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the Lie algebra of the compact simply connected simple Lie
group G of rank n

the set of simple roots A = {ay,...,a,}, spang A = R"
with two different lengths of the roots

A=A UAN

B, (n>3),C, (n>2), Fy, Go
the highest root £ = —ag = miag + -+ - + mpay,
m; ... the marks of G

the Cartan matrix C

2, o)
(aj, aj)

and its determinant ¢ = det C' %

Oijz s i,je{l,...,n}
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n
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o the root lattice Q of G

Q=Zoy+ -+ Zay,
o the Z-dual lattice to @

PV ={wY eR"| (WY, a) € Z,Va € A} = Zw) + - - - + Zw,,
o the dual root lattice

QY =7Zaj + -+ Za,

20
Y, where a) = ¢
o the Z—dual lattice to QY

(i, o)

P={weR"|(w,a") €Z,Va" € A} = Zwy + -+ Lo,

«0O0)» «4F)r» « =)»




the Weyl group W is generated by n reflections r,, o € A

2{(a, a;
TG =T;0=0a— (e, @)

Q; , a €R”
(i, o)
o Waf is generated by the reflections r;, i € {1
reflection rq

..,n} and the
roa = rea + <§’§€> rea =a — 2a, &)

€6

acR"”

=QVxW
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o W is generated by n + 1 reflections

R= {1’0,7‘1, ces
o a disjoint decomposition R = R* U R

R ={ro|a€ A}

arn}

R ={rolae A} U{r}
o the short and the long Coxeter numbers

m’ = E m;, ml= E m; +1
a; €A,

a; €Ay
Type || R? R! | m? | m! |
B, (n >3) T T, T1yee -y T_1 2 2n — 2
Cpn (n>2) | r1,... "0t ro, T'n 2n — 2
G2 T2 To, T1 3 %
F4 73,74 To, T'1, T2 6
= = = = = 9Dac




orbit

o The fundamental region F of W/

F= {y1w¥+~--+yan

:{ae]R”

o domain in R™ which contains precisely one point from each W2

(a, @) > 0,Ya € A, (a, s>51}

Yo, - - 7yn€R37y0+y1m1+---+ynmn=1}
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o an abstract presentation of W

ri=1 (rr)™ =1, ij=1,.
o my;; are elements of the Coxeter matrix.
o ’sign’ homomorphisms o : W — {£1}
U(ri)z =1, (a(ri)a(rj))mij =1 475=1,.
o the four sign homomorphisms 1, o¢, ¢%, o':
1(re) =1
o°(rq) = —1

s 1, ael
o(ra) = {_1

a € A
o (ra) = {1’ “eh

-1, ac€ A

«O> «Fr «=>»
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o two subsets of boundaries of F:

H°={acF|3reR’)(ra=a)}

H' ={a€eF|3reR)(ra=a)}
o fundamental domains F* C F, F' C I

F*=F\ H®
F'=F\ H'
o the symbols ¥, yl € R, i =0,...,n

yi >0, yl>0, r,€R

yi >0, yt>0 riecR
FSZ {yfwi/_i_-i-yflwr\:

Fl={ytw) +

S

Yo +yimi + - +ypmy, =1

yh +ybtmy + -+ yhm,

=1

«O> «Fr <= 4
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for o € {1, 0, 0°, o'}, b € P are the complex functions
p7 :R* = C

o7 (a) = Z o(w) eZrilwb.a) g e R
weW

o =o0°... S—functions (known from the Weyl character formula)
o =1... C—functions

o =o0°... S°—functions

o =ol... S'—functions

(anti)symmetry with respect to w € W
o (wa) = o®(w)pp(a)
Pup(a) = o (w)gj(a)

invariance with respect to shifts from ¢ € QV

eila+q") = ¢pla) %

40> «F>» «=)» « =) = Q>
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o W-invariant lattice %PV

o M € N, W-invariant finite group 77 P"/Q"
o number of elements of ;;PY/Q" is cM™

1
Fi =—PY/QVNF?
1
Fiyy=—P'/Q'NF
M= /@ N
o the symbols u;, ui eER,i=0,...,n:
uj €N,

ube 7z’ reR’

uf €Z%°, wieN, reR_
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o the explicit form of F'* and F':

S

o Y

n

N

F&:{“

et
Ul l
F}M:{le]\_/—i_"'—i_ n Vv

n

S

u8+ufm1+--'+u2mn=M}

IS

S

uf)—I—ullml—l—---—i—uflmn:M}

Let m® and m! be the short and long Coxeter numbers, respectively.
Then

0 M <m?®

0 M <m!
Pyl =1 M = m?

) |F1l\/1|= 1 M =m!

|Farmt| M >ml. %
QA

|Farms| M >m®.

