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Poisson manifolds and o-model

Poisson manifold

Differentiable manifold (M, {, }) with Poisson bracket

{,}: €M) x C=(M) = C=(M)

bilinear, antisymmetric {f,g} = —{g,f}

Jacobi identity {f, {g, h}} + {g,{h,f}} +{h,{f,g}} =0
Leibnitz rule {fg, h} = f{g, h} + {f, h}g

v

Poisson bivector I1

n=n'2 oL ecNTM N7 eC*M)

{f.g} =N(df,dg) = NI 2L 2% nNi(x) = {x',x}

- 5 i oAl . ik
i — i i ki N7 /NN
MY = —ri I 6xj+n 8xj+r| axf_o

f is called Casimir function if {f,g} =0 Vg e C*(M)
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Poisson manifolds and o-model

Poisson o-model [Schaller & Strobl, 1994],[Calvo & Falceto, 2006]

Building blocks
o XY - differentialble manifold, dim¥ = 2, coordinates o*

e (M, ) - Poisson manifold dimM = n, coordinates x’

Dynamical fields

e vector bundle map (X,A): TX — T*M ‘ ‘
base manifold map X : ¥ +— M, in coordinates X' = x' o X(o)
total spaces map A: TX — T*M

o or A: TE — (L, X*(T*M)) (A, V)(0):=A(V,) € TymM
Alo) = Ai(9)ax" [x(o)

y

o-model action and field equations

Action  Sx.a= [ AiAdX'+ INY(X)A; A A; where dX' = X*(dx')

Equations of Motion dX' +N¥(X)A; =0  dA; + ;%rj.k (X)AANAc=0
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Poisson manifolds and o-model

First order string action

Action for a bosonic string

1 _ ) .
Ser = 7/ o /ast(R) (GH(X)H™ + # By(X)) 9uX 0, X
A’ N

where h is a metricon X, G is a metric on M, B is a 2-form on M.

Seiberg-Witten limit [Baulieu et al., 2002]

. . 1 .
ssfg,:/ A,-/\dX’+7ro/EU(X)A,-/\*Aj+EI'IU(X)Ai/\Aj
>

using Equations of Motion for A; dX' 4+ NI(X)A; + EV(X) x A; =0
classical equivalence if

1
(G+B)'=E+
2wal

Seiberg-Witten limit o/ — 0 while (G, B) fixed, we get the action of PSM.

n
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Poisson manifolds and o-model

Gauge theory for SU(2)

Yang-Mills action

o su(2)-valued 1-form A= A; T’
e curvature 2-form F = (dA; + %ckaj AA)T', where J* = ¢

1
S :——/TrF/\*F
ym iz |, ( )

Action for a linear PSM with a Casimir function

o R? with Poisson bivector M7 = Zizl ek xk

o Casimir function R = Y;_, x*x* on M, volume form w on ¥

3
St = / X'(dA; + %c{kAj AA) — ngxkxk
z k=1

Equations of Motion X' = é * Fj give classical equivalence with Sy.

For g — 0 describes action of a PSM.
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Poisson manifolds and o-model

Local symmetry [lkeda, 1994], [Schaller & Strobl, 1994]

Local symmetry of the action of PSM

¢ = €j(o) 6X" = (X) deAi = dei + 7(X)Aj€k

generalization of Y-M SU(2) symmetry - linear Il

Sxtox,a+54 — Sx,.a = / d(dXie;)
b3

For MM fulfilling Jacobi identity and X = () or €5z =0

Algebra of these transformations is closed only on-shell

i vk
[6c,01X" = € 50 n’
— / anjk anjk / al—lop / 82 rljk ! Im
[0c, 0 ]A: = d(ejekiaxi )+ B Aj(eoepiaxk ) — Ejeki@x"(’)x’ (aX +N"An)
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Poisson manifolds and o-model

Constrained system formalism
With Ai(7,0) = Ai-dT + Aisdo, action gives

™ . ) ;
Sx.a = —/ dT/ do (AiaX,/T — Air (X, + n”/“ja))

Hamiltonian formalism

coordinates X'(r,0), momenta Pi(7,) = A, (7, ) and canonical Hamiltonian

H= /U do (P(0)X'r(0) ~ £(0))

= /a doAir(0) (Xiy(0) + (X (0)Ajo (o)) = /G doni(o) 0 (o)

v

Equations of Motion - constrained system, Hyp = 0

i v OHo

Xi(o) = gy * (o),

r . dHo Iy () ’
Pi(o) = _(SXf(a) - 5xi7(g)/da Aj(o )¢’J(U )s
/(g) =0.

