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Engineering, Břehová 7, 115 19 Praha 1

Centre de recherches mathématiques, Université de Montréal, CP 6128, Succursale
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Lie groups/Lie algebras

the Lie algebra of the compact simply connected simple Lie
group G of rank n

the set of simple roots ∆ = {α1, . . . , αn}, spanR ∆ = Rn

with two different lengths of the roots

∆ = ∆s ∪∆l

Bn (n ≥ 3), Cn (n ≥ 2), F4, G2

the highest root ξ ≡ −α0 = m1α1 + · · ·+mnαn

mj . . . the marks of G

the Cartan matrix C

Cij =
2〈αi, αj〉
〈αj , αj〉

, i, j ∈ {1, . . . , n}

and its determinant c = detC
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Root and weight lattices

the root lattice Q of G

Q = Zα1 + · · ·+ Zαn

the Z-dual lattice to Q

P∨ = {ω∨ ∈ Rn | 〈ω∨, α〉 ∈ Z, ∀α ∈ ∆} = Zω∨1 + · · ·+ Zω∨n

the dual root lattice

Q∨ = Zα∨1 + · · ·+ Zα∨n , where α∨i =
2αi
〈αi, αi〉

the Z−dual lattice to Q∨

P = {ω ∈ Rn | 〈ω, α∨〉 ∈ Z, ∀α∨ ∈ ∆∨} = Zω1 + · · ·+ Zωn
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Weyl group and affine Weyl group

the Weyl group W is generated by n reflections rα, α ∈ ∆

rαi
a ≡ ria = a− 2〈a, αi〉

〈αi, αi〉
αi , a ∈ Rn

W aff is generated by the reflections ri, i ∈ {1, . . . , n} and the
reflection r0

r0a = rξa+
2ξ

〈ξ, ξ〉
, rξa = a− 2〈a, ξ〉

〈ξ, ξ〉
ξ , a ∈ Rn

The affine Weyl group

W aff = Q∨ oW
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Long and short reflections

W aff is generated by n+ 1 reflections

R = {r0, r1, . . . , rn}

a disjoint decomposition R = Rs ∪Rl

Rs = {rα |α ∈ ∆s}
Rl = {rα |α ∈ ∆l} ∪ {r0}

the short and the long Coxeter numbers

ms =
∑
αi∈∆s

mi, ml =
∑
αi∈∆l

mi + 1

Type Rs Rl ms ml

Bn (n ≥ 3) rn r0, r1, . . . , rn−1 2 2n− 2
Cn (n ≥ 2) r1, . . . , rn−1 r0, rn 2n− 2 2

G2 r2 r0, r1 3 3
F4 r3, r4 r0, r1, r2 6 6
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The fundamental domain

domain in Rn which contains precisely one point from each W aff

orbit

The fundamental region F of W aff

F =

{
y1ω
∨
1 + · · ·+ ynω

∨
n

∣∣∣∣ y0, . . . , yn ∈ R+
0 , y0 + y1m1 + · · ·+ ynmn = 1

}
=

{
a ∈ Rn

∣∣∣∣ 〈a, α〉 ≥ 0, ∀α ∈ ∆, 〈a, ξ〉 ≤ 1

}

F =

{
0,
ω∨1
m1

, . . . ,
ω∨n
mn

}
κ
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The fundamental domain F of C2

α2 = α∨2

r1

r2

ω1 =
1
2ω
∨
1

ξ = ω∨1

α∨1α1

r0

ω2 = ω∨2

F
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Sign homomorphisms

an abstract presentation of W

r2
i = 1, (rirj)

mij = 1, i, j = 1, . . . , n

mij are elements of the Coxeter matrix.

