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Yoichiro Nambu - a few facts

1921: Born in Tokio (Japan).
1950: Professor at Osaka City University
. (he was 29 then).
1958: Professor at University of
. Chicago.
1970: USA citizen.
2008: Nobel prize for Physics.
2015: Died (aged 94).
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His paper on Nambu mechanics (520 citations)
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How exactly Hamilton mechanics is "generalized" (1)

Hamilton equations for a single canonical pair (q, p) read

q̇ =
∂H

∂p
ṗ = −∂H

∂q

Denote (q, p) = (x1, x2); then

ẋ1 =
∂H

∂x2
ẋ2 = − ∂H

∂x1

or

ẋi = εij
∂H

∂xj
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How exactly Hamilton mechanics is "generalized" (2)

Y.Nambu felt that two is not enough.
He introduced canonical triplet (x1, x2, x3) and postulated equations

ẋi = εijk
∂H1

∂xj

∂H2

∂xk

The same system in vector notation

ṙ = ∇H1 ×∇H2
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How exactly Hamilton mechanics is "generalized" (3)

He also generalized the idea in several ways;
e.g. to canonical n-tuple (x1, . . . , xn) and equations

ẋi = εij ...k
∂H1

∂xj
. . .

∂Hn−1

∂xk

where εij ...k is (n-dimensional) Levi-Civita symbol.
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How exactly Hamilton mechanics is "generalized" (4)

The dynamics may also be written in terms of Nambu bracket:

ḟ = {H1, . . . ,Hn−1, f } (n entries)

For n = 2 we get back good old Poisson bracket

ḟ = {H, f } {f , g} ≡ ∂f

∂p

∂g

∂q
− ∂f

∂q

∂g

∂p
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Liouville theorem - still true

One easily shows that
Liouville theorem still holds:
if phase volume is introduced

volume of D ≡
∫
D

dx1 . . . dxn

then it is conserved by time
development

volume of D = volume of D(t)
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Recall ...
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Hydrodynamics - di�erential equations for vortex lines
Hamilton and Nambu equations and "vortex lines"

Vortex lines equations in hydrodynamics

In hydrodynamics:

v velocity �eld
curl v vorticity �eld

Lines r(t), which are at each
point tangent to vorticity vector,
i.e. for which (curl v) ‖ ṙ holds,
are vortex lines. So they satisfy
di�erential equations

ṙ × curl v = 0

Marián Fecko On symmetries and conserved quantities in Nambu mechanics
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The same in the language of di�erential forms (1)

Velocity �eld may be encoded into 1-form

θ = v · dr

Its exterior derivative is 2-form

dθ = (curl v) · dS

Interior product with the vector ṙ gives 1-form

iṙdθ = (curl v × ṙ) · dr
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The same in the language of di�erential forms (2)

This means that di�erential equations for �nding vortex lines r(t)

ṙ × curl v = 0

may also be written in the form

iṙdθ = 0
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Hamilton equations and "vortex lines" (1)

In extended phase space (coordinates qa, pa, t) introduce 1-form

σ = padq
a − Hdt

Its exterior derivative is 2-form

dσ = dpa ∧ dqa − dH ∧ dt

If γ(t) is a curve and γ̇ its tangent vector

γ̇ = q̇a
∂

∂qa
+ ṗa

∂

∂pa
+

∂

∂t
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Hamilton equations and "vortex lines" (2)

then its interior product with dσ gives 1-form

iγ̇dσ =
(
ṗa + ∂H

∂qa

)
dqa +

(
−q̇a + ∂H

∂pa

)
dpa

−
(
q̇a ∂H∂qa + ṗa

∂H
∂pa

)
dt

If the �rst two brackets vanish, the third one vanishes, too.
But making the �rst two brackets vanish is writing Hamilton
equations!
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Hamilton equations and "vortex lines" (3)

This means that Hamilton equations

q̇a =
∂H

∂pa
ṗa = − ∂H

∂qa

may also be written in the form

iγ̇dσ = 0

i.e. they are formally vortex lines
equations.
Solutions of Hamilton equations are
vortex lines.
(In appropriate space.)
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One can read this stu� here (e.g.)
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A small piece from inside
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A small piece from inside of the original
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Nambu equations and "vortex lines" (1)