N
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Poisson manifolds and o-model

Constraints and gauge transformations

Constraints ®/(a) = X"/(o) + N*(X(c))Pk(c) are first class
{@(0"), ¥ (0")} = —8(c’ — "), (X(0"))®"(0") ~ 0

{®(0), H} = Xj(0)TV;,(X(0))®" (o) ~ 0

<

Gauge transformations

5eXi(¢7) = / do’ej(ol){X'.(a),dﬂ'(o")} = EJ-(o)ﬂji(X(a))

8P,(0) = [ do'ei(e"){Pi(0) 1(0")} = €f(0) + PN (X(0))es (<)

3 Xi(0) = €i(0) + M (@)Y (X())¢j()

Algebra of gauge transformations

_ k. _
[0e, 01X = ¢je o N =g X

82|_|jk
[0c, 6 ]JA; = SanAi— qe’km(dx’ +N'mA,,)

v
9717



Poisson-Lie group

Poisson-Lie group

Poisson map

(M, {,}),(N,{,}) Poisson manifolds, F : N — M is Poisson map if
(Vf,g € C*(M))({f,gtmo F ={foF,go F}y)

| A\

Multiplicativity of I

compatibility of group and Poisson structure - 1 : G X G — G is Poisson map

with {fv g}MXN(Xv y) = {f('vy)vg('vy)}M(X) + {f(X, .),g(X, )}’V(y) Poisson
structure on G X G

N(gg’) = (Lig ® Lig)(g") + (Rigr @ Rugr)N(g)

Relation to bialgebra structures

| \

for (G, ) connected and simply connected P-L group with algebra g exists
unique bialgebra structure (g, d) such that § = DI and vice versa.

\
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Poisson-Lie group

Construction of I1 on the group G

Manin triple (9, g, §)

0=g®4g, g,0 are subalgebras of 0, isotropic w.r.t. non-degenerate symmetric
ad-invariant scalar product (, ),

[To, Tol = cTe  [T°,T1=2T° [T, T]=caT +& T

a(g)" b(g)’ )

djoint tati f G Ad,—1 =
adjoint representation o on 0 g1 ( 0 d(g)T

Poisson-Lie structure on G

in the basis of right-invariant fields

N(g) = —b(g)-2(g) )

Sklyanin bracket gives the same result

G connected Lie group with g, 6 given by an r-matrix r € g ® g, then

N(g) = (Lig ® Lig)(r) — (Reg ® Rig)(r)

N
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o-models on a Poisson-Lie group

Poisson-Lie T-Duality

o-model

e P:Y— G, dPeC™
e ¥ C R? with Minkowski metric
@ d-dimensional Lie-group G with F =G + B

@ action

S}-(¢):/da+da_(9_¢“.7:uu(¢)8+¢y
b

Dualizable o-models

generalized symmetry condition [Klim&ik & Severa, 1995]
([:Vaf),uu = funvgibcvzf)\u

self-consistency leads to the Drinfeld double - D = (G|G) is a Lie group whose
Lie algebra ® admits a decomposition 0 = g @ § into a pair of subalgebras,
maximally isotropic with respect to a symmetric, ad-invariant, nondegenerate
bilinear form (., . )

N
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o-models on a Poisson-Lie group

Construction of dualizable o-models

o-model on G

given orthogonal subspaces E* €0 - graph of Ey, dual decomposition
|=gh=ghin
(B, €5y =0

E(g) = (alg) + Eo - b(g)) " - Eo - d(g)

in right-invariant fields setting E(g) = (E; ' + I'I(g))ﬂ with
N(g) = blg)a(g)

Flg)=e E(g)-e  (9rgg ')’ = 0+¢"€l(g)

F(g) solves the generalized symmetry condition and we have o-model with
Equations of Motion

A (O_hh ™YY — O_(8:hh ™) + £22(8_hh™"),(0+hh ™) = 0.
(0+hh™1). + Ean(g)(g 01 8)° =0
(0-hh™"). — (g7 0-g)"Era(g) = 0
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o-models on a Poisson-Lie group

Dual o-model

Dual o-model on G

model on G

£F =Span(T' + EJT})) — g '€¥g=Span(T' + E¥(g)T))
model on G for invertible Ey
ET = Span(T;+ (E; 1) T') — & '€%g = Span(T;+ E(&);T')
model on G for non-invertible Eg
EY =Span(T' + E/T)) — g '&%g =Span(T' + E(g)'T))
E(g) = d(&) '(Eo- a(&) + b(&))

Equations of Motion and Lagrangian

| A

L= -XE"(@)Aoj+ Ai(8710-8) + X_i(8'0:8)

for Aj = (+hh™1); null vectors of E act as Lagrange multipliers
O A—c—O_Aie — X105 =0
(8108 +E®@)N =0
(8710+8)° — M pE™(8) =0
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o-models on a Poisson-Lie group

Example - R? gravity

su(2)-Yang-Mills is formulated on the double (1 | 9), what about others?
4 and 6 dimensional Drinfeld doubles classified [Snobl & Hlavaty, 2002]

R? gravity [Schaller & Strobl, 1994]

1 — 1
Lga = 7/ d’x\/| det g |(=R? +1)
4y 4
in Einstein-Cartan variables (e, e?) zweibein, w connection 1-form
1
L2 = / X(de! —w A e?) + Y(de? +w A e') + Zdw + (Z — Z%)el A €?
M
for X\ = (X,Y,Z),A; = (e, e?,w) we have PSM with
1
Xyy=-22+, {v.Zy=Xx {ZX}=Y
induces Lie algebra structure of Bianchi9 (s0(3)) so it can be built on (1| 9) as
1
X.v}=3-z {v.Z}=X {(ZX}=Y

or Bianchi8 (sl(2,RR)), however using (1 | 79), (2i | 70), (2ii | 70) etc. needs simpler
coordinate transformation
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o-models on a Poisson-Lie group
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o-models on a Poisson-Lie group

Thank you for your attention.
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