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Equivariant cohomology of the cotangent bundles of partial
flag varieties.

Let A,...;,AN € Zzo, A=(A1,..,ANn), n=[A[=3 A
The partial flag variety F, parametrise partial flags
0=FCF C...CFN=C", dim F;/F;—1 = X;.
The GL,(C) x C*-equivariant cohomology algebra
Hx = Hgp, xc- (T"Fa; C)
has the following description:
Hy = (C[I‘;z;h]S*lx“'XSANXS"/<rela,tions>,

where T'= (v ;)i=1,..,N, j=1,..0 2= (21,...,2n), and the relations
are
p(’yl,la BRI 4 10 VRS U4 PRI 7’YN,/\N) = p(Zh oo 7Zn)

for every symmetric polynomial p in n variables.



An isomorphism (, : Hy — C[T;h]$ >~ = C[T; h]5>

(x: [f(Ty2;3h)] = f(I;T5h) € C[T5R]5

The integration on Fx and the equivariant integration on T*Fjy :

(z152;h)

/ Zfz;,zh’ f ZRZI)QzI

I€Tx R(z1) I€Tx

where [f] € Hx and the rest of the notation is as follows:
ZIx is the collection of sequences I = (I1,...,Iy) with the properties

N
Ij:{ij’l,...,ij’)\j} C {1,...,n}, U Ij :{1,...,77,};
j=1

z] = (zi1,1""7zi1,>\1; ;ziN’l,...,ziN’AN),

I II G-=», = I II Gi-z+h.

1<a<b<N i€l, 1<a<b<N i€l,
J€DL JjEL



e N
Let Q(T;h) H H H (Ya,i — Vb,j + h), so that
a<b i=1 j=1

Qerih) = Qar). Then [(1] = [ 17@).
The integration on F defines a map /: Hy — (C[z;h]s".

The integration on T*Fy defines a map f . Hx — Z71C[z;h]*"
n
where Z = H (2i —zj +h).
i,j=1
i#]

The Poincare pairing on T*Fj :

Hx® Hx — Z7'C[z;h]", f®gw— (fg ffg



Quantum multiplication - on Hj is an associative commutative

product depending on parameters ¢,...,qn .

Properties:

a) fog is apower seriesin ¢2/q1,...,qN/qN-1;

b) fog=fg+... as ¢11/9i— 0, i=1,...,N—1;

c) fol=1Ff;

d) f(fogl)gz = f(fogz)gl, in particular ffog = ffg;

For f € Hy, consider the operator fo: g +— fog.
e) The operators f- are symmetric with respect to the Poincare
pairing on T*Fjy;

0
f) The connection V; = k¢ =— — (yi1+ ...+ i) is flat
9q;
for any « #0,

Vi, Vi]=0, dj=1,...,N.



Quantum integrable model. Space of states.
CN=Cuv®...0Cuy, V= (CN)er= @ V.
I=(L,...,Ix) €Tx, |A| =n, e
Ii = {ij1,...,i5} C{L,...,n}, jLI_lej:{].,...,n},
V=0, ®...0u;, €V, where k; =3 if i€ 1.
For example, N=3, n=6, A=(3,1,2),
I=({2,3,6},{4},{1,5}), v;= 0300 @V ®v2Qv3R@ ;.
Va — the weight subspace of weight A — is spanned by v;, I € Zx.
= ({1,...,M}, ooy {n=An+1,...,n}),
= ({n,...,n=X +1}, ... , {dn,...,1}).

0€S8,, A={a,...,ax} C{1,...,n}, o(4) ={o(a1),...,0(ar)}.
I:(Il,...,IN)EI)\, O'(I):(O'(Il),...,O'(IN))GI)‘.



Simple transpositions si1,...,8,-1 € Sp .
Permutation operators P(»i+1) € End (V), P®HVy, = o .

Operators §1,...,5,-1 act on V-valued functions of z1,...,2,,h,

(2i = 2zi41) PO 4+ B

e 3 Zid1y Ziye.-3h)
Zi_zi+1+h f( s “i+1y iy ) )

5if(z;h) =

The assignment s; — §; defines an action of S, .

Operators §1,...,5,-1 act on functions of z1,...,2n,h,

N Zl'—ZH_l—h h

5;f(z;h) = ———— f(...,2i41,2is. . .; h) + ———— f(z;h).
Zi — Zi+1 2= Ri+1

The assignment s; — §; defines an action of S, .