[m} =) = =




The numbers of points of grids I}, and FIle of Lie algebras B,,, Cy are given by
the following relations.
0 Cn,n>2,

k+1 k
wscl = (3 + (5)
. k41
|F2k+1(cn)|:2( n )
] _(n+Ek-1 n+k—2
Bl = ("TRT ) + ("R
k—1
|F5k+1(cn>|=z("+n )
°B’nan237

|5 (Bn)| = |y (Cn)

|Epr (Bn)| = | (Cn)

o




The numbers of points of grids F§; and Fl, of Lie algebra G5 are
given by the following relations.
| F§(G2)| = 3k2,

|Fger1(G2)| = 3k + k
|Férqo(Ga)| = 3K* + 2k, |Fg15(G2)| = 3k% + 3k + 1
+ +
|FSa(Go)| = 3K% + 4k +1,  |F5.5(Go)| = 3k% 45k + 2.
+ +

|Fir(G2)| = | Fir(Ga)|

o Fy: the counting formula is also known
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o A= AY:

aV

o the set AY ={ay,...
simple Lie algebra

i =

2011‘

<aia

, 1€{1l,...,n
el

o the highest dual root n = —a§ = myay +

° m;/ ... the dual marks of G

o the dual Cartan matrix CV

ov _ 2o, o)
ij

(@, af)

= C],“

V.V
My on

i,j€{1,...,n}

«O)>» «Fr « =>»

,a,' } is a system of simple roots of some
spang AY = R"



o the group generated by n reflections rov = ro, @V € AV coincides
with W
o W is generated by reflections RV = {ry,71,...,7,}, where
2 2(a, n)
Vv )
roa = Trpa+ Tna = a —
T )

W —QxW
o the fundamental domain FV of Waff

"

)

TN/ 9 e e e ) m }N
o a decomposition of RY = R*Y U R'V:

RY ={ro|ae€ A U{ry}
RY = {ro|a € A}

aeR”



o two subsets of boundaries of F'V:

H*Y ={a€ FY|(3r € R®)(ra=a)}

HY ={aeF'|(3r e RY)(ra=a)}
o fundamental domains F*V C FV, FIV c IV

FsV :F\/ \Hs\/
FlV :FV \Hl\/
o the symbols z7, zf eR,¢1=0,...,n

1 v
z; >0, 2z >0, r,eR’
1 v

z; >0, 2z >0, r,€R

Y = {wa1+...+zzwn

Fl\/ — {Ziwl ++Z£Lwn

24+ 2mi -+ 2

S,V

nmn

z(l)—i—z{m}/—}—--'—i-zilmx

|
=)




o M € N, W-invariant lattice P
o W-invariant finite group P/MQ
o number of elements of P/MQ is cM™

Ay = MFY N P/MQ I

S =MFY N P/MQ
Ay, = MFY N P/MQ

For the numbers of elements of the sets A$, and Al it holds that

[A%e| = [F5rl,
Al = [Pyl
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o functions ¢*, ¢! on the grids Fy, and F,

Phrmqu) = ¢p(u), ue Fy

Phmq () = @y(u), u € Fy
o 3, ¢4 with A € P/MQ, moreover A € Ay
o zero values:

A€ MH N Ay, u€ Fy

Ne MHY N Ay, ue FY

Pi(u), u € Fyp, A € Ay

PA(u), u € Fyp, A € Aly
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o r € R"/QV, the isotropy group

Stab(x) = {w € W|wz = x}
o the orbit
Wz = {wz € R"/Q" |w e W}
o h, = |Stab(x)], e(z) = |[Wx|

L

h
o A € R"/MQ, the isotropy group

x

Stab”(\) = {w € W |w\ = A}
o hY = [StabY(\)]

«O> «Fr «=>»




o a scalar product for f,g: Fy, = C

(f.9)rs, = > (@) f(z)g(x)

TEFy,

o a scalar product for f,g: F}, — C

(o a)p, = D e@)f(z)g(x)

zEF,

For A\, X" € A%, it holds that

(0%, O3V Fs, = c|W|M"™ R385 x
and for A\, ' € A}, it holds that

(5 D)L, = c|W| M h50x . %

A




o interpolating functions I}, I,

Iu(@):= ) Geil@), Iu(@)= ) ceh(@), zeR"

s l
AEAY, )\GAM

o the interpolation of f : Fs — C: find ¢5 (or )
Iy (z) =f(z), =€ Fy
Iy(x) =f(z), zeFly

g =<g@T>>if; ~ WY 5 o)
<f, Qol> l mnypVy—
é\ =ﬁ = (c|W|M"hY) IEEXtheu)f(mWw) o2

s [ = = var




Y @@ =e WM™ Y BYIc

Y @ If@F =e WM™ Y B|e)?




Grids Fj, and Fj
Grids A% and AN
Discrete orthogonality of S¥— and Sl—functions
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