also here a conserved quantity.
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Symmetries and conserved quantities in Hamiltonian mechanic

. .. Symmetries a conserved quantities in Nambu mechanics
Symmetries a conserved quantities

Conserved quantity for infinitesimal symmetry W (1)

In Nambu case, for a general field W and a general surface ¥,

55:e/iwda+e<j£ —%)iwa
> C2 C1

But our W is not general, since it leads to
05=0

Consider also special surfaces, namely those composed of solutions
ikdo =0

Then (one easily shows that) the first integral vanishes.
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Symmetries and conserved quantities in Hamiltonian mechanic

. .. Symmetries a conserved quantities in Nambu mechanics
Symmetries a conserved quantities

onserved quantity for infinitesimal symmetry W (2)

What remains in this particular situation is:

7{ iwazyg iwo
C1 C2

The expression (function)

is the promised conserved quantity:

f(t1) = f(2)
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Symmetries and conserved quantities in Hamiltonian mechanic

. .. Symmetries a conserved quantities in Nambu mechanics
Symmetries a conserved quantities

Where is the

In Hamiltonian case, directly iy o is conserved:
f:=iyo

In Nambu case, only the integral of iyyo

over (an arbitrary) loop c is conserved.
(Expression iy o is a 1-form, now, and we get a number
only upon integration.)
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Symmetries and conserved quantities in Hamiltonian mechanic

. .. Symmetries a conserved quantities in Nambu mechanics
Symmetries a conserved quantities

Another formulation of the result

In Hamiltonian case, a function is the reward for a symmetry.
(Energy, component of momentum, component of angular
momentum etc.)

In Nambu case, a relative integral invariant is the reward,
i.e. only the integral of a 1-form over a loop is conserved.
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Symmetries and conserved quantities in Hamiltonian mechanic

. .. Symmetries a conserved quantities in Nambu mechanics
Symmetries a conserved quantities

One can read more details here

On symmetries and conserved quantities
in Nambu mechanics

M. Fecko?

Department of Theoretical Physics, Comenius University, Bratislava, Slovakia

(Received 8 August 2013; accepted 23 September 2013; published online 15 October 2013)

In Hamiltonian mechanics, a (continuous) symmetry leads to conserved quantity,
which is a function on (extended) phase space. In Nambu mechanics, a straightforward
consequence of symmetry is just a relative integral invariant, a differential form
which only upon integration over a cycle provides a conserved real number. The

102901-2 M. Fecko J. Math. Phys. 54, 102901 (2013)
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Poincaré-Cartan integral invariants

Standard integral invariants in Hamiltonian mechanics (1)

There are also some well-known integral invariants
in Hamiltonian mechanics,

but they are not related to symmetries

(they hold for any Hamiltonian).
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Poincaré-Cartan integral invariants

Standard integral invariants in Hamiltonian mechanics (2)

First, Poincaré discovered, that the integral

]{ padq®

is invariant (¢ is a loop in a fixed-time hyper-plane).

Later, Cartan generalized it to loops not necessarily lying in a
fixed-time hyper-plane.

But then a more general 1-form is to be integrated, namely

?{(Padqa — Hdt)
C
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Poincaré-Cartan integral invariants

Henri Poincaré and Elie Cartan

Henri Poincaré (1854 — 1912) Elie Cartan (1869 — 1951)
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Poincaré-Cartan integral invariants

integral invariant

A nice drawing from V.I.Arnold

9%

MIRR)

> [

Ig ¥
Figure 183 Poincaré’s integral invariant
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Poincaré-Cartan integral invariants

Poincaré- integral invariant (1)

Also this V.I.Arnold can draw nicer than me :-(

q
RF]
i
5
(—Hq, Hp, 1)
et

Figure 182 Hamiltonian field and vortex lines of the form p dq — H dt.
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Poincaré-Cartan integral invariants

Poincaré- integral invariant (2)

A famous book by Cartan (from 1922 :-)

ES%ART'AF
Prorgssson a 11 Facuesé oes Saigxess on Paas

LECONS

SUR LES

\VARIANTS INTEGRAUX
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Poincaré-Cartan integral invariants

The End

Thanks for Your attention!
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