Let f(z;h) =) fr(z;h)v;, where f; are scalar functions.
1

Then f=5f forall o €S, iff f,;)=206f; forall I and o€ S,.



The space 5Vy: f€ 5Vy iff f=6f forall o €S, and
feVa®5Clz;h], D= [ (zi-z+h).
1<i<j<n

An isomorphism 9, : C[T;h]%> — £Vy,

f(z3h) = f(zrpm;h),  Q(T3h) = 1L 1L G =75+ 1)

Functions &; € Va® +5C[z;h]: §ory = 0&; forall I and o€ Sy,
a,nd glinax = 'Ulinax,

0= e ren= I G-,

I€Ty 1<a<b<N i€l,
JjEDL




Bilinear form S:V®V — C, S(v;,v;) = d1s.

HeEEnd(V): M(w1 ®...0wy) = wp®... 0wy, wi,...,w, €CN.
Bilinear form on V-valued functions of z,h: (f,g) = S(f,3),
where §(z,h) = II(g(zn,...,21,h)).

For f,g€ Vs, (fig)={9,f) € Z71C[z;h]"", where

n

Z=1]J (zi-z+h), = I Il Gi-z+h.

1,5=1 1<a<b<N i€l,
i#£] JEL

For functions &;, (&;,&;) = 017

For f,g € C[T;R]%, (f,9) = (95(f),0x(9))-
Distinguished vectors: vy = 9,(1), vi =9,(Q) = Y v;.



Gelfand-Zetlin algebra and Bethe algebra.
Label the factors of CN@V = CN® (CV)®" by 0,1,...,n

u— 2z + A POV u— zy + hPON)

L =
(u) U — 21 U — ZN

isan N x N matrix with entries L;;(u),

= 6 + hz L u=s, L e End(V) ® Clz;h].

Y C End (V) ® C[z;h] is the unital subalgebra generated by all L{s} .

Y actson V® C[z;h] and commutes with the operators &, o € S, .

Thus Y actson 5V = @ +V; -
[Al=n

The assignment w : L{s} — L;{f } defines an antiautomorphism of Y.

Forany X €Y and any f,g€ 5V, (Xf,g9) = (f,w(X)g).

10



For i={1<i1<...<ip<N}, j={1<j <...<jp <N},

Mij(u) = > (=1)7 Liy j, ) (W) - Liy j o (= (p— 1) R) -
TES)

Ap(u) = M;i(u) for 1={1,...,p}, Ay(u)=1+h> A,su"®.

s=1

The Gelfand-Zetlin subalgebra A C Y is generated by all A, ;.

Take distinct nonzero ¢i,...,qn .

Bg (u) = Z Qiy- -G, M;;i(u)
1={1<i1<...<ip <N}

o
= op(q1,-.-,qn) + h Z Bl u™?,
s=1

where 0,(q1,...,qn) is the p-th elementary symmetric function.
The Bethe subalgebra B? CY is generated by all B .

11



The subalgebras A and B? are commutative.

The subalgebra B? depends only on the ratios ¢2/q1,...,9n/qN—1 -

B? tends to A in the limit ¢;41/¢; = 0, i=1,...,N —1:

By(u) = q1...qp Ap(u) + ...

For any X € A or X € B!, w(X) = X. Thus for any f,g€ 5V,
(Xf.9) =(f, Xg).

Both A and B? act on each +V; .

Let Ax and BY be the images of A and B? in End(4Vy) .

9
Tsomorphisms Hy —2 C[T;h]% — LYy . Let vy = 9, (y.

For any f,g€ Hx, (f,g) = <<V>\(f),’/,\(9)>>'

There is an algebra isomorphism g, : Hx — Ax such that

f y GH 9
or any f,g A va(f9) = pa(F)va(g)-

12



There are an algebra #§ (an explicit flat deformation of Hy ),

an algebra isomorphism uf : #3 — B%, and

an isomorphism vy : Hi — %V; , such that for any f,g € HJ,

vi(f9) = ui(f)valg)-

Actually, v3(f) = p3(f)vx

similarly to v, (f) = u,(f) va(1) = py (f) vy

The quantization map By : Hx — Hi, By = (vi) tvy

A new multiplication « on Hx: By(f+g9) = Bx(f) Bxr(9)-

a
b

o

d

) f
)
)
)