Replace the "Hamiltonian" 1-form σ = pdq − Hdt with 2-form

σ = x3dx1 ∧ dx2 − H1dH2 ∧ dt

Its exterior derivative is 3-form

dσ = dx1 ∧ dx2 ∧ dx3 − dH1 ∧ dH2 ∧ dt

If γ(t) is a curve and γ̇ its tangent vector

γ̇ = ẋ1
∂

∂x1
+ ẋ2

∂

∂x2
+ ẋ3

∂

∂x3
+

∂

∂t
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Nambu equations a "vortex lines" (2)

then its interior product with dσ gives 2-form

iγ̇dσ = (ṙ −∇H1 ×∇H2) · dS
− ((∇H1 ×∇H2)× ṙ) · dr ∧ dt

If the �rst bracket is zero, the second one vanishes as well.
But making the �rst bracket zero is writing Nambu equations!
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Nambu equations and "vortex lines" (3)

This means that also Nambu
equations

ṙ = ∇H1 ×∇H2

may be written in the form

iγ̇dσ = 0

i.e. again formally as vortex lines
equations.
Also solutions of Nambu equations
are "vortex lines".
(But σ becomes 2-form now!)
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One can read more details here

...
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and also here (> 300 citations)
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Action integral for Hamilton equations (1)

In Hamilton equations 1-form

σ ≡ padq
a − Hdt

occurs. Its integral along curve γ

S [γ] =

∫
γ
σ ≡

∫ t2

t1

(paq̇
a − H)dt

serves as the action for Hamilton equations.
So Ham.eq. can be derived via variation of
the latter S 7→ S + δS and requirement
δS = 0.
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Action integral for Hamilton equations (2)

If the variation is performed with the help
of (arbitrary) vector �eld W , one gets

δS = ε
∫ t2
t1
〈− iγ̇dσ,W 〉dt + ε〈σ,W 〉γ(t2)

γ(t1)

= ε
∫ t2
t1
〈− iγ̇dσ,W 〉dt + ε[paδq

a]
γ(t2)
γ(t1)

Requiring vanishing of variations of
coordinates at the ends, we indeed get
solutions of Hamilton equations

iγ̇dσ = 0

as extremals.

Marián Fecko On symmetries and conserved quantities in Nambu mechanics



Introduction
Nambu mechanics

Geometry behind Hamiltonian and Nambu mechanics
Symmetries a conserved quantities
Poincaré-Cartan integral invariants

Hydrodynamics - di�erential equations for vortex lines
Hamilton and Nambu equations and "vortex lines"

Action integral for Nambu equations (1)

Finding action integral for Nambu equations is a delicate matter.
See (already mentioned) papers:
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Action integral for Nambu equations (2)

Where is the issue?
Although both Nambu and Hamilton equations formally look

iγ̇dσ = 0

for Nambu equations σ is 2-form.
So it cannot be integrated along a curve, but rather over a surface!
Although we search for exceptional curves,
we are forced to use surfaces in the theory.
(This is written in both papers.)
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Action integral for Nambu equations (3)

The idea of Takhtajan (1994) is more
interesting:

1. At time t1 take arbitrary loop c0.
2. Let it evolve via Nambu equations up to t2.
3. You get a surface Σ.
4. Integrate the 2-form σ over this surface.
5. Call the resulting number the

action of the family of curves (= surface Σ)

Marián Fecko On symmetries and conserved quantities in Nambu mechanics



Introduction
Nambu mechanics

Geometry behind Hamiltonian and Nambu mechanics
Symmetries a conserved quantities
Poincaré-Cartan integral invariants

Hydrodynamics - di�erential equations for vortex lines
Hamilton and Nambu equations and "vortex lines"

Action integral for Nambu equations (4)

Computation shows that it really works!
Namely the action is stationary for surfaces,
which are composed of solutions of Nambu equations.

(One can perform variation via a vector �eld W

similarly, as we showed in the Hamiltonian case.)
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What is in�nitesimal symmetry of Hamiltonian system

It is a small change

γ 7→ γε

(generated by a �ow of a vector �eld W ),
which does not change the value of the
action

S [γε] = S [γ]

i.e. for which
δS = 0

If we �nd such (very special) �eld W ,
the reward is a conserved quantity.