’sign’ homomorphisms σ : W → {±1}

σ(ri)
2 = 1, (σ(ri)σ(rj))

mij = 1, i, j = 1, . . . , n

the four sign homomorphisms 1, σe, σs, σl:

1(rα) = 1

σe(rα) = −1

σs(rα) =

{
1, α ∈ ∆l

−1, α ∈ ∆s

σl(rα) =

{
1, α ∈ ∆s

−1, α ∈ ∆l
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Fundamental domains

two subsets of boundaries of F :

Hs = {a ∈ F | (∃r ∈ Rs)(ra = a)}
H l =

{
a ∈ F | (∃r ∈ Rl)(ra = a)

}
fundamental domains F s ⊂ F , F l ⊂ F

F s =F \Hs

F l =F \H l

the symbols ysi , y
l
i ∈ R, i = 0, . . . , n

ysi > 0, yli ≥ 0, ri ∈ Rs

ysi ≥ 0, yli > 0, ri ∈ Rl

F s =

{
ys1ω

∨
1 + · · ·+ ysnω

∨
n

∣∣∣∣ ys0 + ys1m1 + · · ·+ ysnmn = 1

}
F l =

{
yl1ω

∨
1 + · · ·+ ylnω

∨
n

∣∣∣∣ yl0 + yl1m1 + · · ·+ ylnmn = 1

}
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The fundamental domains F s and F l of C2

ω2 = ω∨2

Hs F

r1

η

r2

ω1 =
1
2ω
∨
1

ξ = ω∨1

α∨1α1

r0

α2 = α∨2

H l
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Ss− and Sl−functions

for σ ∈ {1, σe, σs, σl}, b ∈ P are the complex functions
ϕσb : Rn → C

ϕσb (a) =
∑
w∈W

σ(w) e2πi〈wb, a〉, a ∈ Rn

σ = σe . . . S−functions (known from the Weyl character formula)

σ = 1 . . . C−functions

σ = σs . . . Ss−functions

σ = σl . . . Sl−functions

(anti)symmetry with respect to w ∈W

ϕsb(wa) = σs(w)ϕsb(a)

ϕswb(a) = σs(w)ϕsb(a)

invariance with respect to shifts from q∨ ∈ Q∨

ϕsb(a+ q∨) = ϕsb(a)
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J. Hrivnák, L. Motlochová, J. Patera Orbit functions discretization



Short and long orbit functions
Discretization of orbit functions

Lie groups/Lie algebras
Sign homomorphisms
Ss− and Sl−functions

Ss−function ϕs(1,0)(x, y) of C2
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J. Hrivnák, L. Motlochová, J. Patera Orbit functions discretization



Short and long orbit functions
Discretization of orbit functions

Lie groups/Lie algebras
Sign homomorphisms
Ss− and Sl−functions

Ss−function ϕs(1,0)(x, y) of C2
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J. Hrivnák, L. Motlochová, J. Patera Orbit functions discretization



Short and long orbit functions
Discretization of orbit functions

Lie groups/Lie algebras
Sign homomorphisms
Ss− and Sl−functions

Ss−function ϕs(1,0)(x, y) of C2
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Grids F s
M and F l

M

W -invariant lattice 1
M P∨

M ∈ N, W -invariant finite group 1
M P∨/Q∨

number of elements of 1
M P∨/Q∨ is cMn

The grid FM

FM ≡
1

M
P∨/Q∨ ∩ F

The grids F sM ⊂ FM and F lM ⊂ FM

F sM ≡
1

M
P∨/Q∨ ∩ F s

F lM ≡
1

M
P∨/Q∨ ∩ F l

the symbols usi , u
l
i ∈ R, i = 0, . . . , n:

usi ∈ N, uli ∈ Z≥0, ri ∈ Rs

usi ∈ Z≥0, uli ∈ N, ri ∈ Rl
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Grids F s
4 and F l

4 of C2

ω2 = ω∨2

Hs F

r1

η

r2

ω1 =
1
2ω
∨
1

ξ = ω∨1

α∨1α1

r0

α2 = α∨2

H l
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H l

ω2 = ω∨2

ω1 =
1
2ω
∨
1

F

r1

η

r2

α1

r0

ξ = ω∨1

α∨1

Hs
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Grids F s
M and F l

M

the explicit form of F s and F l:

F sM =

{
us1
M
ω∨1 + · · ·+ usn

M
ω∨n

∣∣∣∣us0 + us1m1 + · · ·+ usnmn = M

}
F lM =

{
ul1
M
ω∨1 + · · ·+ uln

M
ω∨n

∣∣∣∣ul0 + ul1m1 + · · ·+ ulnmn = M

}

Proposition

Let ms and ml be the short and long Coxeter numbers, respectively.
Then

|F sM | =


0 M < ms

1 M = ms

|FM−ms | M > ms.

