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Consider (R2",wp) symplectic.

e Formal Moyal star-product: for f,g € C*®(R?"),
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where %9 g € C>®(R2")[[0]].

@ Formal star-exponential:
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Non-formal construction on R2"

(... Cahen Flato Gutt Sterheimer '85)

e For f,g € S(R?"), non-formal version of the Moyal product:

(Fx9g)(x) = & ;) /f(y)g(z)e%,"(WO(x,y)+wo(y,z)+wo(z,x))dydz

@ The formal star-exponential of f € S(R?") converges to a
distribution, which satisfies:

0:Ep(tf) = éf X9 Eo(tf)

o Application: for f € S(R?") and g € L?(R?"), define
Trigr— fxlg.

Sp(Tr) = supp(Ft(Ep(tf)))

o Ex: if f(x) = A, (x) =wo(y,x), E(tf)(x) = egwo(y x)
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Construction on a Lie group

Let G be a connected simply connected Lie group acting on the
symplectic manifold (M,w) in a strong Hamiltonian way.

Aig— CO(M)

@ Given a star-product %y, we can define Ey(tf) as before.

o If xg is covariant: [Ax, Ay]s, = —iflA\[x y], we have
Eo(Ax) *0 Eo(Ay) = Eo(ABCH(x,Y)) (BCH)

where BCH(X, Y) = X + Y + 3[X, Y] + H[X, [X, Y]] + ...
— Representation x = E(Aiog(x)) of G.

(Nelson '59, Flato Simon Snellman Sternheimer '72)

e If M: coadjoint orbit of nilpotent G, then (M,w) ~ (R2",wy)

LP(X,x)

and *2 COVariant. g@(AX)(X) = e . (Arnal Cortet '85, Arnal Gutt '87)
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Geometry of negatively curved Kahlerian Lie groups

(Pyatetskii-Shapiro '69)
e Elementary normal j-groups S: AN part of SU(1, n)
o Lie algebra s = RH & V & RE with

[H,x] =x, [H,E]=2E, [x,x']=wo(x,x)E

@ Coadjoint orbit M equivariantly diffeomorphic to S.
@ Ex: connected affine group (V =0)

(a,0)(@,0)=(a+ 4, e @1+ 1)
The moment maps are Ay = 2¢ and A\g = e 22,

@ In general (normal j-groups),
G = (..(SNKSNfl)K 600 [><S2)[><S]_

with the actions
pPi - ((SN X SNfl) Xo-ee X S;+1) — Sp(\/,-,w,-).
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Schwartz space

(Bieliavsky Gayral '11)

@ Adapted Schwartz space:

S(G) = {f € C®(G), ¥X € g, VY € U(g), Yk,
sup]()\x)kf/ﬂ < oo}

@ For the affine group S:

Ay =20, M\pe=e? H=08,—20, E=0,.

e With the change of variables: r = sinh(2a), S(S) corresponds
to S(R?) in the variables (r, /).



Star-products
[e]e] }

Non-formal star-product

(Bieliavsky Massar '01, Bieliavsky Gayral '11)

@ Since S ~ R?, we can consider the non-formal Moyal product
*8 on S. It is S-covariant.
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Non-formal star-product
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@ Since S ~ R?, we can consider the non-formal Moyal product
*8 on S. It is S-covariant.

@ There exists operators Ty on functions on S such that
o= To(Ty () %9 T4 ()

is S-left-invariant: Vx € S, Li(f %9 g) = (LLf) *¢ (L%g).
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Non-formal star-product

(Bieliavsky Massar '01, Bieliavsky Gayral '11)

@ Since S ~ R?, we can consider the non-formal Moyal product
*8 on S. It is S-covariant.

@ There exists operators Ty on functions on S such that
*0 = To(Tg ()% T ()
is S-left-invariant: Vx € S, Li(f %9 g) = (LLf) *¢ (L%g).

@ (S(S),*p) is an associative algebra.

(F %9 &) (2, 0) :/K(a, a1, 32)F (a1, £1)g (2, £5)

e%i(sinh(2(al7.32))/?+sinh(2(.327a))i1+sinh(2(afal))ig)daidgi

@ Extension of x4 by oscillatory integral.
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Formal star-exponential

o If X = aH + BE € s, equation for Moyal:
OEY(EAx) = 5(20l + Be™2%) ) EQ(tAx)
@ Solution, which satisfies BCH:
5g(t)\x)(a,f) _ eé(2at£+§ sinh(at)e—22)
o For the invariant star-product: &(tAx) = Tp&Q(tAx)
Theorem (Bieliavsky A.G. Spinnler '12)

The formal star-exponential associated to xy can be expressed as

Eo(trx)(a,0) = cosh((,kt)e?;Si”h(“t)(%*fe%a)

in C*°(S)[[t, 0]] and satisfies the BCH formula.
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Formal star-exponential
o If X = aH + BE € s, equation for Moyal:
OER(tAx) = (20l + Be™2) ) E3(tAx)

@ Solution, which satisfies BCH:

gg(t)‘X)(a, f) = eé(2at£+§ Sinh(at)e—2a)

o For the invariant star-product: &(tAx) = Tp&Q(tAx)
Theorem (Bieliavsky A.G. Spinnler '12)

The formal star-exponential associated to xy can be expressed as
e B .—2a
Eo(thx)(a, £) = cosh(at)ed Snh(et)2t+ge™)

in C*°(S)[[t, 0]] and satisfies the BCH formula.

@ Generalization: elementary, semidirect products...
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Non-formal star-exponential

e Multipliers of S(S):

M,,(S(S)) = {T € 8(S), VF € S(S), Tof, fxo T € S(S)}

Theorem (Bieliavsky A.G. Spinnler '12)

The expression of & (tAx) lies in M,,(S(S)). For 6 € R*, the
power series in 0 of & (tAx) converges to this expression, which is

therefore the (unique) non-formal star-exponential. It satisfies the
BCH formula.

@ Generalization: elementary, semidirect products...

@ Adapted Fourier transformation:

Fo(F)(x) = /S F(5)€0(Mog(y)) (X)dy
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@ Non-formal meaning: & (tAx) is in M,,(S(S))
@ For a large class of Lie groups
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Conclusion

Results:
@ Expression of the formal star-exponential Ey(tAx)
@ Non-formal meaning: & (tAx) is in M,,(S(S))
@ For a large class of Lie groups

Consequences and perspectives:
@ Access to the spectrum of multiplication operators
@ New functional transformation: adapted to PDE?

@ Representation theory of these groups
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