Marián Fecko On symmetries and conserved quantities in Nambu mechanics
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Conserved quantity for in�nitesimal symmetry W (1)

For a general �eld W and a general curve γ one gets the expression

δS = ε

∫ t2

t1

〈− iγ̇dσ,W 〉dt + ε〈σ,W 〉γ(t2)
γ(t1)

But our W is not general, since it leads to

δS = 0

Consider also special curves, namely solutions of Hamilton
equations

iγ̇dσ = 0

Marián Fecko On symmetries and conserved quantities in Nambu mechanics
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Conserved quantity for in�nitesimal symmetry W (2)

What remains in this particular situation is:

〈σ,W 〉γ(t2)
γ(t1) = 0

The expression
f := 〈σ,W 〉 ≡ iWσ

is a 0-form, i.e. a function. So we get the statement that

f (γ(t2)) = f (γ(t1))

This is the promised conserved quantity.
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Example: Conservation of energy

Take W to be ∂t (i.e. we examine time translation).
One easily shows that it is a symmetry
i� H does not depend on time explicitly.
Then the following expression is conserved

f := 〈σ,W 〉 ≡ 〈padqa − Hdt, ∂t〉 = −H

So the function H is conserved.
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What is in�nitesimal symmetry of Nambu system

It is a small change

Σ 7→ Σε

(generated by the �ow of a vector �eld W ),
which does not change the value of the
action

S [Σε] = S [Σ]

i.e. for which
δS = 0

If we �nd such (very special) �eld W ,
the reward is also here a conserved quantity.
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Conserved quantity for in�nitesimal symmetry W (1)

In Nambu case, for a general �eld W and a general surface Σ,

δS = ε

∫
Σ
iW dσ + ε

(∮
c2

−
∮
c1

)
iWσ

But our W is not general, since it leads to

δS = 0

Consider also special surfaces, namely those composed of solutions

iγ̇dσ = 0

Then (one easily shows that) the �rst integral vanishes.
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Conserved quantity for in�nitesimal symmetry W (2)

What remains in this particular situation is:∮
c1

iWσ =

∮
c2

iWσ

The expression (function)

f (t) :=

∮
ct

iWσ

is the promised conserved quantity:

f (t1) = f (t2)
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Where is the essential di�erence?

In Hamiltonian case, directly iWσ is conserved:

f := iWσ

In Nambu case, only the integral of iWσ

f :=

∮
c

iWσ

over (an arbitrary) loop c is conserved.
(Expression iWσ is a 1-form, now, and we get a number
only upon integration.)
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Another formulation of the result

In Hamiltonian case, a function is the reward for a symmetry.
(Energy, component of momentum, component of angular
momentum etc.)

In Nambu case, a relative integral invariant is the reward,
i.e. only the integral of a 1-form over a loop is conserved.
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One can read more details here

...
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Standard integral invariants in Hamiltonian mechanics (1)

There are also some well-known integral invariants
in Hamiltonian mechanics,
but they are not related to symmetries
(they hold for any Hamiltonian).
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Standard integral invariants in Hamiltonian mechanics (2)

First, Poincaré discovered, that the integral∮
c

padq
a

is invariant (c is a loop in a �xed-time hyper-plane).
Later, Cartan generalized it to loops not necessarily lying in a
�xed-time hyper-plane.
But then a more general 1-form is to be integrated, namely∮

c

(padq
a − Hdt)
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Henri Poincaré and Élie Cartan

Henri Poincaré (1854 � 1912) Élie Cartan (1869 � 1951)
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Poincaré integral invariant

A nice drawing from V.I.Arnol'd
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Poincaré-Cartan integral invariant (1)

Also this V.I.Arnol'd can draw nicer than me :-(
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Poincaré-Cartan integral invariant (2)

A famous book by Cartan (from 1922 :-)

Marián Fecko On symmetries and conserved quantities in Nambu mechanics



Introduction
Nambu mechanics

Geometry behind Hamiltonian and Nambu mechanics
Symmetries a conserved quantities
Poincaré-Cartan integral invariants

The End

Thanks for Your attention!
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