, |F lM | =


0 M < ml

1 M = ml

|FM−ml | M > ml.
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Theorem

The numbers of points of grids F sM and F lM of Lie algebras Bn, Cn are given by
the following relations.

1 Cn, n ≥ 2,

|F s2k(Cn)| =
(
k + 1
n

)
+

(
k
n

)
|F s2k+1(Cn)| = 2

(
k + 1
n

)

|F l2k(Cn)| =
(
n+ k − 1

n

)
+

(
n+ k − 2

n

)
|F l2k+1(Cn)| = 2

(
n+ k − 1

n

)
2 Bn, n ≥ 3,

|F sM (Bn)| = |F lM (Cn)|

|F lM (Bn)| = |F sM (Cn)|
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Theorem

The numbers of points of grids F sM and F lM of Lie algebra G2 are
given by the following relations.

|F s6k(G2)| = 3k2, |F s6k+1(G2)| = 3k2 + k

|F s6k+2(G2)| = 3k2 + 2k, |F s6k+3(G2)| = 3k2 + 3k + 1

|F s6k+4(G2)| = 3k2 + 4k + 1, |F s6k+5(G2)| = 3k2 + 5k + 2.

|F lM (G2)| = |F sM (G2)|

F4: the counting formula is also known
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The dual Lie algebra

∆→ ∆∨:

α∨i =
2αi
〈αi, αi〉

, i ∈ {1, . . . , n}

the set ∆∨ = {α∨1 , . . . , α∨n} is a system of simple roots of some
simple Lie algebra

spanR ∆∨ = Rn

the highest dual root η ≡ −α∨0 = m∨1α
∨
1 + · · ·+m∨nα

∨
n

m∨j . . . the dual marks of G

the dual Cartan matrix C∨

C∨ij =
2〈α∨i , α∨j 〉
〈α∨j , α∨j 〉

= Cji, i, j ∈ {1, . . . , n}
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Dual affine Weyl group

the group generated by n reflections rα∨ = rα, α∨ ∈ ∆∨ coincides
with W

Ŵ aff is generated by reflections R∨ = {r∨0 , r1, . . . , rn}, where

r∨0 a = rηa+
2η

〈η, η〉
, rηa = a− 2〈a, η〉

〈η, η〉
η, a ∈ Rn

Dual affine Weyl group Ŵ aff

Ŵ aff = QoW

the fundamental domain F∨ of Ŵ aff

F∨ =

{
0,
ω1

m∨1
, . . . ,

ωn
m∨n

}
κ

a decomposition of R∨ = Rs∨ ∪Rl∨:

Rs∨ = {rα |α ∈ ∆s} ∪ {r∨0 }
Rl∨ = {rα |α ∈ ∆l}
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Dual fundamental domains

two subsets of boundaries of F∨:

Hs∨ = {a ∈ F∨ | (∃r ∈ Rs∨)(ra = a)}
H l∨ =

{
a ∈ F∨ | (∃r ∈ Rl∨)(ra = a)

}
fundamental domains F s∨ ⊂ F∨, F l∨ ⊂ F∨

F s∨ =F∨ \Hs∨

F l∨ =F∨ \H l∨

the symbols zsi , z
l
i ∈ R, i = 0, . . . , n

zsi > 0, zli ≥ 0, ri ∈ Rs∨

zsi ≥ 0, zli > 0, ri ∈ Rl∨

F s∨ =

{
zs1ω1 + · · ·+ zsnωn

∣∣∣∣ zs0 + zs1m
∨
1 + · · ·+ zsnm

∨
n = 1

}
F l∨ =

{
zl1ω1 + · · ·+ zlnωn

∣∣∣∣ zl0 + zl1m
∨
1 + · · ·+ zlnm

∨
n = 1

}
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Grids Λs
M and Λl

M

M ∈ N, W -invariant lattice P
W -invariant finite group P/MQ
number of elements of P/MQ is cMn