- g is a power series in g2/q1,...,qN/qN-1;
fe9g=1fg+... as ¢i+1/¢i — 0, i=1,...,N—1;
f«1=Ff; (since B,(1)=1)

(f*91,92) = {91, f »g2) — the operators f.: Hy — Hy are
symmetric with respect to the Poincare pairing on T*Fj ;

13



Isomorfisms v, : Hy — %V; and p, : Hyx — Ay are related as

N)\(f)zl/)\'f'(”)‘)_la f € Hx,
where f : Hyx — H) is the operator of multiplication by f.

The operator F = v, - (f+) - (vy)~! is the unique element of BY
such that Foy = pu, (f) vy

Dynamical Hamiltonians X{°,..., X¥ € A, X{,...,X% € B?:

x> =% h Ljil} L 1) —h(Gin+... +Gii),

XOO

i z] 3

Jj= z+1

Gy = L{l}L{l} L{l} L{l}L{l} a2

As ¢it1/9;— 0, i=1,...,N—-1, X! ->X¥, 6 k=1,...,N.

14



Py (Yig+ oo F i) = X0,

Uy~ (('Yi,1+~-~ +%,A,»)') ) (V)\)_l =
I+ h is min (A, A;) .
jeig1 B QJ
The connection V; = kg; 50 X7 is flat for any x #0,
qi

[V;,V;] =0, 4,j=1,...,N.

0
The connection V,; = kgi=— — (ys1+ ...+ 7in) ¢ is gauge equiva-
. 0q;
lent to V:

Vi=(n0)'Vi(10), 0= [[ (1-gj/g)tmn,

1<i<j<n

and hence is flat too for any x #0: [V;,Vi] =0, 4,j=1,...,N.

15



For [f(T;z;h)] € Hy,

N(E2) Zfzmh . Rezn= [ TI]¢

I€Ty 1<a<b<N i€l,

JjEDL
u h
Ap(u)§; = & H H (1+u—z~)'
a=1 3€l, !
P Aa o
HE(HU—W) = 1+h;fp,su‘s

The isomorphism p, : Hx — Ax is given by pu, ([fp,s]) = Ap,s, where
Ap(u) =14+ h > Apsu=®.
s=1
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Let E;; € End(CY) be matrix units: E;j v, = 85 v; .
Let E\Y = 18-V E; ® 19("~) ¢ End (V).

n
Let e;; =Y, Ez(Ja) be the generators of the gly-actionon V.
a=1

N
Flipmap P= Y. E;;® E;; € End(CNoCY), L =By,

ij=1
n h i—1
X2 =Y 2EY + S (ei—ek)+h Z S OEYEY-nY Gy,
a=1 Jj=1 1<b<a<sn j=1
i—1
Xq = Xoo i z]a
j=1 j= z+1

Gij = eijeji— i = ejieij — €jj

The vector vy has the property: e;;vy =0 if A; <A;.
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Algebra Hj.
Hi = (C[F;z;h]S*lx“‘XS*NXS"/<q-relations>,

where T'= (v ;)i=1,..,N, j=1,..0 2= (21,...,2n), and the relations
are as follows. Let

N
Wi(u) = det( N=j H u—vszrh(Z—J)))

k=1 4,j=1
n
The relations are: W(u) = H H u — 2,) identically
1<z<]<N a=1

in w. In the limit ¢;4y1/¢i = 0, i=1,..., N —1, the relations in HJ

turn into
n

N  Aa
I IT (v = vai) = T (v = 2a)

a=1 i=1 a=1

which are the relations in Hj, .
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The isomorphism uf : H{ — BY is as follows.

N Ai
W(u,z) = det( H u— i+ h ’L—j)))

where go =z and \g = 0. Clearly,

Wiu,z) =N Wi(u) + ...+ (~1)NW9(u+h).

Expand in u™?:

unm N N oo p q
un) H q‘+hzz W :1:

=1 p=1 s=1

N

4,J=

The isomorphism p3 : H3 — B, is given by ui (WZ,) =

Bi(w)=1+hY Bi,u".

s=1

’
0

Py

B4
Bjs

where
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