The grid ΛM

ΛM ≡MF∨ ∩ P/MQ

The grids ΛsM ⊂ ΛM and ΛlM ⊂ ΛM

ΛsM ≡MF s∨ ∩ P/MQ

ΛlM ≡MF l∨ ∩ P/MQ

Proposition

For the numbers of elements of the sets ΛsM and ΛlM it holds that

|ΛsM | = |F sM |,
|ΛlM | = |F lM |.
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Grids F s∨
4 and F l∨

4 of C2

4H l∨

η

α1 4α1α∨1

4F∨

ω2 = ω∨2

4α2

α2 = α∨2

ω1

r∨0,4

r∨0

r2 r1

1
2ω2

F∨

4Hs∨

ξ = ω∨1
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functions ϕs, ϕl on the grids F sM and F lM

ϕsb+MQ(u) = ϕsb(u), u ∈ F sM
ϕlb+MQ(u) = ϕlb(u), u ∈ F lM

ϕsλ, ϕ
l
λ with λ ∈ P/MQ, moreover λ ∈ ΛM

zero values:

ϕsλ(u) = 0, λ ∈MHs∨ ∩ ΛM , u ∈ F sM

ϕlλ(u) = 0, λ ∈MH l∨ ∩ ΛM , u ∈ F lM

Corollary

ϕsλ(u), u ∈ F sM , λ ∈ ΛsM

ϕlλ(u), u ∈ F lM , λ ∈ ΛlM
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x ∈ Rn/Q∨, the isotropy group

Stab(x) = {w ∈W |wx = x}

the orbit
Wx = {wx ∈ Rn/Q∨ |w ∈W}

hx ≡ |Stab(x)|, ε(x) ≡ |Wx|

ε(x) =
|W |
hx

λ ∈ Rn/MQ, the isotropy group

Stab∨(λ) = {w ∈W |wλ = λ}

h∨λ ≡ |Stab∨(λ)|
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a scalar product for f, g : F sM → C

〈f, g〉F s
M

=
∑
x∈F s

M

ε(x)f(x)g(x)

a scalar product for f, g : F lM → C

〈f, g〉F l
M

=
∑
x∈F l

M

ε(x)f(x)g(x)

Theorem

For λ, λ′ ∈ ΛsM it holds that

〈ϕsλ, ϕsλ′〉F s
M

= c |W |Mnh∨λδλ,λ′

and for λ, λ′ ∈ ΛlM it holds that

〈ϕlλ, ϕlλ′〉F l
M

= c |W |Mnh∨λδλ,λ′ .
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Discrete Ss− and Sl− transforms

interpolating functions IsM , IlM

IsM (x) :=
∑
λ∈Λs

M

csλϕ
s
λ(x), IlM (x) :=

∑
λ∈Λl

M

clλϕ
l
λ(x), x ∈ Rn

the interpolation of f : FM → C: find csλ (or clλ)

IsM (x) =f(x), x ∈ F sM

IlM (x) =f(x), x ∈ F lM

Proposition

csλ =
〈f, ϕsλ〉Fs

M

〈ϕsλ, ϕsλ〉Fs
M

= (c |W |Mnh∨λ )−1
∑
x∈Fs

M

ε(x)f(x)ϕsλ(x)

clλ =
〈f, ϕlλ〉F l

M

〈ϕlλ, ϕlλ〉F l
M

= (c |W |Mnh∨λ )−1
∑
x∈F l

M

ε(x)f(x)ϕlλ(x)
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Discrete Ss− and Sl− transforms

Proposition (Plancherel formulas)

∑
x∈F s

M

ε(x) |f(x)|2 =c |W |Mn
∑
λ∈Λs

M

h∨λ |csλ|2∑
x∈F l

M

ε(x) |f(x)|2 =c |W |Mn
∑
λ∈Λl

M

h∨λ |clλ|2.
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